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CHAPTER 1

Number systems and codes

1.1 Number Systems and Conversions

1.1.1 Introduction to Different Number Systems

The digital world and computer architecture rely heavily on manipulating information encoded as numbers. While
human beings naturally count using ten fingers, leading to the development of the decimal number system, digital
electronics are fundamentally built on two states: on and off (or high voltage and low voltage). This architectural
reality necessitates the use of different number systems to bridge the gap between human comprehension and machine
operation.

Box[Number System and Radix] A Number System is a mathematical notation for representing numbers of a
given set, using digits or other symbols in a consistent manner. The Base or Radix (r) of a number system is the
total number of unique digits, including zero, used in that system. In a positional numeral system, the value of
each digit is determined by its position, the base of the system, and the digit itself.

Any number N in a positional number system with base r can be expressed as:
N=d, 1" " 4dyor" 24 +dirt +dyr® +d_yr P +dor 2+ d_,,r ™

Where:

e d represents the digit at a specific position.

e 1 is the radix or base of the number system.

e n is the number of integer digits.

e m is the number of fractional digits.

o dp—1 is the Most Significant Digit (MSD).

o d_,, is the Least Significant Digit (LSD).

Key Concept

Concept The position of a digit dictates its weight or magnitude. Moving from right to left, the weight of the
integer part increases by a factor of the base r. Moving from left to right past the radix point (e.g., the decimal
point), the weight of the fractional part decreases by a factor of the base r.

Let us explore the four primary number systems utilized in digital electronics and computer science.

Decimal Number System

The Decimal Number System is the most familiar system, used globally for everyday arithmetic.
« Base (Radix): 10
e Symbols used: 0,1,2,3,4,5,6,7,8,9

Because the base is 10, the positional weights are powers of 10 (10°,10',10%,...).



Decimal Positional Expansion

Consider the decimal number 532.751¢9. It can be expanded as:

532.7510 = (5 x 10%) + (3 x 101) + (2 x 10%) + (7 x 1071) + (5 x 107?)

=500+30+24 0.7+ 0.05 = 532.75

L J

Binary Number System

The Binary Number System is the fundamental language of computers. Digital circuits utilize logic gates that
operate on two discrete voltage levels, which perfectly map to binary digits.

« Base (Radix): 2
e Symbols used: 0, 1

Each digit in a binary system is called a bit (binary digit). A group of 4 bits is a nibble, and a group of 8 bits is a
byte. The positional weights in binary are powers of 2 (2°,2!,22,...).

Understanding Binary Weights

The binary number 10115 represents a value determined by powers of 2:
10115 = (1 x 23) 4 (0 x 2%) + (1 x 21) + (1 x 29)

=840+24+1=1149

\_ J

Octal Number System

As digital systems grew, expressing large numbers in binary became unwieldy due to the long strings of 1s and 0s. The
Octal Number System serves as a shorthand for binary, grouping bits into sets of three.

« Base (Radix): 8
e Symbols used: 0,1, 2,3,4,5,6,7
The positional weights are powers of 8 (8°,8',82,...). Because 23 = 8, exactly three binary digits map to one octal

digit.

Hexadecimal Number System

The Hexadecimal Number System is extensively used in microprocessors and computer memory addressing because
it offers an even more compact representation of binary data. It groups bits into sets of four (24 = 16).

+ Base (Radix): 16
e Symbols used: 0,1,2,3,4,5,6,7,8 9 A, B,C,D,E, F

Here, the letters A through F represent decimal values 10 through 15, respectively (A=10, B=11, C=12, D=13, E=14,
F=15). The positional weights are powers of 16 (16°,16',162,...).

Ambiguity in Bases

Always write the base as a subscript when dealing with multiple number systems to avoid confusion. For example,
10 could mean "ten" in decimal, "two" in binary, "eight" in octal, or "sixteen" in hexadecimal. Writing 1014 explicitly
marks it as a hexadecimal number.

1.1.2 Conversion from One Number System to Another

Working with digital systems frequently requires converting values between decimal, binary, octal, and hexadecimal
formats. We will explore systematic methods for these conversions.



https://milav.in

Decimal to Binary, Octal, and Hexadecimal Conversion

To convert a decimal number to any other base (1), we process the integer and fractional parts separately.
Integer Part Conversion (Successive Division Method): To convert the integer part of a decimal number to
base r:

1. Divide the decimal number by the target base r.
Record the remainder. This remainder becomes the least significant digit of the new base.
Divide the quotient obtained in the previous step by r and record the new remainder.

Repeat the process until the quotient becomes zero.

BRI R

The sequence of remainders, read from the last obtained (bottom) to the first obtained (top), forms the number
in the new base.

Decimal to Binary (Integer)

Convert 2519 to binary (r = 2).
e 25+ 2 =12 with remainder 1 (LSD)
e 12+ 2 = 6 with remainder 0
e 6+ 2 =3 with remainder 0
e 3+ 2 =1 with remainder 1
e 1-+2 =0 with remainder 1 (MSD)

Reading from bottom to top, 2519 = 110015.

Fractional Part Conversion (Successive Multiplication Method): To convert the fractional part of a decimal
number to base r:

1. Multiply the decimal fraction by the target base 7.
2. Record the integer part of the result. This becomes the first digit after the radix point in the new base.

3. Discard the integer part and multiply the remaining fractional part by r again.

e~

Repeat the process until the fractional part becomes zero, or until you reach the desired level of precision.

ot

The sequence of recorded integers, read from first to last (top to bottom), forms the fractional part in the new
base.

Decimal to Binary (Fractional)

Convert 0.62519 to binary (r = 2).
e 0.625 x 2 =1.250 (Record integer 1)
e 0.250 x 2 = 0.500 (Record integer 0)
e 0.500 x 2 =1.000 (Record integer 1, fractional part is now 0)

Reading from top to bottom, 0.62519 = 0.1015.

By combining the two methods, we can convert any real decimal number. For instance, converting 459 to octal
(r = 8) yields 55g, and converting 2541 to hexadecimal (r = 16) yields F E1g.

Binary, Octal, and Hexadecimal to Decimal Conversion

To convert a number from base r to decimal, we use the Sum of Weights Method. We expand the number according
to its positional weights and sum the resulting decimal values.

N10 = Z(dl X Ti)



https://milav.in

Hexadecimal to Decimal

Convert 2A.C1¢ to decimal. Here, r = 16, A = 10, and C' = 12.
2A4.C16 = (2 x 16Y) + (10 x 16°) + (12 x 1671)

= (2 x 16) + (10 x 1) + (12 x 0.0625)
=324 10+ 0.75 = 42.759

Conversions Among Binary, Octal, and Hexadecimal

Conversions between binary, octal, and hexadecimal are exceptionally straightforward because 8 and 16 are powers of 2
(8 =23, 16 = 2%). This allows for direct grouping of bits.
Binary to Octal: Since 22 = 8, every octal digit can be represented by exactly three binary digits (bits).

1. Group the binary digits into sets of three, starting from the binary point and moving left for the integer part,
and moving right for the fractional part.

2. Add leading or trailing zeros to complete a group of three if necessary.

3. Replace each group of three bits with its corresponding octal equivalent.

Binary to Octal

Convert 1011010.115 to octal.

o Integer part grouping (right to left): Q% QI,_L QI’Q (Added leading zeros)
1 3 2

o Fractional part grouping (left to right): LIB (Added trailing zero)

6

Result: 132.6g

-

Octal to Binary: Simply reverse the process. Replace each octal digit with its 3-bit binary equivalent. For
example, 74g = 111 (for 7) and 100 (for 4) — 1111002.
Binary to Hexadecimal: Since 2* = 16, every hexadecimal digit corresponds to exactly four binary digits.

1. Group the binary digits into sets of four, starting from the binary point and moving outwards.
2. Add necessary leading/trailing zeros.

3. Replace each group with its hexadecimal equivalent.

Binary to Hexadecimal

Convert 1101011110.1015 to hexadecimal.

o Integer part: 001101011110

o Fractional part: 1010
A

Result: 35F.A4

J

-

Hexadecimal to Binary: Replace each hexadecimal digit with its 4-bit binary representation. For example,
B34 = 1011 (for B) and 0011 (for 3) — 101100115.

Octal to Hexadecimal and Hexadecimal to Octal: Direct conversion between octal and hexadecimal is
complex. The standard and most reliable method is to use binary as an intermediate step.

o Octal to Hexadecimal: Convert the octal number to binary (3 bits per digit), then regroup the binary number
into sets of 4 bits to obtain the hexadecimal equivalent.

o Hexadecimal to Octal: Convert the hexadecimal number to binary (4 bits per digit), then regroup the binary
number into sets of 3 bits to find the octal equivalent.
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Octal to Hexadecimal

Convert 527g to hexadecimal.
1. Convert to binary: 5 — 101, 2 — 010, 7 — 111. So, 527g = 1010101115.

2. Regroup into fours: 00010101 0111.
N~ "~ ——

Result: 15714

Key Concept

Concept Mastering these conversions is crucial for digital design. Binary is how the hardware operates, decimal is
how humans think, and octal/hexadecimal are the efficient "shorthand" languages engineers use to read and write
large binary values effortlessly.

1.2 Binary Arithmetic Operations

Key Concept

Concept Just as we perform arithmetic operations like addition, subtraction, multiplication, and division in the
decimal number system, we can perform the exact same operations in the binary number system. The fundamental
principles remain identical, but the rules are simpler because the binary system only has two digits: 0 and 1.

1.2.1 Addition, Subtraction, Multiplication, and Division
Binary Addition

Binary addition is the most fundamental arithmetic operation in digital electronics. All other operations, such as
subtraction, multiplication, and division, can ultimately be reduced to combinations of addition.

Box[Rules of Binary Addition] The four basic rules for adding two single-bit binary numbers are:

1.0+0=0
2.0+1=1
3.1+0=1

4. 1+ 1 =0 with a carry of 1 (which is 103 or decimal 2)

r

,

When adding larger binary numbers, we proceed column by column from right (Least Significant Bit - LSB) to
left (Most Significant Bit - MSB), just like decimal addition. If a carry is generated, it is added to the next higher
significant column. An additional rule arises when adding a carry: 1+ 14 1 =1 with a carry of 1 (115 or decimal 3).

Binary Addition

Add the binary numbers 10115 (decimal 11) and 01102 (decimal 6).

Carry: 1 1 0
1 0 1 1
+ 01 1 0
1 0 0 0 1

Result is 100015, which is decimal 17. The addition is verified!

r
\
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Binary Subtraction

Binary subtraction follows the same logic as decimal subtraction. When subtracting a larger digit from a smaller digit,
we must "borrow" from the next higher significant column.

Definition

Box[Rules of Binary Subtraction] The four basic rules for subtracting a single-bit binary number from another are:

1.0-0=0
2.1-0=1
3.1-1=0

4. 0 — 1 =1 with a borrow of 1 from the next higher column.

-

When a borrow occurs, the 0 becomes 102 (decimal 2), and 103 — 12 = 1.

Binary Subtraction

Subtract 0101y (decimal 5) from 10102 (decimal 10).

Borrow: 0 10 0 10
1 0 1 0
- 0o 1 0 1
0o 1 0 1

Result is 01015, which is decimal 5. The subtraction is verified!

Binary Multiplication

Binary multiplication is surprisingly simpler than decimal multiplication because the only multiplier digits are 0 and 1.

Box[Rules of Binary Multiplication] The basic rules are:
1.0x0=0
2.0x1=0
3.1x0=0
4. 1x1=1

To multiply multi-bit binary numbers, we use the method of partial products. If the multiplier bit is 1, the
multiplicand is copied as the partial product. If the multiplier bit is 0, the partial product is all zeros. Each subsequent
partial product is shifted one position to the left. Finally, all partial products are added together.

Binary Multiplication

Multiply 11012 (decimal 13) by 1012 (decimal 5).

1101

x 0101

1101  (Partial Product 1: 1101 x 1)

0000 (Partial Product 2: 1101 x 0, shifted left)
1101 (Partial Product 3: 1101 x 1, shifted left)
1000001  (Sum of partial products)

Result is 10000015, which equals 65 in decimal.

-~
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Binary Division

Binary division uses the familiar "long division" technique taught in elementary arithmetic. The process involves
examining the dividend to see if the divisor can be subtracted from it.

Divide 11115 (decimal 15) by 112 (decimal 3).
1. Compare the divisor (11) with the first two bits of the dividend (11).
2. 11 goes into 11 exactly 1 time. Write 1 in the quotient.
3. Subtract 11 from 11, remainder is 0.
4. Bring down the next bit (1). 11 does not go into 01. Write 0 in the quotient.
5. Bring down the last bit (1). Now we have 11.
6. 11 goes into 11 exactly 1 time. Write 1 in the quotient.

7. Subtract 11 from 11, remainder is 0.

Quotient is 1015 (decimal 5), remainder is 0.

\. J

1.2.2 1’s and 2’s Complement

In digital computer systems, subtraction is rarely performed using the direct borrowing method. Instead, subtraction is
achieved by adding the "complement"' of the subtrahend to the minuend. This approach simplifies hardware design
immensely because the exact same arithmetic logic unit (ALU) used for addition can be reused for subtraction.

Important Note on Hardware Efficiency

By using complements, a digital circuit doesn’t need dedicated subtraction hardware. An adder circuit combined
with simple logic gates to generate the complement can perform both addition and subtraction.

1’s Complement

Box[1’s Complement] The 1’s complement of a binary number is formed by simply changing every 0 to a 1 and
every 1 to a 0. This operation is also known as bitwise inversion.

For example, the 1’s complement of 10110015 is 01001105. Hardware implementation is trivial, requiring only a
bank of NOT gates (inverters).

2’s Complement

Box[2’s Complement] The 2’s complement of a binary number is obtained by first finding the 1’s complement and
then adding 1 to the least significant bit (LSB).

2’s Complement = 1’s Complement + 1

Calculating 2’s Complement

Find the 2’s complement of 10115.

e Step 1: Find 1’s complement by inverting bits — 0100

e Step 2: Add 1 to the LSB — 0100 + 1 = 0101
Therefore, the 2’s complement of 10115 is 01015.
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1.2.3 Subtraction using Complement Method

Subtraction using 1’s Complement

To perform the operation A — B using 1’s complement:
1. Find the 1’s complement of B (the subtrahend).
2. Add this 1’s complement to A (the minuend).
3. Check the carry-out from the most significant bit (MSB).

4. Case 1 (Carry generated): If a final carry is generated, add it to the LSB of the result. This is called the
"end-around carry." The result is positive.

5. Case 2 (No carry generated): If no carry is generated, the result is negative and is currently in its 1’s
complement form. To find the true magnitude, take the 1’s complement of the result and attach a negative sign.

1’s Complement Subtraction (Positive Result)

Subtract 10012 (9) from 11012 (13).
e Minuend A = 1101
e Subtrahend B = 1001. 1’s complement of B = 0110.
e Add A and 1’s complement of B: 1101 + 0110 = 10011
o Carry 1 is generated. Add it to LSB (end-around carry): 0011 + 1 = 0100

Result is +01002 (decimal 4). Correct!

Subtraction using 2’s Complement

2’s complement is the most common method used in modern microprocessors for representing signed numbers and
performing subtraction.
To perform the operation A — B using 2’s complement:

1. Find the 2’s complement of B.

2. Add this 2’s complement to A.

3. Check the carry-out from the MSB.

4. Case 1 (Carry generated): Discard the final carry. The remaining bits form the positive result.

5. Case 2 (No carry generated): The result is negative and is in its 2’s complement form. To find the true
magnitude, take the 2’s complement of the result and attach a negative sign.

2’s Complement Subtraction (Negative Result)

Subtract 11102 (14) from 10102 (10).
e Minuend A = 1010

Subtrahend B = 1110. 1’s complement of B = 0001. 2’s complement = 0010.

Add A and 2’s complement of B: 1010 + 0010 = 1100

No carry is generated. Thus, the result is negative and in 2’s complement form.

Find magnitude: 2’s complement of 1100 — invert to 0011 — add 1 — 0100.

Result is —01002 (decimal —4). Correct!
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1.3 Digital Codes: BCD, Gray, and ASCII

In digital systems, binary numbers are excellent for arithmetic operations and data processing. However, when
interfacing with human users or specialized hardware, pure binary can be inefficient or prone to errors. Digital codes
are unique assignments of bit patterns to represent specific data, characters, or states.

1.3.1 Binary Coded Decimal (BCD)

While machines think in binary, humans think in decimal. To make the conversion between decimal and binary easier
for devices like seven-segment displays or digital clocks, the Binary Coded Decimal (BCD) system was created.

Box[Binary Coded Decimal (BCD)] BCD is a class of binary encodings of decimal numbers where each decimal
digit is represented by a fixed number of binary bits, typically four. The most common BCD code is the 8421 code.

In standard 8421 BCD, each decimal digit (0 through 9) is replaced by its 4-bit binary equivalent.

e Decimal 0 — 0000
e Decimal 5 — 0101

e Decimal 9 — 1001

Since 4 bits can represent 16 states (0000 to 1111) but we only use 10 states for decimal digits (0 —9), the six
combinations from 1010 (decimal 10) to 1111 (decimal 15) are invalid in BCD.

Convert decimal number 3851y to BCD.
e Represent each digit with 4 bits:
e 3— 0011
e« 8 — 1000
e 5— 0101

Result: 38510 = 0011_1000_0101gcp

BCD is NOT Binary

It is crucial to differentiate between binary and BCD. The binary representation of 15 is 11115. However, the
BCD representation of 15 requires two digits, giving 0001__0101gcp. BCD is less efficient in storage but vastly
simplifies decimal conversions.

1.3.2 Gray Code

Gray code is a highly specialized, non-weighted digital code. It is named after Frank Gray, an early researcher at Bell
Labs.

Box[Gray Code| Gray code is an ordering of the binary numeral system such that two successive values differ in
only one bit. It is also known as a reflected binary code or a unit distance code.

Advantages and Applications: Because only one bit changes at a time when transitioning from one number to
the next, Gray code completely eliminates transient errors that can occur during state changes in digital circuits.

« Rotary Encoders: Used in absolute position sensors for motors or knobs. If pure binary were used, moving
from 011 (3) to 100 (4) would require three bits to change simultaneously. Slight mechanical misalignments could
cause brief, incorrect intermediate readings like 111. Gray code prevents this.
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o Karnaugh Maps (K-maps): In boolean algebra simplification, the grid of a K-map is labeled using Gray code
to ensure adjacent cells differ by exactly one variable.

Binary to Gray Code Conversion

To convert a binary number to Gray code:
1. The Most Significant Bit (MSB) of the Gray code is identical to the MSB of the binary number.

2. Each subsequent Gray bit is generated by performing an Exclusive-OR (XOR) operation between the
corresponding binary bit and the preceding binary bit.

Convert binary 1011 to Gray code:
e« G3=B3=1
e Go=B3®B,=190=1
e G1=By,®B1=041=1
e Go=B1®9By=19%1=0

Result: Binary 10115 is 1110 in Gray code.

1.3.3 ASCII Code

While BCD and binary are designed for numerical data, computers also need to process text, letters, punctuation
marks, and control symbols.

Box[ASCII Code| ASCII stands for the American Standard Code for Information Interchange. It is a
standard character-encoding scheme used for electronic communication, assigning a unique binary sequence to
every character on a keyboard.

The standard ASCII code is a 7-bit alphanumeric code, meaning it uses 7 bits to represent a character. This
provides 27 = 128 distinct combinations, enough to cover:

o Uppercase English letters (A-Z)

o Lowercase English letters (a-z)

o Decimal digits (0-9)

o Punctuation marks (., ;, !, ?)

o Special control characters (Carriage Return, Line Feed, Escape)

For example, the ASCII code for the uppercase letter A’ is 10000012 (decimal 65 or hex 41). The lowercase ’a’ is
11000012 (decimal 97 or hex 61).

Key Concept

Concept ASCII is the foundational alphabet of digital computing. Modern systems often use an extended 8-bit
ASCII (allowing 256 characters) or Unicode (like UTF-8, which encompasses thousands of global characters), but
standard ASCII remains embedded at the core of all these newer protocols.

1.4 The Language of Computers: Introduction to Number Systems

Since the dawn of civilization, humans have needed to count. From counting sheep in a field to calculating the trajectory
of a rocket to the moon, numbers are the fundamental tools of mathematics and engineering.

However, the way we represent these numbers—the Number System we use—is entirely arbitrary. Humans
naturally count in base-10 (Decimal) simply because we evolved with ten fingers. Computers, on the other hand, do
not have fingers. They have billions of microscopic electronic switches (transistors) that can only be in one of two
states: ON or OFF. Therefore, computers naturally "think" in base-2 (Binary).
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To bridge the gap between human thought and machine processing, digital electronics engineers must be fluent
in multiple number systems. This section introduces the four fundamental number systems used in digital logic and
computer science: Decimal, Binary, Octal, and Hexadecimal.

1.4.1 The Concept of a "Base" or "Radix"

Before diving into specific systems, it is crucial to understand how a positional number system works. Every number
system is defined by its Base (also called the Radix).
The Base of a number system dictates two things:

1. The number of unique digits available: A base-N system has exactly N unique digits, starting from 0 up to
(N —1).

2. The positional weight multiplier: Each position in a written number represents a power of the base. Moving
one column to the left multiplies the value by the base.

Let us examine the four primary systems through this lens.

1.4.2 1. The Decimal Number System (Base-10)
The Decimal system is the standard human counting system.
e Base: 10
o Available Digits (10): 0, 1,2,3,4,5,6,7,8,9

Because we use it every day, we rarely think about its mechanics. Consider the number 345. We instantly recognize
its value, but mathematically, it represents a sum of weighted positions.

The positions, from right to left, are the "ones" column (10%), the "tens" column (10'), and the "hundreds" column
(102). Therefore, the number 34519 mathematically means:

(3 x 10%) 4 (4 x 10") + (5 x 10°)
(3 x 100) + (4 x 10) + (5 x 1) = 300 + 40 + 5 = 345

Whenever a column reaches the maximum digit (9) and we add one more, we reset that column to 0 and "carry
over" a 1 to the next column on the left (creating 10). This exact same "carry over' mechanic applies to all other
number systems.

1.4.3 2. The Binary Number System (Base-2)

The Binary system is the native language of all digital electronics and computers. It represents the physical reality of a
transistor being either completely OFF or completely ON.

o Base: 2
o Available Digits (2): 0, 1

A single binary digit is called a Bit (short for Binary Digit). A group of 8 bits is called a Byte, which is the
fundamental unit of computer memory.
Counting in binary feels strange at first because you run out of digits almost immediately.

e Zero is 0s.
e One is 1o.

o What is two? We don’t have a 2’ digit. So, we must reset the column to 0 and carry over to the next column.
Thus, two is represented as 10, (read as "one-zero", not "ten").

e Three is 115.

e Four requires another carry over: 100s.

Just like decimal, binary relies on positional weights, but the multiplier is 2 instead of 10. The columns from right
to left are the ones (2%), twos (2!), fours (22), eights (23), etc.
Consider the binary number 10115:

(1x23)+(0x2%) 4+ (1 x2Y) + (1 x 29
(I1x8)+(0x4)+(1x2)+(1x1)=84+0+2+1=1149
So, the binary string 1011 is exactly equal to the decimal number 11.
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Decimal (Base-10) Binary (Base-2)

10 10t 10° 23 22 2! 20
3 4 5 1 0 1 1
(Hundreds) (Tens) (Ones) (Eights) (Fours) (Twos) (Ones)

Figure 1.1: Positional Weights in Decimal vs. Binary. The underlying mathematical structure is identical; only the
base multiplier changes. The rightmost digit is always the Least Significant Digit (weight of Base® = 1).

1.4.4 The Problem with Binary: It is Too Long

Binary is perfect for machines, but terrible for human engineers to read. It takes 4 binary bits to represent a single
decimal digit like "9’ (10012). If an engineer needs to write down the memory address 65, 53510, the binary equivalent is
an unreadable 16-bit string: 11111111111111115,. It is incredibly easy to accidentally drop a ’1’ or add an extra 0’
when typing that out.

To solve this, engineers invented shorthand systems. Because 8 (23) and 16 (2%) are exact powers of 2, we can
perfectly group binary bits together into shorter, more readable strings using the Octal and Hexadecimal systems.

1.4.5 3. The Octal Number System (Base-8)

The Octal system groups binary bits into "chunks" of exactly three.
o Base: 8
o Available Digits (8): 0, 1, 2, 3, 4, 5, 6, 7 (Notice there is no 8 or 9).
In octal, the positional weights are powers of 8: 8% (1), 8! (8), 82 (64), etc. Consider the octal number 147g:
(1 x 8%) + (4 x 8"+ (7 x 8%

(1x64)+(4x8)+(7Tx1)=64+32+7=10319

While Octal was highly popular in early 1970s mainframe computers (which often used 12-bit or 24-bit architectures),
it is rarely used today because modern computers use 8-bit bytes, and 8 is not evenly divisible by 3.

1.4.6 4. The Hexadecimal Number System (Base-16)

The Hexadecimal (often abbreviated as "Hex") system groups binary bits into "chunks" of exactly four. Because an
8-bit byte can be perfectly split into two 4-bit chunks, Hexadecimal is the absolute standard shorthand for modern
computer science.

e Base: 16

o Available Digits (16): 0, 1, 2, 3, 4,5, 6, 7, 8, 9... and then what? We need single characters to represent the
values 10 through 15. We use letters: A (10), B (11), C (12), D (13), E (14), F (15).

In hexadecimal, the positional weights are powers of 16: 16" (1), 16 (16), 162 (256), etc. Consider the hex number
2F162
(2 x 16') + (F x 16°)

(2 x 16) + (15 x 1) = 32 + 15 = 4740

Hexadecimal is incredibly efficient. A long 8-bit binary byte like 110110104 can be written cleanly as just two hex
characters: DAijg. You will see Hexadecimal everywhere in modern computing: MAC addresses on network cards,
HTML color codes (like #FF0000 for pure red), and memory addresses in programming.
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Decimal (10)| Binary (2) Octal (8) Hexadecimal (18)
0 0000 0 0
1 0001 1 1
2 0010 2 2
3 0011 3 3
4 0100 4 4
) 0101 ) 5)
6 0110 6 6
7 0111 7 7
8 1000 -5.09998 8
9 1001 -5.54997 9
10 1010 -5.99997 A
11 1011 -6.44997 B
12 1100 -6.89996 C
13 1101 -7.34996 D
14 1110 -7.79996 E
15 1111 -8.24995 F

Figure 1.2: The Universal Number System Equivalency Table. Notice how Hexadecimal elegantly solves the problem of
double-digit values (10-15) by replacing them with the letters A-F, allowing 4 bits of binary to be perfectly represented
by a single character.

Al IMAGE PLACEHOLDER
A highly stylized split-screen image. The left side shows a human hand writing
standard decimal math on a chalkboard. The right side shows a glowing, high-tech
silicon computer chip emitting streams of green 1s and Os (binary code), with short,
elegant Hexadecimal codes (like 0x4F, 0xAA) floating in the air between them as
translators.

Figure 1.3: Translating Human Intent to Machine Logic. While humans naturally think in Decimal, machines physically
operate in Binary. Hexadecimal serves as the perfect intermediate shorthand for engineers.

1.4.7 Summary

All digital logic is built upon the translation of information into different Number Systems, defined by their specific
Base. The Decimal System (Base-10) is used for human interaction, utilizing digits 0-9. The Binary System
(Base-2) is the physical reality of computer hardware, using only Os and 1s to represent transistor states. Because pure
binary strings are too long for engineers to read efficiently, shorthand systems were developed. The Octal System
(Base-8) groups bits into threes, using digits 0-7. The dominant standard today is the Hexadecimal System
(Base-16), which perfectly compresses 4 bits of binary into a single character, using digits 0-9 and letters A-F to
represent values up to 15.

1.5 The Rosetta Stone of Computing: Number System Conversions

The previous section established that engineers must fluently translate human intent (Decimal) into machine reality
(Binary), often using shorthand notations (Octal, Hexadecimal) to prevent transcription errors.

Therefore, mastering the mathematical algorithms to manually convert a number from any base to any other base
is a fundamental skill in digital electronics. This section breaks down these conversion methods step-by-step.

There are three primary categories of conversion: 1. Converting from Any Base to Decimal. 2. Converting from
Decimal to Any Base. 3. The "Fast Path": Converting directly between Binary, Octal, and Hexadecimal.
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1.5.1 Category 1: Any Base to Decimal (The "Sum of Weights" Method)
This is the easiest conversion to understand because it relies directly on the definition of a positional number system.
To convert a number from Binary, Octal, or Hex to Decimal, you simply multiply each digit by its positional weight
(the Base raised to the power of its position) and add the results together.
Binary to Decimal (Base — 2 — Base — 10)
Convert the binary number 110105 to decimal. 1. Write down the bits. 2. Below each bit, write its positional weight:
24,23 22 21 20 (which correspond to 16,8,4,2,1). 3. Multiply the bit by the weight and sum.

(1x16)+(1x8) +(0x4)+(1x2)+(0x1)

16+8+04+2+0=261¢

Octal to Decimal (Base — 8 — Base — 10)
Convert the octal number 3455 to decimal. The weights are 82(64), 8%(8),8%(1).

(3x64)+(4x8)+(5x1)

192 4+ 32 4+ 5 = 2294

Hexadecimal to Decimal (Base — 16 — Base — 10)

Convert the hex number 24515 to decimal. Remember that the letter A’ represents the decimal value 10. The weights
are 162(256),161(16), 16°(1).
(2 x 256) + (10 x 16) + (5 x 1)

512+ 160+5 = 67710

1.5.2 Category 2: Decimal to Any Base (The "Repeated Division" Method)

To go backward (from Decimal into Binary, Octal, or Hex), we use the opposite mathematical operation: division.
Specifically, we repeatedly divide the decimal number by the Target Base. The Remainders from each division step
form the final converted number, read from bottom to top.

Decimal to Binary (Base — 10 — Base — 2)

Convert the decimal number 431 to binary. We divide by 2 repeatedly.

Division | Quotient Remainder
43 +2 21 1 (Least Significant Bit - LSB)
21+2 10 1
10 +2 5 0
o+2 2 1
22 1 0
1+2 0 1 (Most Significant Bit - MSB)

Reading the remainders from bottom to top yields: 1010115.

Decimal to Octal (Base — 10 — Base — 8)
Convert the decimal number 2501 to octal. Divide by 8 repeatedly.

Division ‘ Quotient ‘ Remainder

250 + 8 31 2
31 +38 3 7
3+8 0 3

Reading bottom to top yields: 372g.
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Decimal to Hexadecimal (Base — 10 — Base — 16)

Convert the decimal number 4281y to hexadecimal. Divide by 16 repeatedly. Remember to convert remainders of 10-15
into letters A-F.

Division ‘ Quotient ‘ Remainder

428 - 16 26 12 - C
26 - 16 1 10 —» A
1+16 0 1
Reading bottom to top yields: 1ACig.

Binary Hexadecimal
(Base-2) (Base-16)
d Divjéj D-\\r'\s\

1o /. aked K
. derls(.\g) p‘ﬁ;:ad s
Decimal
(Base-10)
S ~— e
@ x 5n 8hts T o ((i)&x 16"
Sum of Weights Repeated Division é\+8)
(dx8m™) Read Remainders 1
Octal
(Base-8)

Figure 1.4: The Decimal Gateway. To convert between human decimal and any machine base, use Repeated Division.
To convert back, use the Sum of Weights. Notice that to convert from Binary to Hexadecimal using this method, you
would have to pass through Decimal first. There is a faster way.

1.5.3 Category 3: The "Fast Path" (Binary, Octal, Hexadecimal Grouping)

If you want to convert the Binary number 110111102 to Hexadecimal, you could use the Category 1 method to find the
Decimal equivalent (2221), and then use the Category 2 method to divide 222 by 16. However, this is incredibly slow
and prone to arithmetic errors.

Because 8 = 23 and 16 = 2%, the Octal and Hexadecimal systems map perfectly to groups of binary bits. We can
bypass Decimal entirely by using the Grouping Method.

Binary to Hexadecimal (Group by 4)

To convert Binary to Hexadecimal, simply group the binary bits into blocks of 4, starting from the right (the Least
Significant Bit). Then, convert each block of 4 independently into a single Hex character.

Convert 10110101115 to Hexadecimal: 1. Group by 4 from right to left (pad the leftmost group with leading zeros
if necessary):

0010 1101 0111
—— = =

2. Convert each 4-bit chunk to its hex equivalent (0010 =2, 1101 =13 = D, 0111 =7):

2D716

Hexadecimal to Binary (Expand by 4)

To go backward, do the exact opposite. Take each Hex character and expand it into exactly 4 binary bits. Convert
A5C46 to Binary: 1. Expand A’ (10): 1010 2. Expand ’5’: 0101 (You MUST include the leading zero to make it 4
bits). 3. Expand ’C’ (12): 1100 4. Concatenate: 1010010111002
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Binary to Octal (Group by 3)

The exact same logic applies to Octal, but because 8 = 23, you group the bits into blocks of 3. Convert 110101105 to
Octal: 1. Group by 3 from right to left (pad with zeros):

011 010 110
— =~ =<~

2. Convert each 3-bit chunk to a decimal digit (011 = 3, 010 = 2, 110 = 6):

3263

AI IMAGE PLACEHOLDER
A clear, infographic-style diagram showing a long string of binary tape
(11011010111101012) being "cut" by scissors into 4-bit chunks. Each 4-bit chunk
then drops straight down into a hopper that stamps it with a single Hexadecimal
character (D, A, F, 5), showing the direct substitution method.

Figure 1.5: The Fast Path Conversion. Because 16 is a power of 2 (2%), converting between Binary and Hexadecimal
requires no division or multiplication. It is a direct pattern substitution of 4-bit blocks.

1.5.4 Summary

Converting between number systems is a mechanical, mathematical process. To translate any machine base (Binary,
Octal, Hex) into human Decimal, use the Sum of Weights method (multiply each digit by its positional power and
add). To translate human Decimal into a machine base, use the Repeated Division method (divide by the target
base and read the remainders backward). Most crucially for computer science, you can completely bypass Decimal
when converting between Binary and Hexadecimal (or Octal) by using the Grouping Method, substituting every
4 bits of binary with exactly one Hex character.

1.6 Mathematics in Silicon: Binary Arithmetic

Now that we understand how to represent numbers in binary, we must learn how to manipulate them. Inside the core
of every microprocessor lies the ALU (Arithmetic Logic Unit), a dense cluster of transistors designed specifically to
perform mathematical operations on binary numbers.

While the physical circuitry inside the ALU is highly complex, the mathematical rules it follows are surprisingly
simple. This section covers the four basic arithmetic operations in binary (addition, subtraction, multiplication,
division), and then introduces the ingenious "Complement Method" that computers use to perform subtraction without
actually needing a dedicated subtraction circuit.

1.6.1 1.3.1 Basic Binary Arithmetic

Because binary only has two digits (0 and 1), the memorization tables for arithmetic are incredibly short compared to
decimal math.

Binary Addition

Binary addition follows four simple rules:
1.0+0=0
2.0+1=1

3.1+0=1
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4. 141 = 102 (This means write down a '0’ and "carry over" a ’1’ to the next column).

Special Case: If you are adding a column that already has a carry-over, you might face 1 + 1 + 1. The result is 115
(write down a '1” and carry over a ’1’).
Example: Add 10115 and 1110.

(O <-- Carries
1011 (11 in decimal)
+ 1110 (14 in decimal)

11001 (25 in decimal)

Binary Subtraction (Direct Method)

Direct binary subtraction follows these rules:

1.0-0=0
2.1-0=1
3.1-1=0

4. 0 —1 =1 with a "Borrow" of 1 from the next column to the left.

When you borrow a 1 from the next left column, that 1 represents a value of 2’ in your current column (because of
positional weights). Therefore, the operation conceptually becomes 2 — 1 = 1.
Example: Subtract 0110 from 1010,.

(0) (10) <-- Borrows (The 1 becomes 0, the O becomes 10_2)
1010 (10 in decimal)
- 0110 ( 6 in decimal)

0100 ( 4 in decimal)

Binary Multiplication

Binary multiplication is exactly like decimal long multiplication, but much easier because you are only ever multiplying
by 1 or 0. Multiplying by 0 results in all zeros. Multiplying by 1 simply copies the top number.
Example: Multiply 1015 by 11s.

101 (5 in decimal)
x 11 (3 in decimal)
1 (101 x 1)
0 (101 x 1, shifted one space left)

1111 (15 in decimal)

Binary Division

Binary division uses standard long division. You look at the divisor and see if it "fits" into the dividend. Because it’s
binary, it either fits exactly 1 time, or it fits O times.

1.6.2 1.3.2 The Complement Method: Tricking the Computer into Subtraction

While the direct subtraction method works perfectly on paper, it presents a massive hardware problem for computer
engineers. Designing a digital circuit that can "borrow" from a neighboring column is extremely complex and requires
millions of extra transistors.

However, engineers realized a brilliant mathematical trick: You can perform subtraction by doing addition,
provided you use negative numbers. (A — B is mathematically identical to A 4+ (—B)).

But how do you represent a "negative" number using only 1s and 0s? Computers do not have a minus sign (—) key
in memory. The solution is the Complement System. By manipulating the bits of the number we want to subtract,
we can create its negative equivalent, feed it into a standard addition circuit, and perfectly execute a subtraction.
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Addition (13 + 6) Multiplication (6 x 5)

Carries: 1 110
1101 x101
+0110 110

000
10011 1110
(1910)

11110

(3010)

Figure 1.6: Examples of standard binary arithmetic. While the mechanics are identical to decimal math taught in
grade school, human engineers frequently make mistakes because they are not used to "carrying over" so quickly.

The 1’s Complement

Finding the 1’s Complement of a binary number is incredibly simple: Flip every bit. Every 0 becomes a 1, and every
1 becomes a 0. * Example: The 1’s Complement of 101102 is 010015.

Subtraction using 1’s Complement: To compute M — N: 1. Find the 1’s Complement of the subtrahend (V).
2. Add this complement to the minuend (M). 3. Check the final carry out of the leftmost bit. - If there is a carry out
of '1’ the result is positive. Remove the carry ’1’ and add it to the LSB (this is called End-Around Carry).
- If there is no carry out (a ’0’), the result is negative. The answer is currently in its 1’s complement form. To read the
final answer, flip the bits again and stick a minus sign in front of it.

Example (Positive Result): Subtract 419 (01002) from 719 (01113). 1. 1’s Comp of 0100 is 1011. 2. Add:
0111 + 1011 = 10010 (Notice the final carry out of 1). 3. End-Around Carry: Take the carry '1’ and add it to the end.
0010 +1 = 00112(+310).

The 2’s Complement (The Industry Standard)

"

While 1’s complement works, the "End-Around Carry" step requires extra time and circuitry. Engineers improved
the system by inventing 2’s Complement. Today, 100% of modern computer processors use 2’s Complement for
subtraction.

Finding the 2’s Complement: 1. Find the 1’s Complement (flip the bits). 2. Add 1 to the LSB. * Example: To
find the 2’s Comp of 01005 (41¢): Flip it to 1011, then add 1. Result: 11005. In the 2’s complement system, 11005
represents —41g.

Subtraction using 2’s Complement: To compute M — N: 1. Find the 2’s Complement of N. 2. Add it to M.
3. Ignore any final carry out. Simply drop it in the trash. The remaining bits are your perfect answer. (If the
leftmost bit is a 1, the number is negative and already in 2’s complement form).

Example: Subtract 319 (00112) from 839 (10002). 1. The 2’s Comp of 0011 is: Flip (1100) + 1 = 1101. 2. Add to
8: 1000 4+ 1101 = 10101. 3. Discard the final carry out. The answer is 01012 (+51¢).

Al IMAGE PLACEHOLDER
An infographic flowchart titled "The Subtraction Trick." It shows a traditional
Subtraction problem (A — B) hitting a brick wall. A detour sign points to "2’s
Complement", showing B going through an inverter (NOT gate) to flip the bits,
adding 1, and then passing smoothly through a standard Addition gate
(A + Comp(B)) to reach the exact same destination.

Figure 1.7: Why 2’s Complement Matters. By converting the negative number into a 2’s Complement binary string,
the computer processor only needs to know how to ADD. It does not need a dedicated subtraction circuit, saving
millions of transistors and reducing CPU size and heat.
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1.6.3 Summary

The Arithmetic Logic Unit (ALU) performs Binary Addition, Subtraction, Multiplication, and Division using
rules identical to decimal math, but restricted to base-2. However, building physical circuits that can "borrow" for
subtraction is highly inefficient. Instead, engineers use the Complement Method to turn subtraction problems into
addition problems. The 1’s Complement involves simply flipping all bits, but requires an annoying "end-around
carry." The 2’s Complement (created by flipping all bits and adding 1) is the absolute industry standard. It allows
computers to subtract cleanly by simply adding a negative number representation and discarding the overflow bit.

1.7 Beyond Pure Math: Digital Codes

In the previous sections, we treated binary purely as a mathematical base (Base-2), used for quantitative counting
and arithmetic. However, computers must process much more than just mathematical equations. They must display
human-readable decimal numbers on digital clocks, read data from mechanical spinning discs, and process text-based
emails containing letters, punctuation, and emojis.

To handle these diverse types of information, engineers developed Digital Codes. A code is a predetermined
agreement where specific combinations of 1s and 0Os are assigned to represent specific symbols, characters, or specific
decimal digits. Unlike pure binary arithmetic, these codes often do not follow standard positional weighting rules.

This section explores three of the most important digital codes used in computing: BCD (for precise decimal
display), Gray Code (for error-free mechanical reading), and ASCII (for text communication).

1.7.1 1. BCD (Binary Coded Decimal)

When a digital alarm clock displays the time "12:59", it is not calculating pure binary math. It needs to send specific
electrical signals to the seven-segment LED displays to light up those exact human-readable digits. Converting pure
binary back into decimal digits is computationally expensive for a simple clock chip.

The solution is Binary Coded Decimal (BCD). In BCD, we do not convert the entire decimal number into one
long binary string. Instead, we take each individual decimal digit and encode it using exactly 4 bits.

Because the highest decimal digit is '9’ (10012), we use the 4-bit binary codes from 0000 to 1001. The remaining
4-bit combinations (1010 through 1111, representing 10 to 15) are strictly invalid in BCD.

Example Conversion: Convert the decimal number 38519 to BCD. Instead of using repeated division on the
whole number 385, we simply encode each digit: * 3 = 0011 * 8 = 1000 * 5 = 0101 Therefore, 3851y in BCD is
0011_1000_0101BcD-

If we convert 38519 to pure binary, it is 110000001,. Notice how completely different the pure binary is from the
BCD code. BCD is significantly longer (requiring more memory), but it is incredibly easy for simple hardware to

decode and display on a screen.
Decimal: @

BCD Code| 0010 ] [ 1001 | x

Y BCD is physically
: longer but maps
¢ directly to digits.

( A ’

Pure Binary: 11101 K

(. J

Figure 1.8: BCD vs. Pure Binary. BCD explicitly preserves the visual structure of the human decimal number by
wrapping each digit in a 4-bit block, making it ideal for interfacing with seven-segment displays.

1.7.2 2. Gray Code (The Unweighted Minimum Change Code)

Unlike Binary, Octal, Hex, and BCD, the Gray Code is an unweighted code. The position of a '1’ in a Gray Code
string does not have a set mathematical weight (like 22 or 23). You cannot perform arithmetic with Gray Code.
Gray Code was invented to solve a specific mechanical engineering problem: reading data from moving parts.
Imagine a mechanical spinning wheel with optical sensors reading binary codes painted on the edge to determine its
angle. In standard binary, moving from position 3 (0113) to position 4 (1002) requires three bits to flip simultaneously.
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In the real physical world, sensors are never perfectly aligned. If the sensors read the transition slightly out of sync,
the computer might momentarily read 1112 (position 7) before settling on 1003. This momentary glitch can cause
catastrophic errors in robotic control systems.

The Gray Code Solution: Gray Code is designed so that only one single bit changes state when transitioning
from one number to the next.

Let’s compare counting from 0 to 4 in 3-bit systems:

Decimal | Pure Binary | Bits Changed Gray Code
0 000 - 000
1 001 1 001
2 010 2 011 (Only 1 bit changed from previous)
3 011 1 010 (Only 1 bit changed from previous)
4 100 3 110 (Only 1 bit changed from previous)

Because only one bit ever changes during a transition, Gray Code guarantees that physical sensors will never output
a completely erroneous intermediate value, making it essential for rotary encoders and automated industrial machinery.

1.7.3 3. ASCII (American Standard Code for Information Interchange)

If computers only processed numbers, BCD and Binary would be sufficient. But the internet is built on text. How does
a computer store the letter ’A’, a question mark ’?’, or a space character?

The solution is the ASCII Code. ASCII is a universal 7-bit code where a unique numeric value is assigned to
every uppercase letter, lowercase letter, number, punctuation mark, and invisible control character (like "Enter" or
"Backspace"). Because it uses 7 bits, standard ASCII can define 27 = 128 unique characters.

Key ASCII Assignments to Memorize: * The capital letters A’ through ’Z’ start at decimal 65 (Binary:
10000012, Hex: 4116). * The lowercase letters 'a’ through 'z’ start at decimal 97 (Binary: 11000012, Hex: 6146). *
The numeric characters '0’ through ’9’ start at decimal 48 (Binary: 01100002, Hex: 301¢). * The "Space" character is
decimal 32.

Note: The ASCII character 5’ (decimal 53, binary 0110101) is fundamentally different from the mathematical
integer 5 (binary 0000101). If you try to add the ASCII character ’5’ to the ASCII character ’2’, the computer will not
output 7. It will output the ASCII character assigned to the sum of their codes.

Al IMAGE PLACEHOLDER
A visual representation of an email being typed on a keyboard. A finger presses the
'H’ key, and a glowing wire shows the 7-bit ASCII binary code (1001000) traveling
into the computer processor, which then prints the letter 'H’ on the monitor screen.

Figure 1.9: Information Interchange. ASCII is the linguistic bridge between human language and binary storage.
Almost all text files on Earth use ASCII (or its modern superset, Unicode) to store letters as binary numbers.

1.7.4 Summary

While pure binary is used for internal arithmetic, engineers developed specialized Digital Codes for other tasks. BCD
(Binary Coded Decimal) encodes each decimal digit into a 4-bit block independently, making it highly efficient for
driving digital clock displays without complex math. Gray Code is an unweighted code designed for robotic sensors,
where only a single bit changes between consecutive numbers, eliminating mechanical read errors. Finally, ASCII is
the universal 7-bit alphanumeric code that assigns unique binary strings to letters and punctuation, enabling computers
to process and communicate written text.
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CHAPTER 2

Boolean algebra and logic gates

2.1 Digital Logic Gates and Universal Gates

2.1.1 Introduction to Digital Logic Gates

In the realm of digital electronics, logic gates serve as the fundamental building blocks of complex digital systems,
ranging from simple digital watches to highly sophisticated microprocessors. A digital system processes discrete voltage
levels, primarily represented as binary numbers: 0 (Low voltage) and 1 (High voltage).

Box[Digital Logic Gate] A digital logic gate is a physical electronic device or an idealized mathematical abstraction
that implements a specific Boolean function. It processes one or more binary inputs to produce a single,
deterministic binary output based on a predefined logical relationship.

Key Concept

Concept Regardless of how many inputs a standard logic gate has, it will always yield exactly one output. The
state of this output is entirely dependent on the current states of the inputs and the type of logical operation the
gate performs.

.

,

In this section, we will thoroughly explore the primary categories of logic gates:
e Basic Gates: AND, OR, and NOT gates.
e Derived Gates: NAND, NOR, EX-OR, and EX-NOR gates.

e Universal Gates: A special classification for NAND and NOR gates due to their unique capability to construct
any other logical function without the need for other gate types.

2.1.2 Basic Logic Gates
The AND Gate

The AND gate is a fundamental digital logic gate that implements logical conjunction. It closely mimics the behavior
of the English word "and" when making decisions.

Operation: The output of an AND gate is HIGH (1) if and only if all of its inputs are HIGH (1). If any single
input, or multiple inputs, are LOW (0), the output immediately becomes LOW (0).

Symbol Description: The standard symbol for a 2-input AND gate resembles a "D" shape. It features a straight
vertical line on the input side (where the input wires enter) and a semi-circular curve on the output side (where the
result exits).

Real-World Analogy: Imagine two light switches connected in series to a power source and a light bulb. The
light bulb will only illuminate if both Switch A and Switch B are closed simultaneously. If either switch remains open,
the circuit is broken, and the bulb stays off.



Table 2.1: Truth Table for a 2-Input AND Gate

Input A Input B Output Y = A - B
0 0 0
0 1 0
1 0 0
1 1 1
The OR Gate

The OR gate implements logical disjunction, acting much like the inclusive "or" in logic and everyday language.

Operation: The output of an OR gate is HIGH (1) if at least one of its inputs is HIGH (1). The output evaluates
to LOW (0) strictly when all of its inputs are LOW (0).

Symbol Description: The schematic symbol for an OR gate features a curved input side and tapers to a pointed
tip on the output side, resembling the shape of a shield or the head of a spear.

Real-World Analogy: Consider two light switches connected in parallel. If either Switch A or Switch B (or both
simultaneously) is closed, electrical current finds a path to flow to the light bulb, turning it on. The only scenario
where the bulb remains unlit is if both parallel switches are open.

Table 2.2: Truth Table for a 2-Input OR Gate

Input A Input B Output Y = A + B
0 0 0
0 1 1
1 0 1
1 1 1

The NOT Gate (Inverter)

The NOT gate, commonly referred to as an inverter, implements logical negation. Unlike standard AND and OR gates
that can have multiple inputs, a standard NOT gate strictly features only one input and one output.

Operation: The NOT gate effortlessly reverses the logic state of its input. If the incoming signal is HIGH (1), the
output becomes LOW (0). Conversely, if the input signal is LOW (0), the output transforms to HIGH (1).

Symbol Description: The symbol is drawn as a triangle pointing towards the output direction, accompanied
by a small circle (often called an "inversion bubble") at its apex. This tiny bubble is the universal symbol for logical
inversion in digital circuit diagrams.

Table 2.3: Truth Table for a NOT Gate

Input A Output Y = A
0 1
1 0

2.1.3 Derived Logic Gates

Derived gates are cleverly constructed by combining the fundamental operations of basic gates. They perform more
complex, specialized logical operations that are heavily utilized in digital arithmetic, data transmission, and control
logic circuits.

The NAND Gate

The NAND (standing for Not-AND) gate is mathematically and functionally equivalent to an AND gate followed
directly by a NOT gate.

Operation: The output of a NAND gate is LOW (0) if and only if all of its inputs are HIGH (1). In all other
possible input combinations, the output remains HIGH (1). It operates as the exact inverse of the traditional AND
gate.

Symbol Description: The symbol combines the "D" shape of the AND gate with the inversion bubble of the
NOT gate attached directly to its output line.
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Table 2.4: Truth Table for a 2-Input NAND Gate

Input A Input B Output Y = A-B
0 0 1
0 1 1
1 0 1
1 1 0

The NOR Gate

The NOR (standing for Not-OR) gate is created by taking the output of an OR gate and passing it through a NOT
gate.

Operation: The output of a NOR gate is HIGH (1) only under the strict condition that all of its inputs are LOW
(0). If any single input is HIGH (1), the output is immediately forced LOW (0). It acts as the exact mathematical
inverse of the OR gate.

Symbol Description: The symbol pairs the shield-like shape of the OR gate with an inversion bubble fixed to the
pointed output tip.

Table 2.5: Truth Table for a 2-Input NOR Gate

Input A Input B Output Y = A+ B
0 0 1
0 1 0
1 0 0
1 1 0

The Exclusive-OR (EX-OR) Gate

The Exclusive-OR, or XOR gate, is a vital component in arithmetic logic circuits such as binary adders, subtractors,
and parity checkers.

Operation: The output of an EX-OR gate is HIGH (1) if its two inputs are different (one is HIGH while the other
is LOW). If the inputs are the same (both HIGH or both LOW), the output is LOW (0). Because of this distinct
behavior, it is frequently referred to as an "inequality detector."

Symbol Description: The symbol is remarkably similar to a standard OR gate but features an additional curved,
parallel line on the input side, spaced slightly away from the main shield body.

Table 2.6: Truth Table for a 2-Input EX-OR Gate

Input A Input B Output Y =A & B
0 0 0
0 1 1
1 0 1
1 1 0

Application of EX-OR Gates in Binary Addition

EX-OR gates are fundamental in digital arithmetic. When adding two binary bits, the "Sum" bit is determined
perfectly by an EX-OR operation. For instance, when adding 1 + 0, the sum is 1 (1 & 0 = 1). When adding
1+ 1, the sum is 0 and we generate a carry of 1. The EX-OR gate accurately models this Sum output generation,
serving as the core of a Half-Adder circuit.

The Exclusive-NOR (EX-NOR) Gate

The Exclusive-NOR, or XNOR gate, is the logical complement of the EX-OR, gate.

Operation: The output of an EX-NOR gate is HIGH (1) if its inputs are exactly the same (both HIGH or both
LOW). If the inputs are different, the output evaluates to LOW (0). Consequently, it effectively acts as a digital
"equality detector."

Symbol Description: It is visually drawn as an EX-OR gate with a prominent inversion bubble attached to its
output point.
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Table 2.7: Truth Table for a 2-Input EX-NOR Gate

Input A Input B Output Y = A o B
0 0 1
0 1 0
1 0 0
1 1 1

2.1.4 Universal Gates: NAND and NOR

While contemporary digital circuits are composed of complex, interconnected webs of all the logic gates discussed above,
hardware engineers and semiconductor manufacturers rely heavily on an incredibly powerful mathematical property
inherent to NAND and NOR gates: universality.

Box[Universal Gate] A universal gate is a specialized logic gate that possesses the ability to construct any other
logic gate or implement any conceivable Boolean algebraic expression, without ever requiring the assistance of any
other gate type. Both NAND and NOR gates fall strictly into this category.

Why Use Universal Gates Over Basic Gates?

You might legitimately wonder why engineers do not simply use standard AND, OR, and NOT gates to build
processors. From an industrial and manufacturing standpoint, fabricating Integrated Circuits (ICs) using a single,
uniform type of gate (like exclusively utilizing NAND gates) is exponentially cheaper, logistically simpler, and
consumes drastically less microscopic surface area on a silicon wafer. This standardization dramatically reduces
production overhead and significantly increases transistor density.

Let us thoroughly explore how basic logic operations can be gracefully achieved using only NAND gates, and
subsequently, using only NOR gates.

Implementing Basic Gates using NAND Gates

To strictly prove that a NAND gate is a universal gate, we must be able to functionally synthesize the NOT, AND, and
OR functions relying exclusively on NAND gates.

1. NOT Gate from a NAND Gate: A NOT gate requires a solitary input, but a NAND gate possesses at least
two. By physically tying (short-circuiting) both inputs of a 2-input NAND gate together, they are forced to receive the
exact same logic signal simultaneously.

o If Input A =0, both NAND inputs receive a 0. The output of NAND(0,0) evaluates to 1.

o If Input A =1, both NAND inputs receive a 1. The output of NAND(1,1) evaluates to 0.

This configuration behaves indistinguishably from a standard NOT gate (Y = A).

2. AND Gate from NAND Gates: An AND gate is logically the exact inverse of a NAND gate (A- B = A - B).
Therefore, to synthesize an AND gate, we take a standard NAND gate and pass its output signal directly through an
inverter. Since we are strictly restricted to using NAND gates, we must utilize the NAND-based NOT gate we just
conceptually constructed above.

e« Gate 1: A normal NAND gate takes inputs A and B to yield A - B.

e Gate 2: A NAND-based NOT gate takes the output of Gate 1 and securely inverts it to produce A - B.

This straightforward process requires a total of two discrete NAND gates.

3. OR Gate from NAND Gates: According to the foundational rules of De Morgan’s Theorem, A- B = A + B,
which heavily implies that A- B = A + B. This mathematical transformation provides a direct blueprint on how to
construct an OR gate using NAND logic.

« First, invert input signal A using a NAND-based NOT gate to safely obtain A.
« Second, invert input signal B using another separate NAND-based NOT gate to safely obtain B.

o Finally, feed both inverted signals (A and B) into the inputs of a third, distinct NAND gate. The final resulting
output is mathematically guaranteed to be A 4+ B.

This somewhat complex process requires a total of three discrete NAND gates.
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Implementing Basic Gates using NOR Gates

Just like their NAND counterparts, NOR gates are also fully universally capable. We can systematically synthesize
NOT, OR, and AND functions exclusively using a network of NOR gates.

1. NOT Gate from a NOR Gate: Similar to the clever NAND implementation, tying the two inputs of a
standard NOR gate tightly together easily creates a functional inverter.

o If Input A =0, the NOR(0,0) operation outputs a 1.
o If Input A =1, the NOR(1,1) operation outputs a 0.

This securely achieves the targeted negation (Y = A) using a solitary NOR gate.

2. OR Gate from NOR Gates: An OR gate is fundamentally the inverse of a NOR gate (A + B = A+ B). We
simply deploy a standard NOR gate and seamlessly pass its resulting output through a NOR-based NOT gate.

o Gate 1: A normal NOR gate accepts inputs A and B to initially produce A + B.

e Gate 2: A NOR-based NOT gate accepts this signal and cleanly inverts it, resulting in the pure OR function,
A+ B.

This straightforward implementation requires exactly two discrete NOR gates.
3. AND Gate from NOR Gates: By thoughtfully applying De Morgan’s Theorem to the standard AND
operation, we are aware that A+ B = A - B, which directly means A + B = A - B.

« First, independently invert input A using a NOR-based NOT gate to quickly secure A.
 Second, independently invert input B using another separate NOR-based NOT gate to secure B.

o Finally, strategically feed both A and B into the inputs of a third NOR gate. The output flawlessly evaluates to
A-B.

This process requires a total assembly of three distinct NOR gates.

Concept The profound universality of NAND and NOR gates vividly demonstrates a beautiful and powerful
symmetry embedded deep within Boolean algebra. Any functional digital circuit, no matter how staggeringly
complex the computer processor or memory storage unit may be, can technically be built entirely from the ground
up using millions of identical NAND gates or identically manufactured NOR gates. This simple standardization
literally revolutionized the modern mass production of highly dense integrated circuits.

2.2 Basic Theorems and Properties of Boolean Algebra

Boolean algebra, introduced by English mathematician George Boole in 1854, forms the mathematical bedrock of all
modern digital logic design and computer architecture. Unlike ordinary algebra, which deals with continuous numbers
and an infinite set of values, Boolean algebra operates exclusively within a binary system. Its variables can assume
only one of two possible states: logic 0 (representing false, low voltage, or open circuit) and logic 1 (representing true,
high voltage, or closed circuit). This rigid constraint allows engineers to model, analyze, and dramatically simplify
complex digital circuits using rigorous systematic approaches.

Box[Boolean Algebra] Boolean algebra is a specialized branch of algebraic mathematics dedicated to binary logic
variables. It defines the relationships and rules governing three fundamental logical operations: AND (logical
multiplication, denoted by -), OR (logical addition, denoted by +), and NOT (logical inversion or complementation,
denoted by an apostrophe ' or overbar”).

To wield Boolean algebra effectively in digital design, one must deeply understand its foundational postulates and
the theorems derived from them. These mathematical rules dictate exactly how logic expressions can be expanded,
contracted, and manipulated without altering the underlying logic function.
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2.2.1 Basic Postulates of Boolean Algebra

Postulates are the fundamental assumptions or self-evident truths from which all other theorems are constructed. In
the 1900s, Edward Huntington formalized a set of postulates (known as Huntington’s postulates) that rigidly define
Boolean operations. The most critical postulates include:

e Identity Elements: Every logical operation has an identity element that, when applied, leaves the variable
unchanged.

— For the OR operation (+), the identity element is 0. Therefore, A 4+ 0 = A.
— For the AND operation (-), the identity element is 1. Therefore, A-1 = A.

e Commutativity: The order in which variables are presented to a logic gate does not matter. The physical
implication is that swapping inputs on an AND or OR gate changes nothing.

— A+ B = B+ A (Commutative Law of Addition)
— A-B = B- A (Commutative Law of Multiplication)

« Distributivity: Boolean algebra possesses two distributive laws, one of which differs radically from ordinary
algebra.

— A-(B+C)=A-B+ A-C (AND distributes over OR, identical to normal algebra).

- A+ (B-C)=(A+B)-(A+C) (OR distributes over AND. This is completely unique to Boolean algebra
and is an incredibly powerful tool for factoring).

« Complementarity: Every Boolean variable A has a unique complement A’ (also written as A). The relationship
between a variable and its complement is fixed:

— A+ A’ =1 (Since one variable must be 1 and the other 0, an OR gate will always output 1).
— A- A’ =0 (Since one variable must be 0, an AND gate will always output 0).

2.2.2 The Principle of Duality

Before diving into the derived theorems, it is crucial to recognize a unique symmetry embedded within Boolean algebra.

Concept The Principle of Duality states that every valid Boolean algebraic equation remains perfectly valid if
we systematically interchange the OR (+) and AND (-) operators, while simultaneously interchanging the identity
elements 0 and 1. Variables remain unchanged.

For instance, taking the identity postulate A +0 = A, we swap the + for -, and the 0 for 1. This yields its dual:
A-1= A, which is also a valid postulate. This principle cuts the effort of memorizing theorems in half, because
theorems inherently come in dual pairs.

2.2.3 Fundamental Theorems for Logic Manipulation

Building upon the Huntington postulates, we can derive numerous theorems that serve as the primary tools for shrinking
large logical expressions into minimal gate implementations.

1. Annulment (Null) Theorem

The annulment theorem describes what happens when a variable is forced by an overriding constant.

e A+ 1 =1: If any input to an OR gate is tied high (1), the output is permanently high, rendering input A
irrelevant.

o A-0=0: If any input to an AND gate is tied low (0), the output is permanently low.

2. Idempotent Theorem

The term idempotent means "unchanging in value when operated on itself." In a digital circuit, connecting the same
signal to multiple inputs of an AND or OR gate has no multiplying effect; the signal simply passes through.

« Ar A=A
« A-A=A
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3. Involution (Double Negation) Theorem

Passing a digital signal through an even number of inverters restores the original signal polarity.

. (A/)/:A

4. Associative Law

The associative law proves that the physical grouping or cascading of identical gate types does not alter the logical
outcome. A three-input AND gate is logically identical to two cascaded two-input AND gates.

« A+(B+C)=(A+B)+C=A+B+C
« A-(B-C)=(A-B)-C=A-B-C

5. Absorption Law

The absorption laws are critical for eliminating redundant variables and entire product terms. They mathematically
"absorb" complexity.

e« A+A-B=A

e« A-(A+B)=A4A
To prove the first law algebraically using postulates: A+ AB=A-14+ A-B = A-(1+ B). By the annulment theorem,
1+ B=1. Thus, A- (1) = A.
6. De Morgan’s Theorems

Augustus De Morgan formalized the mathematical process for pushing inversion bubbles through logic gates. His
theorems are the foundation for converting SOP (Sum of Products) to POS (Product of Sums) and vice versa, and
they mathematically justify universal gates like NAND and NOR.

De Morgan’s First Theorem: The complement of a logical sum equals the logical product of the separate
complements.

(A+B) = A - B

In hardware terms, a NOR gate is entirely equivalent to an AND gate with inverted inputs (a "Bubbled AND" gate).
De Morgan’s Second Theorem: The complement of a logical product equals the logical sum of the separate
complements.

(A-B)Y = A' + B

In hardware terms, a NAND gate is equivalent to an OR gate with inverted inputs (a "Bubbled OR" gate).

Common Pitfall in Applying De Morgan’s

When evaluating complex inversions like (A + BC')’, students often mistakenly invert the variables without flipping
the operators, erroneously resulting in A’ + B'C’. The correct application requires breaking the main inversion
bar and swapping every operator beneath the break: (A+ BC) = A’ (BC) = A"- (B'+ ).

Proof by Perfect Induction: To rigorously prove theorems without algebraic juggling, we use truth tables. If
two expressions produce identical outputs for all possible input combinations, they are definitively equivalent. Let us
prove De Morgan’s First Theorem:

A B A+B (A+B)’ A’ B’ A B
0 0 0 1 1 1 1
0 1 1 0 1 0 0
1 0 1 0 0 1 0
1 1 1 0 0 0 0

Table 2.8: Truth table proving De Morgan’s First Theorem

Because the column for (A + B)" matches the column for A’ - B’ row-for-row, the theorem is proven absolute.
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7. Consensus Theorem

The consensus theorem is a highly useful trick for identifying and eliminating a specific type of redundant term in
expressions involving three variables.

e« AB+AC+BC=AB+AC

Here, the term BC is known as the "consensus term." Because the variable B is associated with A, and the variable C
is associated with A’, the standalone term BC' adds no new logical information to the sum and can be safely discarded.

2.3 AND-OR-Invert Implementations of Boolean Functions

While basic AND, OR, and NOT gates are excellent for learning logic theory, modern digital hardware relies heavily
on compact, compound logic gates. The most prevalent and efficient of these architectures is the AND-OR-Invert
(AOI) configuration.

Box[AND-OR-Invert (AOI) Logic] AND-OR-Invert (AOI) logic is a two-level compound digital circuit architecture

constructed from an array of first-stage AND gates whose outputs are fed directly into a final-stage NOR gate. It
inherently computes the complement of a standard Sum of Products (SOP) expression.

2.3.1 The Structural Anatomy of AOI Logic
An AOI gate performs a sequential three-step evaluation logically, though physically it acts as a single cohesive unit:

1. AND Phase: Input signals are grouped and fed into multiple AND gates operating in parallel. This evaluates
the individual "product’ terms of an expression.

2. OR Phase: The outputs of these AND gates are combined logically.

3. INVERT Phase: The final summed result is inverted.

In reality, standard IC manufacturing fuses the OR and INVERT phases into a single high-speed NOR gate.
AOQI gates are often designated by the number of inputs per AND gate. For instance, an "AOI22" gate contains two
2-input AND gates feeding a NOR gate. Its characteristic Boolean function is:

F=(A-B+C-DY

A —]
AND

B J—

C J—
AND

D J—

Figure 2.1: Logic diagram representation of an AOI22 gate

2.3.2 Why AOI Dominates Integrated Circuit Design

You might ask: Why use a specialized AOI gate instead of just wiring up independent AND, OR, and NOT chips? The
answer lies deep within the physics of CMOS (Complementary Metal-Oxide-Semiconductor) transistor design.

e Transistor Efficiency: In CMOS, non-inverting gates like AND and OR actually require more transistors than
inverting gates like NAND and NOR because an internal inversion stage must be added to flip the signal back.
An entire AOI22 gate can be built using a single pull-up and pull-down network using only 8 transistors. Building
F = (AB + CD)’ with discrete AND, OR, and NOT gates would require 14 transistors.

e Reduced Propagation Delay: Because the logic evaluates inside a single transistor structure, the signal only
experiences the delay of one complex gate rather than cascading through three sequential gates. This dramatically
boosts the clock speed of the circuit.

« Lower Power Dissipation: Fewer transistors acting in parallel means less internal capacitance to charge and
discharge, heavily reducing dynamic power consumption.
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Key Concept

Concept The OAI Counterpart: The dual of the AOI structure is the OR-AND-Invert (OAI) gate. It consists
of first-stage OR gates feeding into a final NAND gate, computing the complement of a Product of Sums (POS)
expression, such as F' = ((A+ B) - (C'+ D))’. Logic synthesis software (like those used in FPGA and ASIC design)
will dynamically swap between building circuits with AOI and OAI cells depending on which results in less silicon
area.

A

\_

2.3.3 Synthesizing Functions using AOI Gates

To map a specific Boolean function into an AOI gate, designers often employ De Morgan’s theorems to manipulate the
expression into an inverted Sum of Products.

Mapping to AOI Logic

Problem: Implement the logic function Y = A’B’ + C'D’ using a standard AOI22 gate.

Solution: An AOI22 gate produces the output F = (P; - Po+ P5- P;)’. Notice the dominant overall inversion. Our
target function Y does not have a dominant inversion. To fit Y into the AOI template, let us evaluate the double
complement of Y: Y = (Y'). First, find Y": Y/ = (A'B’ + C'D’)’ By applying De Morgan’s second theorem:
Y'=(A'B") - (C'D") = (A+ B) - (C + D) This is an OAI format, not AOIL Let’s try a different perspective.
Look at the AOI output equation: Output = (X1 X9 + X3X4)'. If we feed the inverted inputs A’ and B’ into the
first AND gate, and C’ and D’ into the second AND gate, the AOI gate generates: Qutput = (A'B’+ C'D’)" To
achieve our final target Y = A’B’ + C’'D’, we simply route the output of the AOI gate through a final INVERTER.
Thus, Y = [AOI22(A’, B',C’, D")]'. Logic optimization heavily relies on pushing these inversions around the circuit
to find the most efficient gate mapping.

2.4 Algebraic Simplification of Boolean Expressions

When a digital system is initially designed—often derived directly from a word problem, state diagram, or an unoptimized
truth table—the resulting Boolean expression is usually bloated. It contains redundant variables, unnecessary product
terms, and excessive hardware requirements.

Box[Algebraic Simplification| Algebraic simplification is the manual, analytical process of applying Boolean
postulates, laws, and theorems to transform a complex logic expression into its most minimal, economically viable
equivalent form. A minimal form is generally defined as an expression requiring the fewest number of logic gates
and the fewest number of inputs per gate.

2.4.1 The Objectives of Logic Simplification
Why is simplification a mandatory step in the engineering workflow?

1. Hardware Cost Minimization: Fewer logic gates mean fewer microchips to purchase and solder onto a printed
circuit board.

2. Silicon Area Reduction: In IC design, minimizing gates shrinks the physical die size of the chip, dramatically
lowering manufacturing costs.

3. Speed Optimization: Redundant logic often requires signals to traverse unnecessary cascaded gates. Simplifica-
tion flattens the logic, reducing propagation delay.

4. Power Efficiency: Every switching transistor consumes current. Minimizing the logic inherently reduces the
total power consumption and heat generation of the device.
2.4.2 General Strategies and Techniques

Unlike ordinary mathematics, algebraic simplification in Boolean algebra does not follow a strict, guaranteed algorithm.
It relies on pattern recognition and intuition. However, a few primary strategies consistently yield results:

e Hunting for Common Factors: Actively look for shared literals across terms to factor out. E.g., extract A
from AB + AC to get A(B + C).
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« Exploiting Complementarity: The single greatest tool for deleting variables is the law X + X’ = 1. If you
can factor an expression into A(B + B’), the variable B vanishes instantly.

e Aggressive Absorption: Frequently look for opportunities to apply A + AB = A. If a smaller term is fully
contained within a larger term, the larger term is redundant.

e Strategic Expansion: Ironically, sometimes you must make an expression more complex before it can be
simplified. Using A = A(B + B’) to expand a term can create new pairings that simplify adjacent terms.

2.4.3 Step-by-Step Simplification Examples

Let us walk through several practical examples, demonstrating the mental acrobatics required to minimize expressions.

Example 1: Basic Variable Elimination

Problem: Simplify F = XY Z + XY Z'.
Solution:

1. Scan the terms. Observe that the literals X and Y are common to both product terms.
2. Factor out the common literals: F'= XY (Z + Z')

3. Apply the complementarity law (Z + Z' =1): F = XY(1)

4. Apply the identity theorem: F' = XY

Result: A circuit that originally required two 3-input AND gates, an inverter, and an OR gate has been reduced
to a single 2-input AND gate.

\.

Example 2: Repeated Application of Absorption

Problem: Simplify F = A'B+ A'BC + A’BC’ + AB
Solution:

1. Focus on the first two terms: A’B + A’BC. According to the absorption law (X + XY = X), treating A’'B
as X, the term A’BC is entirely absorbed.

2. F=A'B+ A'BC'+ AB

3. Now look at the first two terms again: A’B + A’BC’. Factoring out A’B yields A’B(1+ C’). By annulment,
1+ C" =1, so this simplifies to just A’B.

4. So the expression collapses heavily to: F = A’'B + AB
5. Factor out B: F = B(A'+ A)
6. Apply A+ A=1: F=B(1)=B

Result: The entire massive equation is mathematically equivalent to a single straight wire connecting input B to
the output.

Example 3: Factoring with De Morgan’s

Problem: Simplify ' = (A + B')(A’ + B)
Solution:

1. Apply the distributive law (FOIL method) to expand the brackets: F = A-A'+A-B+ B -A'+B'-B
2. Apply the complementarity law (A- A’ =0and B'-B=0): F=0+ AB+ A'B'+0
3. F=AB+ A'B’

Result: This is the standard Sum of Products representation of an Exclusive-NOR (XNOR) gate. We successfully
converted a Product of Sums (POS) to a Sum of Products (SOP).

r
\
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Example 4: Leveraging the Consensus Theorem

Problem: Simplify F = AB + A'C + BC + A’'BD
Solution:

1. Carefully scan the first three terms: AB + A'C + BC.

2. Identify the pattern for the Consensus Theorem. We have variable A in one term, A’ in the next, and the
remaining variables B and C' combined in the third term. The third term BC is the consensus term.

3. Eliminate the redundant consensus term BC: F = AB + A'C + A’BD

4. Examine the remaining terms for further simplification. We can factor A’ out of the last two terms:
F=AB+ A'(C+ BD)

Result: The expression is now minimal. The term BC would have wasted logic gates and power.

\_ J

Example 5: Distributive Logic Trick

Problem: Simplify F = A+ A'B+ A'B'C
Solution:

1. Use the distributive absorption law: (X + X'Y = X +Y). Apply this to the first two terms A + A'B.
Treating A as X and B as Y, this simplifies to A + B.

2. The expression is now: F'= A+ B+ A'B'C

3. Group the first and third terms to apply the law again: (A + A’B'C). Treating A as X and (B'C) as Y,
this simplifies to A + B'C.

4. The expression is now: ' = A+ B + B'C
5. Finally, apply the law one more time to the last two terms: (B + B’C'). This simplifies to B + C.
6. Final minimal expression: F'= A+ B+ C

Result: A complex nested logic chain is reduced to a simple 3-input OR gate!

2.4.4 Limitations of Algebraic Simplification

While mastering algebraic simplification builds exceptional mathematical intuition and an intimate understanding of
logic gates, it has severe limitations in professional engineering environments:

e« No Algorithmic Guarantee: Unlike solving a quadratic equation, there is no rigid, sequential algorithm that
guarantees you will reach the absolute simplest form algebraically. It heavily relies on the designer’s ability to
spot hidden patterns.

o High Probability of Human Error: It is exceptionally easy to accidentally invert a sign, drop a prime (’), or
misapply a theorem when manipulating long strings of variables.

« Unmanageable Complexity: Algebraic simplification is feasible for expressions involving 2, 3, or occasionally
4 variables. For expressions with 5 or more variables, the equations become unwieldy and nearly impossible to
minimize cleanly by eye.

Because of these hurdles, manual algebraic simplification is primarily viewed as a foundational skill. For real-world
engineering tasks, digital designers rely on graphical minimization tools like Karnaugh Maps (K-maps) (for up
to 5 variables) and computational algorithms like the Quine-McCluskey method or heuristic logic synthesizers
(for dozens or hundreds of variables). However, the mathematical engines driving those advanced algorithms are built
entirely upon the basic Boolean theorems discussed in this section.
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2.5 Sum of Product (SOP) Simplification using Karnaugh Map (K-map) upto
4-variables

While Boolean algebra provides a fundamental mathematical approach to simplifying logic expressions, applying its
theorems and postulates can sometimes be unintuitive and cumbersome, especially for expressions with many variables.
It lacks a clear, visual indicator to show when an expression has reached its absolute minimal form. To address this,
the Karnaugh Map (K-map), introduced by Maurice Karnaugh in 1953, offers a systematic, graphical method for
simplifying Boolean expressions without the need to memorize complex algebraic rules.

Box[Karnaugh Map (K-map)] A Karnaugh Map is a visual representation of a truth table in the form of a
two-dimensional grid. Each cell in the grid corresponds to a specific minterm (in Sum of Product form) or maxterm
(in Product of Sum form) of the Boolean function. The cells are arranged such that any two adjacent cells differ
by only one Boolean variable.

The fundamental principle behind the K-map is logical adjacency. By arranging the cells using a specific sequence,
the K-map ensures that adjacent cells represent minterms that differ by exactly one variable. When two adjacent cells
both contain a logical ’1’, they can be combined to eliminate the differing variable, effectively applying the Boolean
theorem A - B+ A- B = A(B + B) = A. This process is visually represented by looping or grouping the adjacent cells.

Concept The Gray Code Sequence: Notice that the sequence of binary values for the rows and columns in a
K-map is not the standard binary counting sequence (00,01, 10,11). Instead, it uses Gray code (00,01, 11, 10).
This guarantees that transitioning from one column/row to the next only changes a single bit, which is absolutely
crucial for identifying variables that can be algebraically eliminated.

2.5.1 Structure of K-maps up to 4 Variables

The number of cells in a K-map is determined by the number of input variables in the Boolean expression. For an
n-variable function, the K-map will always have 2" cells. Each cell corresponds to a specific binary combination of the
inputs, resulting in a specific decimal minterm value (mg, my, ma,...).

1. Two-Variable K-map: A 2-variable K-map (for variables A and B) has 22 = 4 cells.

0] mo | M1

1| ma2 | m3

Figure 2.2: 2-Variable K-map Structure

2. Three-Variable K-map: A 3-variable K-map (for variables A, B, and C) has 23 = 8 cells. It is typically drawn
as a 2 x 4 rectangular grid. The column headers follow the Gray code sequence.

A\BC 0o 01 11 10

0| mo | mi1 | m3g | ma

1| ma | M5 | M7 | Mg

Figure 2.3: 3-Variable K-map Structure

3. Four-Variable K-map: A 4-variable K-map (for variables A, B, C, and D) has 2* = 16 cells, drawn as a
symmetrical 4 x 4 grid. Both rows and columns utilize the Gray code sequence.
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AB\CD

00| mo | M1 | M3 | M2

01| ma | M5 | M7 | Mg

11 | M12 | M13 | M15 | M14

10 | ms | mg | M11 | M10

Figure 2.4: 4-Variable K-map Structure

2.5.2 Rules for Grouping in K-map (SOP)

When simplifying a Boolean function in Sum of Product (SOP) form, we place a logical 1’ in the cells corresponding to
the given active minterms and 0’ in the rest. The core of K-map simplification lies in identifying and drawing loops
around adjacent '1’s to form groups.

To achieve the most simplified and optimized expression, you must adhere strictly to the following rules:

1.

Group Size (Powers of 2): Groups must consist of a number of cells that is a power of 2 (i.e., 1, 2, 4, 8, or 16).

« Pair (2 adjacent cells): Eliminates exactly 1 variable.
e Quad (4 adjacent cells): Eliminates exactly 2 variables.

e Octet (8 adjacent cells): Eliminates exactly 3 variables.

Group Shape: Groups must be perfectly rectangular or square. Diagonal grouping is strictly prohibited because
diagonal cells differ by more than one variable.

Largest Groups First: Always prioritize forming the largest possible groups. Look for octets first, then quads,
then pairs, and finally isolated '1’s. Larger groups eliminate more variables, leading to a simpler and cheaper
circuit implementation.

. Include All 1s: Every single '1’ on the K-map must be included in at least one group. A ’1’ that cannot be

grouped with any other "1’ must be grouped by itself (as an isolated cell).

. Overlapping is Allowed: A single 1’ can be part of multiple groups if it helps in creating larger groups.

Overlapping is heavily encouraged if it reduces the number of overall terms or variables in the final equation.

. Map Rolling (Wrap-around): The K-map is not just a flat grid; it is logically continuous. The leftmost

column is considered adjacent to the rightmost column, and the topmost row is adjacent to the bottommost row.
Therefore, groups can "wrap around" the edges. For instance, the four extreme corners of a 4-variable map can be
grouped together to form a valid quad.

Avoid Redundant Groups

A group is considered redundant (or unnecessary) if all of its '1’s are already fully covered by other valid groups.
Including a redundant group will result in extra terms in your final equation, defeating the entire purpose of logic
minimization. Always check your final loops to ensure every group contains at least one unique ’1’ that is not

covered anywhere else.

2.5.3 Steps for SOP Simplification

To systematically obtain a simplified SOP expression, follow these procedural steps:

1.
2.

Draw the appropriate K-map grid based on the number of variables in your expression.

Place a ’1’ in the cells corresponding to the minterms of the Boolean function. Fill the remaining empty cells
with ’0".

Group the '1’s following the rules detailed above, striving for the largest and fewest possible groups.

. For each formed group, deduce the simplified product term. To do this, observe which variables remain constant

(either always 0 or always 1) across all cells within that specific group.
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o If a variable remains 0 throughout the group, write it in its complemented form (e.g., A).
o If a variable remains 1 throughout the group, write it in its uncomplemented form (e.g., A).
o If a variable changes its value within the group (e.g., it is 0 in one cell and 1 in another cell of the same

group), eliminate it entirely.

5. Combine the derived product terms from all groups using logical OR (addition) to yield the final simplified Sum
of Products expression.

Example 1: 4-Variable SOP Simplification

Problem: Simplify the Boolean expression F(A, B,C, D) =>"m(0,2,5,7,8,10,13,15).
Solution: First, we place 1s in cells 0, 2, 5, 7, 8, 10, 13, and 15 of a 4-variable K-map.

ABACID 060 01 11 10

00| 1 0 0 1

01| O 1 1 0
11| 0 1 1 0

10| 1 0 0 1

Figure 2.5: K-map for F' =% m(0,2,5,7,8,10,13,15)

Grouping:

o Group 1 (Red Corners): The four corner cells (mq, ma, mg, mig) form a valid quad due to map rolling.
Let’s look at the variable states for these cells. B is always 0 (so we take B) and D is always 0 (so we take
D). Variables A and C change states within these four cells, so they are eliminated. The resulting product
term is BD.

o Group 2 (Blue Center): The cells ms, m7, mi3, mi5 form another quad in the center-right. Here, B
is always 1, and D is always 1. Variables A and C' change states and are thus eliminated. The resulting
product term is BD.

Final Expression: Summing the terms from the two identified groups, the simplified SOP expression is:

F=BD+ BD

2.6 Don’t Care Condition in K-map

In practical digital logic design, there are often situations where certain combinations of inputs will mathematically never
occur during normal operation. Furthermore, there are cases where the output of a circuit for a specific combination of
inputs simply does not affect the system’s overall behavior. In both scenarios, the desired output for these specific
input combinations is completely irrelevant to the designer.

Box[Don’t Care Condition] A "don’t care" condition represents an input combination for which the output state of

the Boolean function is not specified or does not matter. It is typically denoted by the symbol *X’ (or sometimes
'd’ or '®’) in a truth table and a Karnaugh map.

A classic real-world example of a don’t care condition occurs in a Binary Coded Decimal (BCD) system. A BCD
circuit uses 4 bits to represent the decimal digits 0 through 9 (binary 0000 to 1001). The remaining 4-bit binary
combinations for the numbers 10 through 15 (i.e., 1010 to 1111) are invalid and will never be generated or applied as
inputs to a valid BCD circuit. Therefore, the outputs for these six combinations are considered "don’t cares".
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2.6.1 Using Don’t Cares in Simplification

The true power of don’t care conditions lies in how they can be strategically exploited to further minimize a Boolean
expression in a K-map. Since the output for a don’t care cell can be arbitrarily chosen as either 0’ or '1’ without
negatively affecting the valid operations of the circuit, we can assign them a value that best assists our simplification
process.

The rules for handling don’t cares ('X’s) in SOP simplification are straightforward:

1. Treat X’ as 1’ if it helps: An 'X’ can be included in a group with actual '1’s if it allows you to form a
larger group. For example, grouping a single ’1’ with an adjacent ’X’ forms a pair instead of an isolated '1’, and
grouping three 1’s with an 'X’ forms a quad. Remember, larger groups eliminate more variables.

2. Treat X’ as ’0’ if it doesn’t help: If an X’ does not contribute to making a valid group larger, it should
simply be ignored (effectively treated as a ’0’). You are under no obligation to group every X’

3. Never group only ’X’s: You must never form a group consisting entirely of "X’ cells. Every single group you
form must contain at least one actual, mandatory 1’

Example 2: Simplification with Don’t Care Conditions

Problem: Simplify the following Boolean function using a K-map:
F(A,B,C,D) => m(1,3,7,11,15) + d(0, 2,5)

Here, d() represents the don’t care minterms.
Solution: First, place a '1’ in cells 1, 3, 7, 11, and 15. Place an 'X’ in cells 0, 2, and 5. Place ’0’ in all the
remaining cells.

AN 00 01 11 10

00 [X 1 1 X]

01 0 X 1 0

11| 0 0 1 0

10| O 0 1 0

Figure 2.6: K-map involving Don’t Care conditions

Grouping:

o Group 1 (Red Column): We can form a quad vertically involving cells mg, mz, my5, mq1. All four cells in
this group contain actual '1’s. Across this column, variables A and B change entirely, but C' is always 1 and
D is always 1. The resulting term is C'D.

e Group 2 (Blue Row): Look at row 00. We have ’1’s in m; and ms. If we were to ignore the don’t cares
entirely, we would only form a pair consisting of (m1,ms). However, by taking advantage of the "X’s in
mo and my and treating them as '1’s, we can encompass the entire top row to form a quad! For this quad
(mg, my, mg, mg), variables C' and D change states, but A is always 0 and B is always 0. The resulting term
is AB.

e« The ’X’ at ms5: Notice that the don’t care at ms is left completely ungrouped. We do not try to group it
because all the actual '1’s in the entire map are already fully covered by our two quads. Grouping ms (for
example, with m7 to form a pair) would only introduce an unnecessary extra term into our final expression,
defying the objective of minimization.

Final Expression: The fully simplified SOP expression is:
F=CD+AB

As demonstrated in this example, the strategic inclusion of don’t care conditions allowed us to form a quad instead
of a pair for the top row. This effectively eliminated one extra variable from our expression, resulting in a more
heavily optimized and cost-effective digital circuit.
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2.7 The Building Blocks of Intelligence: Digital Logic Gates

In the previous unit, we learned that computers represent all information using binary numbers (1s and 0s), which
physically correspond to high (+5V) and low (0V') voltage levels. But how does a computer actually do anything with
these voltages? How does it make decisions?

The answer lies in Digital Logic Gates. A logic gate is the most fundamental electronic building block of any
digital system. It is a physical electronic circuit (typically constructed from microscopic transistors) that takes one or
more binary inputs and produces a single binary output based on a specific logical rule.

By wiring billions of these microscopic gates together, engineers can build circuits that add numbers, store memories,
and execute complex software. This section introduces the seven fundamental logic gates: AND, OR, NOT, NAND,
NOR, EX-OR, and EX-NOR.

For each gate, we must define three things: 1. The Symbol: The standard shape used by engineers to draw the
gate on a schematic diagram. 2. The Boolean Equation: The mathematical notation representing the gate’s logical
operation. 3. The Truth Table: A table that explicitly lists every possible combination of inputs (usually labeled A
and B) and exactly what the resulting output (Y) will be.

2.7.1 1. The Basic Gates (AND, OR, NOT)
These three gates form the foundation of all digital logic. Every other gate and complex circuit can theoretically be
built using only these three.

The AND Gate

The AND gate acts like an incredibly strict bouncer at a club. It will only output a "1’ (True) if ALL of its inputs are
"1’ If even a single input is '0’, the output immediately drops to ’0’.

* Logical Meaning: "Output is TRUE if A is TRUE AND B is TRUE." * Boolean Equation: Y = A- B (or
simply Y = AB)

A_
B — —Y

Figure 2.7: The AND Gate symbol and Truth Table. Notice that the output is only ’1’ in the final row.
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The OR Gate

The OR gate is highly accommodating. It will output a '1’ (True) if ANY of its inputs are '1’. The only way an OR
gate outputs a ’0’ is if every single input is ’0’.
* Logical Meaning: "Output is TRUE if A is TRUE OR B is TRUE." * Boolean Equation: Y = A+ B

A
B:DY

Figure 2.8: The OR Gate symbol and Truth Table.
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The NOT Gate (Inverter)

The NOT gate is unique because it only has one input. It is simply a reverser. Whatever binary state goes in, the

exact opposite state comes out.
* Logical Meaning: "Output is the INVERSE of A." * Boolean Equation: Y = A (read as "A bar" or '"NOT A")

2.7.2 2. The Universal Gates (NAND, NOR)

These two gates are created by attaching a NOT gate to the output of an AND or an OR gate. They are called
Universal Gates because they are highly efficient to manufacture. An engineer can build literally any digital circuit
(including CPUs) using nothing but thousands of NAND gates, or nothing but NOR gates, without ever needing a
standard AND or OR gate.



https://milav.in

o <

A

0

A ‘D‘F Y 1

Figure 2.9: The NOT Gate. The small circle (bubble) at the tip of the triangle is the universal engineering symbol for
"Inversion."

The NAND Gate (NOT-AND)

The NAND gate produces the exact opposite truth table of the AND gate. It outputs a ’0’ only if all inputs are '1’. In
all other cases, it outputs a ’1’.
* Boolean Equation: Y = A- B

A_

Figure 2.10: The NAND Gate. It is simply an AND gate with an inversion bubble on the output.

—— O O

- o~ o|W
o — = (=<

The NOR Gate (NOT-OR)

The NOR gate produces the exact opposite truth table of the OR gate. It outputs a ’1’ only if all inputs are ’0’. If any
input is a ’'1’; the output drops to ’0’.
* Boolean Equation: Y = A+ B

A
B Se-v

Figure 2.11: The NOR Gate. It is an OR gate with an inversion bubble.
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2.7.3 3. The Exclusive Gates (EX-OR, EX-NOR)

The Exclusive gates are specialized gates designed to determine if two inputs are different from each other, or if they
are the same. They are heavily used in binary addition circuits and error-checking protocols.

The Exclusive-OR Gate (EX-OR / XOR)

The EX-OR gate is essentially a "Difference Detector". It outputs a 1’ if the two inputs are different from each other
(omne is '1’, the other is ’0’). If both inputs are the same (both ’0’ or both ’1’), it outputs a ’0’.

* Logical Meaning: "Output is TRUE if A OR B is TRUE, but not both." * Boolean Equation: ¥ = A® B *
(Expanded Form: Y = AB + AB)

The Exclusive-NOR Gate (EX-NOR / XNOR)

The EX-NOR gate is the exact opposite of the EX-OR gate. It acts as an "Equality Detector". It outputs a ’1’ only if
both inputs are exactly the same (both ’0” or both '1’).

* Logical Meaning: "Output is TRUE if A and B are identical." * Boolean Equation: Y = A® B * (Ezpanded
Form: Y = AB + AB)
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Figure 2.12: The Exclusive-OR Gate. Notice the extra curved line at the input, and the & symbol in the Boolean
equation.
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Figure 2.13: The Exclusive-NOR Gate. It is an EX-OR gate with an inversion bubble.
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Al IMAGE PLACEHOLDER
A highly detailed, macro-photography style image of a silicon microchip.
Superimposed over the physical silicon pathways are glowing blue outlines of AND,
OR, and NOT logic gate symbols, illustrating that physical hardware is literally
built out of these logical concepts.

Figure 2.14: From Logic to Physical Hardware. While we draw gates as abstract symbols on paper, they represent
actual clusters of microscopic transistors etched into silicon.

2.7.4 Summary

Logic Gates are the physical hardware implementations of binary mathematics. The AND gate outputs ’1’ only if all
inputs are '1. The OR gate outputs ’1’ if any input is ’1>. The NOT gate simply inverts the input. NAND and
NOR are "Universal Gates" that provide the exact inverse outputs of AND and OR. Finally, the EX-OR gate acts
as a "Difference Detector" (outputting '1’ if inputs are different), while the EX-NOR acts as an "Equality Detector"
(outputting 1’ if inputs are the same). Understanding the schematic symbols, Boolean equations, and truth tables of
these seven gates is the absolute prerequisite for designing any digital circuit.

2.8 The Mathematics of Logic: Boolean Algebra

In the mid-19th century, long before the invention of the transistor or the electronic computer, an English mathematician
named George Boole invented a new type of algebra. Standard algebra deals with continuous numbers and the operations
of addition and multiplication. Boolean Algebra, however, deals exclusively with logical variables that can only
possess one of two states: True (1) or False (0).

When engineers began building the first electronic computers in the 1930s and 40s, they realized that Boole’s
abstract mathematics perfectly described the physical behavior of electrical switches.

Today, Boolean Algebra is the fundamental mathematical tool used by digital designers. Instead of simply guessing
how to connect logic gates together, engineers use Boolean Algebra to write a mathematical equation describing what a
circuit should do. More importantly, they use the Theorems and Properties of Boolean Algebra to simplify
those equations, which allows them to build the exact same circuit using fewer physical gates, saving money, space, and
power.

This section outlines the core theorems and properties of Boolean Algebra. Note that the '+’ symbol means logical

OR, the ’-” symbol means logical AND, and a bar over a variable (A) means logical NOT.
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2.8.1 Basic Postulates

The entire system of Boolean Algebra rests upon a foundation of fundamental postulates describing the interaction of
variables with the constants 0 and 1, and with themselves.
Operations with Constants (0 and 1)

« OR Operations (+):

— A+ 0= A (If you OR a variable with 0, the result depends entirely on the variable).

— A+ 1=1 (If you OR a variable with 1, the result is always 1, regardless of A. Think of an OR gate where
one input is permanently wired to +5V).

o« AND Operations (-):

— A-1= A (If you AND a variable with 1, the result depends entirely on the variable).
— A-0=0 (If you AND a variable with 0, the output is permanently forced to 0).

Operations with Itself (Idempotency and Complements)
¢ Idempotent Law:

— A+ A = A (ORing a variable with itself changes nothing).
— A- A= A (ANDing a variable with itself changes nothing).

e Complement Law:

— A+ A =1 (A variable must be either 1 or 0. Its complement will be the opposite. Therefore, one of the two
inputs to this OR operation must be a 1, guaranteeing an output of 1).

— A- A =0 (Because one input must be 0 and the other must be 1, an AND operation between a variable and
its inverse will always output 0).

« Involution Law (Double Negation):

— A=A (If you invert a signal, and then invert it again, you get the original signal back).

2.8.2 Standard Algebraic Laws

Boolean Algebra shares several structural properties with standard decimal algebra. These allow engineers to rearrange
terms within complex logic equations.

1. Commutative Law

The order in which variables are applied to a gate does not matter. You can swap the inputs on an AND or OR gate
without affecting the output.

e OR: A+ B=B+A
« AND: A-B=B-A

2. Associative Law

When performing the same operation on multiple variables, the grouping does not matter.
e OR: A+ (B+(C)=(A+B)+C
e AND: A-(B-C)=(A-B)-C

Engineering Significance: This proves that a 3-input AND gate is logically identical to two cascaded 2-input AND gates.
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Circuit 1: A-(B+C) Circuit 2: (A-B)+(A-C)

= Y

Figure 2.15: Visualizing the Distributive Law. Both physical circuits will produce the exact same truth table. However,
Circuit 1 is superior because it requires only two logic gates, whereas Circuit 2 requires three. Boolean algebra allows
engineers to mathematically prove this equivalence before building the physical hardware.

3. Distributive Law
Just like standard algebra, you can multiply (AND) a term through parentheses containing an addition (OR).
e A-(B+C)=(A-B)+(A-0)

However, Boolean Algebra has a second distributive law that does not exist in standard math. You can distribute
an OR operation over an AND operation:

« A+ (B-C)=(A+B)-(A+C)

2.8.3 Crucial Simplification Theorems
While the basic laws are useful, digital engineers rely heavily on specific simplification theorems to aggressively shrink
complex equations.
1. The Absorption Law
This law allows you to completely "absorb" (delete) redundant terms.
e A+(A-B)=A

o Proof: Factor out the A to get A(1+ B). By the constant rules, (1 + B) is always 1. So it becomes A - 1, which is
simply A.

e Dual Form: A-(A+B)=A4

2. The Redundancy Theorem (Rule of Complement)
If a variable is ORed with an AND term that contains the variable’s inverse, the inverse can be deleted.
e A+ (A-B)=A+B
o Ezxplanation: If A is 1, the output is 1. If A is 0, the equation becomes 0+ (1 - B), which is just B. Therefore, the
output is simply A + B.
3. The Consensus Theorem
This is a more advanced theorem used to eliminate a specific, hidden redundant term.
e (A-B)+(A-C)+(B-0)=(A-B)+(A-0)

o Explanation: The term (B - C) is called the "consensus term." Because A must be either 1 or 0, one of the first
two terms will always dictate the output when B and C are both 1. Therefore, the third term (B - C') is physically
redundant and can be deleted from the circuit design.
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Al IMAGE PLACEHOLDER
A split-screen image. On the left, a massive, chaotic breadboard covered in tangled
wires and dozens of individual logic gate chips, labeled "Unsimplified Logic." On
the right, a clean, elegant circuit board with only two chips, labeled "Boolean
Minimized Logic." A glowing mathematical equation sits between them with an
equals sign.

Figure 2.16: The Power of Boolean Algebra. The primary purpose of learning these theorems is circuit minimization.
Eliminating redundant terms mathematically translates directly to saving physical space, power, and manufacturing
costs.

2.8.4 Summary

Boolean Algebra is the mathematics of binary logic. It utilizes a specific set of rules to manipulate logical variables
representing physical electronic signals. By applying Basic Postulates (like A+1=1or A- A = 0) and Algebraic
Laws (Commutative, Associative, Distributive), engineers can rearrange complex logic equations. Most importantly,
by applying Simplification Theorems like the Absorption Law and the Consensus Theorem, engineers can
mathematically delete redundant terms from equations. This process, known as Boolean Minimization, allows them to
design and manufacture the most physically efficient, cost-effective digital circuits possible.

2.9 Bridging Math and Hardware: AND-OR-Invert Implementations

In the previous sections, we learned the mathematical rules of Boolean Algebra and the physical building blocks known
as logic gates. The next logical step in digital engineering is learning how to translate a mathematical Boolean equation
directly into a physical circuit diagram, and vice versa.

While there are many ways to build a circuit, the most fundamental and universally understood method is the
AND-OR-Invert (AOI) implementation.

An AOI implementation is a specific, structured way of drawing a circuit using only three types of gates: 1.
Inverters (NOT gates): Used to generate the complements of the input variables (e.g., turning A into A). 2. AND
gates: Used to multiply variables together to form "Product Terms." 3. OR gates: Used to add the product terms
together to produce the final output.

This section explains how to systematically convert any Boolean function into an AOI circuit schematic.

2.9.1 Standard Forms: Sum of Products (SOP)

Before drawing an AOI circuit, the mathematical Boolean equation must usually be manipulated into a specific format
called the Sum of Products (SOP) form.

A "Product" in Boolean algebra means an AND operation (e.g., A- B). A "Sum" means an OR operation (e.g.,
X +Y). Therefore, a "Sum of Products" equation consists of several AND-terms that are all ORed together at the very
end.

Example of an SOP Equation:

Y=(A-B-C)+(A-C)+ (B-D)

Notice the structure: * The terms in parentheses are the "Products" (AND operations). * These product terms are
connected by "+" signs (OR operations).

If an equation is not naturally in SOP form, you must use the Distributive Law to expand it before attempting an
AOI implementation. * Not SOP:Y = A- (B + C) * Converted to SOP: Y = (A-B)+ (A-C)

2.9.2 The 3-Level Architecture of AOI Circuits

Once the equation is in SOP form, constructing the AND-OR-Invert circuit becomes a highly mechanical, step-by-step
process. An AOI circuit is always drawn flowing from left to right, structured in three distinct "levels" or "stages".
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Level 1: The Inverter Stage

The far-left side of the diagram contains the input signals (e.g., A, B, C). If the SOP equation requires the inverse of
any input (like A or B), you must attach a NOT gate to that specific input line. * Engineering Tip: It is standard
practice to draw a long vertical wire for the true signal (A) and a parallel vertical wire passing through a NOT gate for

the inverted signal (A). This creates an "input bus" from which you can easily tap either the true or inverted signal.

Level 2: The AND Stage (Product Terms)

For every single "Product Term" in the SOP equation, you must draw exactly one AND gate. * If the equation has
three product terms, you draw three AND gates. * The number of inputs on each AND gate corresponds to the number
of variables in that specific product term. (e.g., The term A - B - C requires a 3-input AND gate). * Connect the inputs
of these AND gates to the appropriate vertical lines from Level 1.

Level 3: The OR Stage (The Summation)

The final stage consists of exactly one OR gate located on the far right. * The outputs of all the AND gates from Level
2 are wired directly into the inputs of this single OR gate. * The output of this OR gate is the final output of the
entire circuit (V).

Level 1: Inverters Level 2: AND Galesel 3: OR Gate

=

\)O— . AB
N\ o-

v AB

Figure 2.17: The standard 3-Level Architecture of an AOI circuit implementing the equation Y = AB + AB (which
happens to be the EX-OR function). The vertical lines create an "input bus" ensuring clean, organized wiring.

2.9.3 Practical Example: Designing an Alarm System

To demonstrate the power of AOI implementation, let us design a practical digital circuit from scratch.

The Engineering Problem: Design a simple alarm system for a vault. The alarm (Y") should sound (output ’1’)
under two specific conditions: 1. The door (D) is open (1) AND the security override key (K) is NOT inserted (0). 2.
The vibration sensor (V') detects an explosion (1).

Step 1: Write the Boolean Equation We translate the English requirements directly into Boolean math. *
Condition 1 is: D - K * Condition 2 is: V * The alarm sounds if Condition 1 OR Condition 2 is true. * The final SOP
equation: Y = (D-K)+V

Step 2: Plan the AOI Architecture * Inputs: D, K, V * Level 1 (Inverters): We need K. We will need one
NOT gate attached to the K input. * Level 2 (ANDs): We have one multi-variable product term (D - K). We need
one 2-input AND gate. (The 'V’ term stands alone, so it bypasses the AND stage). * Level 3 (ORs): We have two
terms being added together. We need one 2-input OR gate to combine the output of the AND gate with the raw V'
signal.

Step 3: Draw the Circuit
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D (Door)

K (Key)

_O_
=
o

(Alarm)

V (Sensor) .

Figure 2.18: The AOI Implementation of the Vault Alarm System (Y = DK + V). This schematic serves as the exact
blueprint for physically wiring the microchips together on a breadboard.

Al IMAGE PLACEHOLDER
A 3D isometric rendering of a green printed circuit board (PCB). The board
features three distinct zones. Zone 1 contains a row of small NOT gate chips
(Inverters). Copper traces lead from Zone 1 to Zone 2, which contains larger AND
gate chips. Traces then lead to Zone 3, containing a single large OR gate chip. The
structured layout perfectly mimics the 3-level schematic diagram.

Figure 2.19: Physical AOI Layout. The 3-level schematic architecture often dictates how engineers actually lay out the
physical copper traces on a Printed Circuit Board to minimize wire crossing and signal interference.

2.9.4 Summary

The AND-OR-Invert (AOI) implementation is the standard method for converting mathematical Boolean equations
into physical circuit schematics. The equation must first be organized into Sum of Products (SOP) form. The circuit
is then drawn in three distinct, left-to-right levels. Level 1 contains the Inverters required to generate complemented
inputs. Level 2 contains the AND gates, with exactly one AND gate required for every product term in the equation.
Level 3 consists of a single OR gate that sums the outputs of all the AND gates to produce the final logical result.
This structured approach ensures accurate and readable circuit designs.

2.10 The Ultimate Transformers: Universal Logic Gates

In the previous section, we established that the AND-OR-Invert (AOI) architecture is the standard method for designing
circuits. It relies on three distinct types of microchips: AND gates, OR gates, and NOT gates.

From a mathematical perspective, AOI is perfect. However, from an industrial manufacturing perspective, it is a
nightmare. Buying, stocking, and mounting three entirely different types of microchips onto a circuit board is expensive
and inefficient. If an engineer runs out of AND chips, the entire assembly line halts, even if there are thousands of OR
chips sitting on the shelf.

What if we could build any digital circuit using just one single type of mass-produced, ultra-cheap microchip? This
is the concept of the Universal Gate.

In digital electronics, there are exactly two Universal Gates: the NAND gate and the NOR gate. A gate is
considered "Universal" if it can be wired to perfectly mimic the behavior of a NOT gate, an AND gate, and an OR
gate. Because we know AOI logic can build anything, proving that NAND/NOR can build AOI logic proves that
NAND/NOR can build literally any computer in the universe.

2.10.1 1. The NAND Gate as a Universal Gate

The NAND gate (NOT-AND) is the most widely used logic gate in modern electronics. To prove its universality, we
must demonstrate how to wire NAND gates together to create NOT, AND, and OR functions.
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Building a NOT Gate from a NAND

A NOT gate has one input (A) and outputs A. A NAND gate has two inputs (4, B) and outputs A - B. To turn a
NAND into a NOT, simply short-circuit the two inputs together. * If we tie both inputs to signal A, the equation
becomes A - A. * According to the Idempotent Law of Boolean Algebra (A - A = A), this simplifies perfectly to A.

Building an AND Gate from NANDs

An AND gate outputs A- B. A NAND gate outputs A - B. To turn a NAND into an AND, we just need to invert the
output back to normal. We do this by feeding the output of the first NAND gate into a second NAND gate (wired as a

NOT gate). * Equation: A - B. * According to the Involution Law (double negation), the bars cancel out, leaving A - B.

Building an OR Gate from NANDs

Building an OR gate requires three NAND gates and relies on De Morgan’s Theorem. De Morgan proved that you can
"break the bar and change the sign": A- B = A + B.

To create an OR (A + B): 1. Use two NANDs (wired as NOTs) to invert the inputs, creating A and B. 2. Feed
those inverted signals into a third NAND gate. * The equation entering the third gate is A-B. * Apply De Morgan’s
Theorem to the top bar: Break it, and change the AND to an OR. * Result: A+ B. The double bars cancel, leaving
exactly A+ B.

NAND as NOT NAND as AND
A —
NAND as OR

A—4 | A
} }AJrB
B—E}

Figure 2.20: Proving NAND Universality. Because we can construct NOT, AND, and OR gates entirely out of NAND
gates, the NAND gate is mathematically proven to be Universal.

2.10.2 2. The NOR Gate as a Universal Gate

The NOR gate (NOT-OR) is the exact dual of the NAND gate. It operates on the same mathematical principles but
flips the approach.

Building a NOT Gate from a NOR

Exactly like the NAND gate, to turn a NOR gate into a NOT gate, you simply short-circuit the inputs together. *

Equation: A 4+ A simplifies to A.
Building an OR Gate from NORs

A NOR outputs A+ B. To get a standard OR (A + B), we must invert the output back to normal. We feed the NOR
output into a second NOR gate (wired as a NOT). * Equation: A + B simplifies to A + B.

Building an AND Gate from NORs

To create an AND gate (A - B) using NORs, we apply De Morgan’s Theorem in reverse. We need three NOR gates.
1. Use two NORs (wired as NOTS) to invert the inputs, creating A and B. 2. Feed those into a third NOR gate. *
Equation: A + B. * Apply De Morgan’s: Break the bar and change the OR to an AND. * Result: A - B, which equals
exactly A- B.
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2.10.3 Why NAND is the King of Silicon

While both NAND and NOR are mathematically universal, the modern semiconductor industry almost exclusively
builds computers out of NAND gates. Why?

The reason lies in the physical physics of CMOS (Complementary Metal-Oxide-Semiconductor) transistors. * A
physical NAND gate is slightly smaller than a physical NOR gate, taking up less real estate on the silicon die. * A
physical NAND gate switches slightly faster than a physical NOR gate, allowing the processor to run at a higher clock
speed (GHz). * A physical NAND gate consumes slightly less electrical power and generates less heat.

Therefore, when engineers design an ultra-complex circuit (like an Intel Core processor or an Apple M-series chip)
using AOI logic on their computers, the final step of the software compiler is to translate that entire AOI circuit into a
pure, multi-million gate NAND-only architecture before physically etching it into silicon.

Al IMAGE PLACEHOLDER
A dramatic split-screen image. On the top, an engineering blueprint showing a
complex, messy circuit using different shapes (AND, OR, NOT gates). An arrow
points down to the bottom half, which shows the exact same circuit but built
entirely out of a perfectly uniform, repeating grid of identical NAND gates, looking
like organized crystalline silicon.

Figure 2.21: The Engineering Advantage. Utilizing a Universal Gate allows manufacturers to mass-produce a single,
highly optimized component, vastly reducing the cost and complexity of the supply chain.

2.10.4 Summary

In digital electronics, Universal Gates are logic gates that can single-handedly implement any Boolean function
without needing any other type of gate. There are only two Universal Gates: NAND and NOR. By tying inputs
together, they can act as NOT gates. By combining them strategically using De Morgan’s Theorem, they can perfectly
recreate both AND and OR operations. Because the physical transistor implementation of a NAND gate is faster,
smaller, and more power-efficient than a NOR, gate, the NAND gate is the dominant universal building block of
modern computer hardware.

2.11 Cutting Costs: Algebraic Simplification of Boolean Expressions

When an engineer is initially designing a digital circuit to solve a specific problem, they often write down a very long,
complex Boolean equation. This initial equation might perfectly describe the required logic, but it is rarely the most
efficient way to build the circuit.

If a company manufactures millions of these circuits, every single unnecessary logic gate costs them money, consumes
more battery power, and generates more heat. Therefore, the primary goal of a digital logic designer is Circuit
Minimization.

This section demonstrates how to use the theorems and postulates of Boolean Algebra (introduced in Section 2.2)
to systematically simplify complex Boolean expressions into their absolute smallest physical form.

2.11.1 The Goal of Simplification

The objective of algebraic simplification is to take a raw Boolean equation and reduce it to an equivalent equation that
contains: 1. The fewest possible number of terms (reducing the number of AND gates). 2. The fewest possible number
of variables per term (reducing the number of inputs required on those AND gates).

Because we are working with Boolean Algebra, we are mathematically guaranteed that the simplified equation will
produce the exact same Truth Table as the complex, original equation.
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2.11.2 Standard Techniques for Algebraic Simplification

While there is no single algorithm that works for every equation, engineers rely on four standard techniques to break
down and simplify expressions.

Technique 1: Factoring out Common Variables

This is the most common and powerful first step. By using the Distributive Law in reverse, you can pull a common
variable out of two or more terms. This often exposes a fundamental postulate (like B + B = 1) that allows the entire
parenthetical term to be deleted.

Example 1: Simplify Y = AB 4+ AB 1. Factor out the common variable A:

Y = A(B + B)
2. Apply the Complement Law (B + B = 1):
Y = A1)
3. Apply the Constant Rule:
Y=A

Conclusion: An engineer looking at the raw equation might build a circuit with two AND gates and one OR gate. The
simplified equation proves that all of those gates are useless. The output Y is simply a direct wire connected to input
A. The B signal is irrelevant.

Technique 2: The Absorption Law

If a term contains a variable, and that same term is ORed with that variable standing alone, the larger term is entirely
"absorbed" and can be deleted.
Example 2: Simplify Y = A+ AB + ABC 1. Factor A out of the first two terms:

Y = A(1+ B) + ABC
2. Apply the Constant Rule (1 + B = 1):
Y = A(1) + ABC = A+ ABC

3. Factor A out again:
Y = A(1+ BQC)

4. Apply the Constant Rule (1 4 anything = 1):
Y=A41)=A4

Conclusion: The complex terms were completely absorbed by the standalone A.

Technique 3: The Redundancy Theorem (Rule of Complement)

Recall the theorem: A + AB = A + B. This is highly useful when a single variable is ORed with an AND-term
containing its inverse. The inverse can simply be erased.

Example 3: Simplify Y = AB + A 1. Recognize the pattern. This is exactly the Redundancy Theorem, just
written backward. Let X = A. We have X - B + X. 2. We can simply erase the A from the first term. 3. Simplified
Result: Y = B+ A

Technique 4: Multiplying Out (Expanding)

Sometimes, an equation is "stuck" in a factored form that prevents simplification. By using the Distributive Law to
multiply the terms out (like FOIL in standard algebra), new simplification opportunities often appear.
Example 4: Simplify Y = (A + B)(A + C) 1. Multiply the terms out:

Y =(A-A)+(A-C)+(B-A)+(B-C)

2. Apply Idempotency (A - A = A):
Y=A+AC+ AB+ BC

3. Factor A out of the first three terms:
Y=A1+4C+B)+ BC

4. Since 1 + anything = 1, the parentheses collapse to 1:
Y =AQ1) + BC
5. Simplified Result: Y = A+ BC
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Original: Y = (A+ B)(A+C) Simplified: Y = A+ BC

A
B
v = A Y
A B —
C o —

Figure 2.22: The Result of Simplification. By expanding and simplifying the equation, we replaced two OR gates and
one AND gate with just one AND gate and one OR gate. The logic remains completely identical.

2.11.3 A Complex Example

Let us apply all these techniques to a larger, more realistic engineering equation.
Problem: Minimize the function Z = ABC + ABC + ABC + ABC
Step 1: Look for common factors to group terms. We can factor AB out of the first two terms, and we can

factor AB out of the last two terms.
Z =AB(C+C)+ AB(C +O)

Step 2: Apply the Complement Law. We know that (C + C) = 1.
Z =AB(1) + AB(1)

Z =AB+ AB
Step 3: Repeat the factoring process. Now, we can factor B out of both remaining terms.

Z =B(A+ A)
Step 4: Final simplification. Once again, (A + A) = 1.

Z =B(1)
Z=8B

Conclusion: This is a spectacular example of minimization. An inexperienced engineer might have built a massive
circuit requiring twelve logic gates to implement the original equation. A skilled engineer mathematically proves that
the output Z is simply a wire connected directly to the B input. A and C do not affect the output at all.

Al IMAGE PLACEHOLDER
An image showing a piece of notebook paper. On the paper is a long, handwritten
Boolean algebra equation. Sections of the equation are crossed out with red pen,
and arrows show variables being factored out, ultimately circling a tiny, simplified
answer at the bottom.

Figure 2.23: Manual Algebraic Minimization. While software handles this for massive computer processors today,
understanding the manual algebraic process is crucial for engineers to understand how logic is fundamentally optimized.

2.11.4 The Limitations of Algebraic Simplification

While algebraic simplification is mathematically elegant, it has a significant practical flaw for human engineers: It
requires intuition.

When looking at a complex equation, it is not always obvious which variables should be factored out first, or whether
expanding the equation will help or hurt. An engineer might reach a point where they think they have simplified it as
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much as possible, but they missed a hidden application of the Consensus Theorem. Because there is no strict, visual
algorithm to follow, algebraic simplification is prone to human error when equations become large (4 or more variables).
To solve this limitation, engineers developed graphical mapping methods, which will be introduced in the next section.

2.11.5 Summary

The primary objective of digital circuit design is to build the required logic using the minimum possible number of gates.
Engineers achieve this through Algebraic Simplification. By manipulating raw Boolean equations using techniques
like Factoring out Common Variables, applying the Absorption Law, and utilizing the Redundancy Theorem,
massive equations can be reduced to a fraction of their original size. While powerful, this algebraic method requires
mathematical intuition and can be difficult for humans to execute flawlessly on very large equations, necessitating the
development of more visual minimization tools.

2.12 Visualizing Minimization: The Karnaugh Map (K-Map)

As we saw in the previous section, algebraic simplification requires intuition and practice. It is easy to make a mistake
or miss an opportunity to combine terms. In 1953, a telecommunications engineer named Maurice Karnaugh invented
a brilliant graphical tool that eliminated the need for mathematical intuition.

The Karnaugh Map (K-Map) is a visual grid that organizes a truth table in a very specific way. By simply plotting
the ’1’s on this grid and drawing circles around adjacent groups, an engineer can instantly read the mathematically
absolute minimum Boolean expression without performing any algebraic factoring.

This section covers how to set up and solve K-maps for 2, 3, and 4 variables in Sum of Products (SOP) form.

2.12.1 The Anatomy of a K-Map

A Karnaugh Map is essentially a reorganized truth table. * A truth table has 2 rows (where N is the number of
variables). * A K-Map has 2% cells (boxes). Every single row in the truth table corresponds to exactly one specific cell
on the K-Map.

The Gray Code Ordering (Crucial!)

The secret to the K-Map’s power lies in how the cells are labeled. The axes of the grid are not labeled in standard
binary counting order (00,01,10,11). Instead, they are explicitly labeled using Gray Code (00,01, 11, 10).

Recall from Unit 1 that Gray Code guarantees that only one single bit changes between any two adjacent steps.
Because the K-Map uses Gray Code on its axes, we are mathematically guaranteed that any two physically adjacent
cells on the map differ by only one variable. This physical adjacency visually exposes the algebraic Complement
Law (A + A = 1), allowing us to visually delete redundant variables.

2.12.2 Plotting and Grouping on a K-Map

Simplifying an expression using a K-Map involves three standard steps: 1. Draw the grid and label the axes using
Gray Code. 2. Plot the 1s: Look at the raw Boolean equation (or truth table). For every product term that produces
a 'l’, write a '1” in the corresponding cell on the K-Map. 3. Group the 1s (The "Circling" Rules): You must draw
physical circles around adjacent 1s. The rules for circling are strict: * You can only circle groups of 1s in powers of
two (groups of 1, 2, 4, 8, or 16). * Circles must be rectangular or square (no diagonal circling, no L-shapes). * You
must make the circles as large as mathematically possible. (A group of 4 is vastly superior to two groups of 2). *
Overlapping circles is allowed and encouraged if it helps make a larger circle. * The map "wraps around." The far-left
edge is adjacent to the far-right edge, and the top edge is adjacent to the bottom edge.

2.12.3 Solving K-Maps: Examples by Size
The 2-Variable K-Map

A 2-variable system (A, B) has 22 = 4 cells.

Example Problem: Simplify Y = AB + AB

1. Plot: The equation has two terms. We place a 1’ in the cell where A = 0, B = 1, and another '1’ where
A=1,B=1. 2. Group: We can draw one large circle enclosing both 1s horizontally. 3. Extract the Equation:
Look at the circle. What variables remain constant inside the circle? * The circle spans across A = 0 and A = 1.
Because A changes state within the group, it is redundant and is deleted. * The circle exists entirely within the B = 1
row. Because B remains constant at ’1’, the term B survives. 4. Result: Y = B
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Figure 2.24: A 2-Variable K-Map. The red circle spans both the A = 0 and A = 1 rows, mathematically proving that
A is redundant.

The 3-Variable K-Map

A 3-variable system (A, B, C) has 23 = 8 cells, arranged as a 2 x 4 rectangle. Notice the Gray Code numbering on the
top axis: 00 — 01 — 11 — 10.

Example Problem: Simplify Y = ABC + ABC + ABC + ABC

1. Plot: We place four 1s into the map corresponding to those exact binary coordinates. 2. Group: All four 1s
form a solid 2 x 2 block. We draw one massive circle around all four. 3. Extract: * The circle spans across A = 0 and
A =1. (Ais deleted). * The circle spans across B = 0 and B = 1 on the top axis. (B is deleted). * The entire circle
exists strictly in the column where C = 0. Therefore, C survives. 4. Result: Y = C

Wraparound Grouping

BGo 01 11 10
DEEE
DEES

Figure 2.25: A 3-Variable K-Map demonstrating "Wraparound." Because the 00 column and the 10 column only differ
by one bit (the B bit), the far-left edge is physically adjacent to the far-right edge. We group these four 1s into a single
group of 4, yielding Y = C.

A

The 4-Variable K-Map

The 4-variable map (A, B, C, D) is the largest K-Map typically solved by hand. It has 2* = 16 cells, arranged in a 4 x 4
grid. Both axes use Gray Code.

Example Problem: A circuit must output a ’1’ when the inputs correspond to the decimal numbers 0, 1, 2, 4, 5,
6, 8,9, 12, 13. (Note: Engineers often use a shorthand summation notation for this: Y = ¥m(0,1,2,4,5,6,8,9,12,13))

1. Plot: We place 1s in all the designated cells. 2. Group: This is where the visual power of the K-Map shines.
We must find the largest possible groups of 1, 2, 4, 8, or 16. * We immediately see a massive 2 x 4 block of 1s on the
left side. This is a group of 8. * We have two straggler 1s left over. We must group them. Remember, we want the
largest possible groups, and overlapping is allowed. We can group those two 1s with two adjacent 1s from the previous
group to form a group of 4. 3. Extract: * Group 1 (The Block of 8): This spans all four rows (meaning A and B
change state entirely, so they are deleted). It spans the C' =0, D = 0 column and the C' =0, D =1 column. Only C
remains constant at ’0%. This entire block of 8 simplifies to just C. * Group 2 (The Block of 4): This spans the
A = 0 rows (B changes) and the D = 0 columns (C changes). The surviving variables are A = 0 and D = 0. This
block simplifies to AD. 4. Result: We OR the resulting terms together. Y = C + AD
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A highly detailed graphic of a 4x4 Karnaugh map grid. The axes are labeled AB
(00, 01, 11, 10) and CD (00, 01, 11, 10). The cells contain 1s and 0s. A bright,
glowing red rectangle circles a group of 8 cells on the left. A glowing blue rectangle
circles a group of 4 cells, overlapping the red group. Bold arrows point from the
circles to the extracted Boolean terms C and AD.

Figure 2.26: Solving a 4-Variable K-Map. By visually grouping the largest possible powers of two, a massive 10-term
equation is instantly minimized to a simple two-term equation without writing a single line of algebraic factoring.

2.12.4 Summary

The Karnaugh Map (K-Map) is the ultimate engineering tool for manual Boolean minimization. By mapping
truth table outputs onto a grid whose axes are ordered in Gray Code, logically adjacent terms become physically
adjacent boxes. By following strict graphical rules to circle the largest possible groups of 1s (in powers of 2), redundant
variables visually reveal themselves and are deleted. K-Maps completely eliminate the guesswork of algebraic factoring,
guaranteeing that the engineer arrives at the absolute minimum Sum of Products logic circuit.

2.13 Exploiting Impossibility: "Don’t Care" Conditions in K-Maps

In all our previous truth tables and Karnaugh Maps, we assumed that every single combination of inputs was possible
and could occur in the real world. If a 4-variable circuit has 16 possible input combinations, we rigorously defined
whether the output should be a ’1” or a ’0’ for all 16 cases.

However, in real-world engineering, this is rarely the case. Certain input combinations are often physically impossible.
When an input combination can never occur, the designer does not care what the circuit’s output would be if that
impossible event happened.

These scenarios introduce a powerful tool in digital logic minimization known as "Don’t Care" conditions. Rather
than being a nuisance, engineers actively exploit "Don’t Cares" on a K-Map to make circles drastically larger, resulting
in even smaller, cheaper, and faster circuits.

2.13.1 The Concept of the "Don’t Care"

Consider a digital system that receives input from a physical numeric keypad featuring the digits 0 through 9. To
process this data, the keypad outputs the digit in Binary Coded Decimal (BCD).

As we learned in Unit 1, BCD uses 4 bits to encode the decimal digits 0 (00002) through 9 (10012). A 4-bit wire
bus can theoretically carry 2* = 16 different binary combinations. However, because the physical keypad only has
buttons up to '9’, the 4-bit bus will never transmit the values 10,11,12,13, 14, or 15. Those binary combinations are
physically impossible in this specific machine.

If we are designing a logic circuit that takes this BCD bus as an input, what should we put in the truth table
for row 12 (11002)? Should the output be '1” or ’0’? The answer is: We don’t care. Because row 12 will never be
transmitted by the keypad, it doesn’t matter if our circuit would output a ’1’ or a ’0’. The user will never see it.

On a truth table and a Karnaugh Map, "Don’t Care" conditions are represented by a bold "X’ (or sometimes a 'd’
or '®’).

2.13.2 The Golden Rule of "Don’t Cares"

When plotting a K-Map, you place ’1’s in the required cells, ’0’s in the required cells, and 'X’s in the "Don’t Care" cells.
When you begin circling groups on the K-Map to find the minimized equation, you must follow the Golden Rule of
Don’t Cares:

An ’X’ can be treated as a ’1’ IF AND ONLY IF doing so allows you to draw a LARGER
circle. Otherwise, the ’X’ must be ignored and treated as a ’0’.
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You are never forced to circle an ’X’. Your only goal is to circle all the actual ’1’s. The "X’s are simply wildcards
lying around the board. If grabbing an "X’ lets you expand a group of 2 into a group of 4, you take it! If grabbing an
"X’ lets you expand a group of 4 into a massive group of 8, you definitely take it! But if an "X’ is sitting alone in a
corner not helping any ’1’s, you completely ignore it.

2.13.3 A Practical Design Example

Let us walk through a complete engineering problem to see how "Don’t Cares" save hardware.

The Engineering Problem: Design a logic circuit that takes a 4-bit BCD input (A, B, C, D) and outputs a "1’ if
the decimal number is prime (2, 3, 5, or 7). The circuit must output ’0’ for non-prime numbers.

Step 1: Set up the Truth Table and K-Map * Primes (Output ’1’): 2,3,5,7 * Non-Primes (Output
’0’): 0,1,4,6,8,9 * Impossible Inputs (Output *X’): 10,11, 12,13,14, 15 (Because the input is strictly BCD).

Step 2: Plot the K-Map We place '1’s in cells 2, 3, 5, and 7. We place 'X’s in cells 10, 11, 12, 13, 14, and 15.

Step 3: Grouping Without Don’t Cares (The Bad Way) If we foolishly ignored the 'X’s and treated them
all as ’0’s, how would we group the ’1’s? * Cells 2 and 3 form a group of two. * Cells 5 and 7 form a group of two. *
The resulting equation would be: Y = ABC + ABD. * Hardware Cost: Three AND gates, one OR gate.

Step 4: Grouping With Don’t Cares (The Professional Way) Now, let us use the 'X’s as wildcards to
aggressively expand our circles. * Look at the '1’s in cells 2 and 3. Normally they are just a group of two. But look
below them! Cells 10 and 11 contain ’X’s. If we pretend those 'X’s are '1’s, we can draw a massive group of four
covering cells 2, 3, 10, and 11. * Look at the ’1’s in cells 5 and 7. They are a group of two. But look below them! Cells
13 and 15 contain 'X’s. If we pretend those are '1’s, we can draw another massive group of four covering 5, 7, 13,
and 15. * Notice that the 'X’s in cells 12 and 14 were completely ignored. They didn’t help us expand any circles
containing real '1’s, so we treat them as ’0’s.

Step 5: Extract the Minimized Equation * Red Group (2, 3, 10, 11): This spans the A=0and A =1
rows (A is deleted). It remains entirely in the B = 0 rows (top and bottom). It spans C =1,D =1and C =1,D = 0.
Only C remains constant at '1’. Therefore, the red group simplifies to just BC. * Blue Group (5, 7, 13, 15): This
spans A =0 and A =1 (A is deleted). It remains in B = 1. It spans C =0,D =1 and C =1,D = 1. Only D remains
constant at ’1. Therefore, the blue group simplifies to just BD. * Final Equation: Y = BC + BD
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Figure 2.27: Exploiting Don’t Cares. By strategically treating the 'X’s in cells 10, 11, 13, and 15 as '1’s, we expanded
our groups from sizes of 2 into sizes of 4. We safely ignored the 'X’s in cells 12 and 14.

2.13.4 The Engineering Impact

Compare the two equations from our example: * Without Don’t Cares: Y = ABC + ABD * With Don’t Cares:
Y = BC+ BD

By simply acknowledging that the numbers 10 through 15 will never physically exist on that specific wire, we
completely eliminated the A variable from our logic. We reduced the circuit from requiring 3-input AND gates to
simple 2-input AND gates.

This is not a theoretical exercise. In commercial microprocessors containing billions of transistors, identifying and
exploiting "Don’t Care" conditions is a mandatory step. Hardware description compilers (like Verilog and VHDL)
automatically scan the designer’s code to find physically impossible states, using them to aggressively slash the final
transistor count before the silicon is manufactured.
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A split screen image. On the left, a dense, crowded microchip labeled "Rigid Logic
(No Don’t Cares)." On the right, a much smaller, streamlined microchip labeled
"Optimized Logic (Exploiting Don’t Cares)." Gold coins are stacked next to the
optimized chip to signify cost savings.

Figure 2.28: The Value of Impossible States. Embracing 'Don’t Care’ conditions is a hallmark of professional digital
design, leading directly to reduced silicon area, lower power consumption, and increased profit margins.

2.13.5 Summary

In digital logic design, "Don’t Care" conditions (X) occur when specific input combinations are physically impossible
or irrelevant to the system’s operation. When minimizing a circuit using a Karnaugh Map, engineers treat these 'X’s
as wildcards. An X’ is treated as a ’1’ only if it allows the designer to draw a larger grouping circle.
If an "X’ does not help expand a group of actual ’1’s, it is ignored and treated as a '0’. By actively exploiting these
impossible states, engineers can drastically reduce the number of logic gates required, resulting in smaller, faster, and
more cost-effective electronic hardware.
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CHAPTER 3

Combinational logic circuits

3.1 Arithmetic Circuits

Digital computers and calculators perform various arithmetic operations such as addition, subtraction, multiplication,
and division. Among these, addition and subtraction are the most fundamental operations. Any complex mathematical
operation can ultimately be broken down into basic addition or subtraction processes. In digital systems, these
operations are performed by specialized combinational logic circuits known as arithmetic circuits.

Box[Arithmetic Circuit] An arithmetic circuit is a combinational logic circuit that performs basic arithmetic
operations like addition and subtraction on binary numbers. The outputs of these circuits depend entirely on the
current input values, with no memory of past inputs.

In this section, we will thoroughly explore the fundamental building blocks of binary arithmetic: the half adder,
full adder, half subtractor, and full subtractor. We will also examine how these basic units can be cascaded to form a
parallel adder capable of handling multi-bit binary numbers.

3.1.1 Half Adder

The most basic arithmetic operation in digital systems is the addition of two single-bit binary numbers. A circuit
capable of performing this operation is called a Half Adder.

When we add two single-bit binary numbers (let us call them A and B), the result can yield a sum and a carry.
The half adder has two input terminals and two output terminals. The inputs are the two bits to be added, and the
outputs are the Sum (S) and the Carry (C).

Key Concept

Concept The half adder is strictly limited to adding two bits. It cannot accept a carry from a previous lower-order
bit addition, which makes it unsuitable for adding multi-bit numbers directly.

Truth Table and Boolean Expressions

The operation of a half adder can be summarized by its truth table. Let us evaluate all four possible combinations of
the inputs A and B:

e 0+0=0 (Sum = 0, Carry = 0)
e 0+1=1(Sum =1, Carry = 0)
e 1+0=1 (Sum = 1, Carry = 0)

e 14 1 =10 in binary, which is 0 with a carry of 1 (Sum = 0, Carry = 1)



Inputs Outputs

A | B | Sum (S) Carry (C)
0| 0 0 0

0| 1 1 0
110 1 0

1 1 0 1

From the truth table, we can derive the boolean expressions for the Sum and Carry outputs using Sum of Products

(SOP) form:

e Sum (5) is 1 when the inputs are different (A = 0,B =1 or A = 1, B = 0). This matches the logic of an
Exclusive-OR (XOR) gate.

S=AB+AB=A9B

o Carry (C) is 1 only when both inputs are 1 (A =1, B = 1). This corresponds to an AND gate.

C=A-B

The hardware implementation of a half adder is straightforward: it requires just one XOR gate to generate the sum

Table 3.1: Truth Table of a Half Adder

Half
Adder

Figure 3.1: Block Diagram of a Half Adder

and one AND gate to generate the carry.

3.1.2 Full Adder

While the half adder is useful, it has a significant limitation: it cannot accept a carry-in from a previous stage. When
adding numbers with more than one bit, any carry generated from the least significant bits must be added to the next

higher-order bits. To handle this, we use a Full Adder.

A full adder is a combinational circuit that adds three input bits: two significant bits (say, A and B) and a carry-in
bit from the previous lower significant position (Cjy,). It produces two outputs: the Sum (S) and the Carry-out (Cout).

Truth Table and Boolean Expressions

L Sum (5)

— Carry (C)

The full adder evaluates eight possible input combinations since it has three input variables.

Inputs Outputs
A B Cz Sum (S) Caut
00 0 0 0
010 1 1 0
01 0 1 0
011 1 0 1
110 0 1 0
110 1 0 1
1] 1 0 0 1
1|1 1 1 1

By simplifying the logic expressions using Karnaugh maps or boolean algebra, we obtain:

e Sum (5): The sum is 1 if there is an odd number of 1s in the inputs.

S:A@B@Cm

Table 3.2: Truth Table of a Full Adder

o Carry-out (Cyyt): The carry is 1 if at least two inputs are 1.

Cout = AB + BC;y, + AC;,,
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An interesting property of the full adder is that it can be constructed by cascading two half adders and an OR gate.
The first half adder adds A and B. The second half adder adds the resulting sum to Cj,. The final carry-out is the
OR-ed result of the carries from both half adders.

Full
B Adder

Cm / \ Cout

Figure 3.2: Block Diagram of a Full Adder

3.1.3 Half Subtractor

Similar to addition, subtraction of binary numbers can be performed using dedicated logic circuits. A Half Subtractor
is a combinational circuit that subtracts one single-bit binary number from another. It computes A — B, where A is
the minuend and B is the subtrahend.

Since 0 — 1 cannot be resolved without borrowing from a higher significant bit, the half subtractor requires a Borrow
output alongside the Difference output.

Minuend and Subtrahend Order

Unlike addition, subtraction is not commutative. Therefore, the order of inputs A and B matters. The logic
explicitly implements A — B. If you mistakenly connect B — A, the difference and borrow outputs will be completely
inverted for certain conditions.

Truth Table and Boolean Expressions
The truth table for A — B yields a Difference (D) and a Borrow (Boy:).

Inputs Outputs

A | B | Difference (D) Borrow (Bout)
0| 0 0 0

0 1 1 1

110 1 0

1 1 0 0

Table 3.3: Truth Table of a Half Subtractor

The boolean expressions derived from this table are:

« Difference (D): The difference is exactly the same logic as the sum in a half adder.
D=AB+AB=A&B

» Borrow (B,yt): The borrow is 1 only when we subtract 1 from 0 (A =0,B = 1).
By =A-B

A half subtractor can be implemented using an XOR gate for the difference, an inverter (NOT gate) to complement
input A, and an AND gate for the borrow signal.

3.1.4 Full Subtractor

The half subtractor fails when dealing with multi-bit subtraction because it cannot accept a borrow from an adjacent
lower-order bit. A Full Subtractor resolves this by accommodating three inputs: the minuend (A), the subtrahend
(B), and a borrow-in from the previous stage (B;,). It computes A — B — B;,, and generates a Difference (D) and a
Borrow-out (Boyyt).
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Truth Table and Boolean Expressions

Inputs Outputs

A | B | B;, | Difference (D) Bout
010 O 0 0
010 1 1 1
0|1 0 1 1

0] 1 1 0 1
110] 0 1 0
110 1 0 0
111 0 0 0
111 1 1 1

Table 3.4: Truth Table of a Full Subtractor

Simplifying the logic equations, we find:

» Difference (D):
D=A®B& By,

+ Borrow-out (_Bout):
Bout = AB + Aan + BB,

Like the full adder, a full subtractor can be constructed utilizing two half subtractors and an OR gate.

3.1.5 Block Diagram of Parallel Adder Using Full Adder Blocks

The half adders and full adders we discussed process numbers one bit at a time. However, microprocessors and digital
computers process data in chunks of 4, 8, 16, 32, or 64 bits simultaneously. To add two n-bit binary numbers, we must
arrange multiple full adders in parallel. Such a circuit is known as a Parallel Adder or Ripple Carry Adder.

4-bit Parallel Addition

Suppose we want to add two 4-bit numbers: A = A3AsA1Ag and B = B3BsB1By. The addition starts from the
least significant bits (Ap and Bp). Any carry generated must be propagated to the next higher significant position
(A; and By), and so forth.

To create a 4-bit parallel adder, we require four full adder blocks. The blocks are cascaded such that the carry-out
(Cout) of one full adder acts as the carry-in (Cjy,) for the immediate next full adder.

B3 By By By
As Ay Aq A
FA 3 C C C FA 0
Cou(Ca) &= isp) : FA2 k—b FA1 k— (Lsp) [ Cin=0
S3 So S So

Figure 3.3: Block Diagram of a 4-bit Parallel Adder Using Full Adders

Operation of the Parallel Adder

1. Stage 0 (LSB): Full Adder 0 receives the least significant bits Ag and By. The carry-in Cy, is generally grounded
(set to logic 0) for the very first bit. It produces the first sum bit Sy and a carry bit C;.
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2. Stage 1: Full Adder 1 receives the next bits A; and By, along with the carry C; generated from the previous
stage. It outputs the sum S; and generates a new carry Cs.

3. Stage 2: Full Adder 2 operates similarly, adding As, Be, and C5 to compute So and Cj.

4. Stage 3 (MSB): Full Adder 3 adds the most significant bits A3, Bs, and C3 to yield the final sum bit S5 and
the final carry-out Cjy.

Propagation Delay

In a ripple carry adder, each full adder must wait for the carry bit from the previous stage before it can finalize its
own output. This "rippling" effect introduces a significant propagation delay when scaling up to larger numbers,
such as 32-bit or 64-bit adders. High-speed circuits overcome this by using "Look-Ahead Carry Adders" which
compute carries in parallel rather than sequentially.

In summary, the simple interconnection of identical full adder blocks makes the parallel adder an intuitive and
highly modular circuit. Understanding this structure is essential for anyone diving into digital systems design, as it
forms the foundational arithmetic unit inside the Arithmetic Logic Unit (ALU) of modern microprocessors.

3.1.6 Encoders and Decoders

In the realm of digital electronics, data often needs to be translated between different formats to facilitate processing,
transmission, or display. Encoders and decoders are fundamental combinational logic circuits that serve exactly this
purpose. While they perform mutually opposite functions, both are integral to the design of complex digital systems
such as memory addressing, data multiplexing, and communication interfaces.

Introduction to Encoders

Box[Encoder| An encoder is a combinational logic circuit that performs the reverse operation of a decoder. It

accepts a maximum of 2" input lines and generates an n-bit output code corresponding to the activated input. At
any given time, only one of the input lines is expected to be active (High or '1’).

Encoders are widely used to compress information or to translate a human-readable format (like a decimal keypad
press) into a machine-readable format (like binary code).

4:2 Encoder A 4-to-2 encoder, also known as a 4-line to 2-line encoder, consists of four inputs and two outputs.
The four inputs (Dg, D1, D2, D3) represent the 22 possible activation lines, and the two outputs (Y7, Yy) produce the
corresponding 2-bit binary code. It is assumed that only one input is HIGH at any particular instant.

Dy
_—

D1 Yl
—_— —
4:2
Do Encoder Yo

—
D3

Figure 3.4: Block diagram of a 4:2 Encoder

The operation of the 4:2 encoder can be concisely described using its truth table. Notice that the inputs are
mutually exclusive; standard basic encoders do not handle multiple active inputs well.

Inputs Outputs
D3 Dy Dy Dy Y1 Yo
0 0 0 1 0 0
0 0 1 0 0 1
0 1 0 0 1 0
1 0 0 0 1 1
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From the truth table, we can derive the Boolean expressions for the outputs Y; and Y{ by observing when they are
logic HIGH (1).

e Output Yy is HIGH when input D; is HIGH OR input D3 is HIGH. Thus, Yy = Dy + Ds.
e Output Y7 is HIGH when input Dy is HIGH OR input D3 is HIGH. Thus, Y7 = Dy + Ds.

The internal logic circuit simply requires two OR gates. The first OR gate takes inputs D1 and D3 to produce Y,
and the second OR gate takes inputs Dy and D3 to produce Y;. The input Dy is completely disconnected from the
output logic, meaning when Dy is HIGH, both OR gates output 0, resulting in the correct binary output 00.

Limitation of Simple Encoders

If two or more inputs are HIGH simultaneously (e.g., D1 and D2 both HIGH), the outputs will produce an
incorrect binary code (Y7 = 1,Yy = 1, which corresponds to D3). This issue is resolved in advanced circuits called
Priority Encoders, which assign a priority rank to each input.

8:3 Encoder (Octal to Binary Encoder) An 8-to-3 encoder operates on the same principle but on a larger scale.
It has eight input lines (Dy to D7) and three output lines (Y2, Y7, Ys). Since eight lines can represent the decimal
numbers 0 through 7 (which correspond to the octal number system base), this circuit is also known as an Octal to
Binary Encoder.

DQ Y2

Dy 8:3 Y

Ds Encoder
Dg Yo

Figure 3.5: Block diagram of an 8:3 Encoder

The truth table for the 8:3 encoder is shown below. Again, only one input is considered HIGH at a time.

Inputs Outputs

D7 Dy Ds Dy D3 Dy D, Dy Ys Y1 Yo
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 1 0 0 0 0 1 1
0 0 0 1 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0 1 0 1
0 1 0 0 0 0 0 0 1 1 0
1 0 0 0 0 0 0 0 1 1 1

By analyzing the outputs, we can write the Boolean equations. We check the rows where an output variable is "1’
and sum the corresponding input variables using the OR operation:

e Yy is 1’ for Dy, D3, D5, D7. Therefore, Yy = D1 + D3 + D5 + D7.
e Y7 is 1’ for Dy, D3, Dg, D7. Therefore, Y1 = Dy + D3 + Dg + D7.
e Y5 is 1’ for Dy, D5, Dg, D7. Therefore, Yo = Dy + D5 + Dg + D7.

Implementing this encoder practically requires three 4-input OR gates. The input Dy is again unused in the logic
expressions because when Dg is HIGH, all outputs should be zero naturally.
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Practical Example: Keypad Encoder

Consider a calculator or an ATM keypad with digits 0 to 9. When you press a key, the mechanical switch
activates one specific line out of ten. The internal digital processor, however, requires binary data. A 10-to-4
Decimal-to-Binary encoder transforms that single physical line activation into a 4-bit Binary Coded Decimal
(BCD) number representing the pressed key.

Introduction to Decoders

Box[Decoder| A decoder is a combinational logic circuit that maps an n-bit binary input code to a maximum of

2™ unique output lines. It detects the specific binary combination present on its inputs and asserts (makes active)
exactly one of its output lines.

Decoders act as interpreters for the system. They take a compacted, encoded form of data (like a memory address)
and expand it to trigger a specific unique action or hardware component.

2:4 Decoder A 2-to-4 line decoder receives 2 inputs (A1, Ag) and produces 4 outputs (Yp, Y7, Y2, Y3). Often, decoders
also feature an Enable (E) input. When the Enable pin is active, the decoder functions normally; when it is inactive,
all outputs are forced to their inactive state (usually logic 0), regardless of the inputs.

|E
Yo
—————
A
) Y,
2:4 —
A Decoder v
—> 2
Y3

Figure 3.6: Block diagram of a 2:4 Decoder with Enable input

Let us examine the truth table for an active-HIGH 2:4 Decoder with an active-HIGH Enable input.

Enable Inputs Outputs
E Ay Ag Y3 Yo Y1 Yo
0 X X 0 0 0 0
1 0 0 0 0 0 1
1 0 1 0 0 1 0
1 1 0 0 1 0 0
1 1 1 1 0 0 0

(Note: "X’ denotes a "Don’t Care" condition, meaning the input value has no effect on the output.)
From the truth table, the Boolean expressions for each output line are exactly the standard minterms of the input
variables, further multiplied by the Enable signal:

Yo B A g
e VI=E-A - A
« Yo=E-A -4
e YVs=FE A1 Ao

A typical logic diagram for this decoder incorporates two NOT gates to provide the complements of the inputs A;
and Ay, and four 3-input AND gates. Each AND gate corresponds to one output line and receives the enable signal
and the appropriate combination of normal and complemented inputs.
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3:8 Decoder (Binary to Octal Decoder) A 3-to-8 line decoder takes 3 binary inputs (As, A1, Ap) and activates
one of the 8 possible outputs (Y to Y7) based on the input combination. Because a 3-bit binary code represents decimal
values from 0 to 7, this circuit translates binary sequences into their equivalent octal digit lines, earning it the name
"Binary to Octal Decoder".

|E

Ay 3:8 —

Decoder L

Figure 3.7: Block diagram of a 3:8 Decoder

The truth table for the 3:8 decoder with an active-HIGH enable input is extensive but straightforward:

Enable Inputs Outputs
E Ay Ay A Y7 Ys Y5 Y, Y3 Yo Y1 Yo
0 X X X 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1
1 0 0 1 0 0 0 0 0 0 1 0
1 0 1 0 0 0 0 0 0 1 0 0
1 0 1 1 0 0 0 0 1 0 0 0
1 1 0 0 0 0 0 1 0 0 0 0
1 1 0 1 0 0 1 0 0 0 0 0
1 1 1 0 0 1 0 0 0 0 0 0
1 1 1 1 1 0 0 0 0 0 0 0

Following the same pattern, the output equations for the 3:8 decoder are simply the eight possible minterms of the
variables As, A1, and Ay, each gated by E:

« Yo=E-Ay- A1 - Ay
e VI=E-Ay-A;- Ay
e Yo=FE-Ay-A;- A
e Ys=F-Ay- A1 Ao
« Vi=E-Ay- A A
« Y5 =F Ay A Ay
« YVs=E-Ay-A1- Ay

U Y7:E-A2-A1-A0

A common IC for this application is the 74LS138. It operates identically to our theoretical model but commonly
features active-LOW outputs, meaning the selected output line goes to '0’ while all unselected lines remain at ’1’. This
requires using NAND gates instead of AND gates inside the IC.

Applications and Key Differences

Encoders and decoders are omnipresent in computer architecture and digital communications.
Applications of Encoders:

1. Data Compression: Reducing the number of bits required to represent states, effectively saving bandwidth
during transmission.
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2. Keypad Interfaces: As seen in the example, they convert multi-line physical switches into compact binary
codes.

3. Rotary Encoders: Used in robotics and control systems to convert mechanical angular position into digital
codes.

4. Interrupt Handling: Priority encoders are essential in microprocessors to handle hardware interrupts. If
multiple peripherals request attention simultaneously, the priority encoder determines which device has the
highest priority and sends its specific binary code to the processor.

Applications of Decoders:

1. Memory Addressing: A microprocessor outputs an n-bit binary address when it wants to read from or write
to memory. A decoder takes this address and activates the exact single physical memory chip or memory row
corresponding to that address.

2. Instruction Decoding: The control unit of a CPU uses decoders to translate machine language instructions
(opcodes) into internal control signals that dictate what the CPU hardware should do.

3. Seven-Segment Displays: A special type of decoder (BCD to 7-segment decoder) takes a 4-bit binary number
and activates the correct LED segments to display a human-readable decimal digit.

4. Data Demultiplexing: When combined with other logic, decoders play a vital role in routing a single data
stream into one of several distinct output channels.

Key Concept

Concept While an Encoder condenses information by converting 2" distinct inputs into an n-bit binary word,
a Decoder expands information by taking an n-bit binary word and asserting one of 2" unique outputs.
Understanding the reciprocal relationship between these two circuits is crucial for grasping how digital systems
efficiently communicate, process, and manage data.

3.2 Multiplexers (2:1, 4:1, 8:1) and Demultiplexers (1:2, 1:4, 1:8)

3.2.1 Multiplexers (MUX)

In the study of digital electronics, routing data efficiently from multiple sources to a single destination is a fundamental
requirement. This task is handled by a combinational logic circuit known as a multiplexer. Often abbreviated as
MUX, a multiplexer acts conceptually like a digitally controlled multi-position switch. It connects one of several input
lines to a single output line based on the digital code applied to its selection lines.

Box[Multiplexer (Data Selector)] A multiplexer is a combinational logic circuit that features a maximum of 2"
data input lines, n select (or control) lines, and a single output line. The binary code applied to the select lines
determines which of the 2" data inputs is routed and directly connected to the final output.

Because it selects data from multiple inputs and directs it to a single output, a multiplexer is widely known as
a data selector. The operation of a multiplexer can be envisioned as a rotary switch where the switch position is
dictated by the selection lines. Multiplexers are heavily utilized in communication systems, data routing networks,
parallel-to-serial data conversion circuits, and even for implementing arbitrary Boolean functions without the need to
wire up discrete standard logic gates.

Key Concept

Concept The defining mathematical relationship of a multiplexer is 2" : 1, where n represents the number of
selection lines required to select from up to 2" data input lines.

2:1 Multiplexer

The simplest practical form of a multiplexer is the 2-to-1 (2:1) multiplexer. It consists of two data inputs, one selection
line, and one output.
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Let the data inputs be designated as Dy and Dy, the selection line as S, and the output as Y. The operational
logic is straightforward:

e When the selection line S = 0, the input Dy is connected to the output Y, meaning Y mirrors the state of Dy.

e When the selection line S = 1, the input D; is connected to the output Y, meaning Y mirrors the state of D;.

Table 3.5: Truth Table for a 2:1 Multiplexer

Select Input (5) Output (V)
0 Dy
1 D,

Based on the truth table, the Boolean expression for the output Y can be written using the sum-of-products (SOP)
form:
Y =SDy + SD;

This expression essentially states that Y equals Dy if S is NOT true, OR Y equals Dy if S IS true. The logic circuit
can be realized using two AND gates, one OR gate, and one NOT gate for the select line inversion.

Dy ———
2:1 MUX — Y
Dy ———

S

Figure 3.8: Block Diagram of a 2:1 Multiplexer

4:1 Multiplexer

Expanding on the foundational 2:1 multiplexer, a 4-to-1 (4:1) multiplexer has four data inputs (Dy, D1, D2, D3), two
select lines (S1,S0), and a single output (Y'). The two select lines can form four distinct binary combinations (00, 01,
10, 11), each uniquely corresponding to one of the four data inputs. This scalability is a key feature of multiplexer logic.

Table 3.6: Truth Table for a 4:1 Multiplexer

Select Inputs Output
S1 So Y
0 0 Dy
0 1 Dy
1 0 Dy
1 1 Ds

The Boolean equation for the output is given by combining the select line conditions with their corresponding
inputs as minterms:

Y = 5180Dg + S1S0D1 + S180D2 + 5150 D3

Implementing this logic directly at the gate level requires four 3-input AND gates, one 4-input OR gate, and two
NOT gates for the select lines. Each AND gate acts as a highly selective "switch" that is only turned on when its
specific select line combination is applied. The single OR gate collects the outputs of these AND gates to form the final

unified multiplexer output.
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Dy ———
Dy ———
41 MUX |——Y
Dy ——

D3 ———

S1 S

Figure 3.9: Block Diagram of a 4:1 Multiplexer

8:1 Multiplexer

An 8-to-1 (8:1) multiplexer features eight data inputs (Do through D7), three select lines (S2,S1,.5), and a single
output (Y). The three select lines provide 23 = 8 distinct binary combinations ranging from 000 to 111, allowing any of
the eight input lines to be reliably routed to the output.

Table 3.7: Truth Table for an 8:1 Multiplexer

Select Inputs Output
S

&

[l e i o R e B e R )

=0 O = = OO

— oo~ o~o®
5

The logical expression is a straightforward, albeit longer, extension of the 4:1 multiplexer logic. Each data input is
paired with its corresponding binary select state:

Y = 555150Dg + S251S0D1 + 525150 D2 + 525150 D3

In real-world hardware, multiplexers like the 8:1 MUX (e.g., standard IC 74151) are frequently deployed in parallel-
to-serial conversion tasks. If eight parallel bits of data are connected to the data inputs, and a 3-bit binary counter
is connected to the select lines, the counter will sequentially sweep through the inputs from Dy to D7. This action
transmits the 8-bit parallel data sequentially along a single transmission line, greatly saving wiring complexity.

Higher-Order Multiplexers

Higher-order multiplexers can be constructed by systematically cascading lower-order multiplexers in a tree-like
structure. For instance, a 16:1 multiplexer can be cleverly built using two 8:1 multiplexers and one 2:1 multiplexer.
The 16 inputs are split evenly among the two 8:1 multiplexers. Their two outputs are then fed into the 2:1
multiplexer, which uses the most significant select line to make the final choice. This concept of modularity is a
core principle in VLSI and digital system design.

3.2.2 Demultiplexers (DEMUX)

While a multiplexer funnels multiple inputs into a single output, a demultiplexer performs the exact reverse function.
It takes data from a single input line and distributes it to one of many designated output lines.
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Box[Demultiplexer (Data Distributor)] A demultiplexer is a combinational logic circuit that has a single data

input line, n selection lines, and a maximum of 2" output lines. The binary code on the selection lines decides
exclusively which of the 2™ outputs receives the incoming data signal.

Due to its primary role in taking a single signal and handing it out to multiple potential locations, a demultiplexer is
commonly referred to as a data distributor. A classic application of a demultiplexer is in serial-to-parallel converters,
where a single serial data stream is sequentially routed to multiple parallel lines to rebuild a parallel word.

Demultiplexer vs. Decoder

Students often confuse demultiplexers with decoders because their internal gate structures are identical. Remember
the fundamental difference: a demultiplexer has a dedicated data input that is routed to the selected output. A
decoder does not have a varying data input; it simply activates an output line corresponding to the binary value of
the selection lines. However, a demultiplexer with its data input tied permanently HIGH (Logic 1) acts identically
to a pure decoder.

1:2 Demultiplexer

The 1-to-2 (1:2) demultiplexer takes a single input data line (D) and routes it to one of two output lines (Y or Y7),
governed by a single select line (5).

e When S = 0, the input D is routed to Yy. The non-selected output Y7 remains firmly at logic 0.

e When S =1, the input D is routed to Y;. The non-selected output Yy remains at logic 0.

Table 3.8: Truth Table for a 1:2 Demultiplexer

Data Input Select Outputs
D S Y1 Yo
D 0 0 D
D 1 D 0

The logic expressions for the outputs highlight this routing behavior clearly:
Yo =SD

Y1 =5D

N VA
D —— 1:2 DEMUX
— Y]

S

Figure 3.10: Block Diagram of a 1:2 Demultiplexer

1:4 Demultiplexer

A 1-to-4 (1:4) demultiplexer extends this principle. It has a single data input (D), two select lines (S1,.Sy), and four
separate output lines (Y, Y1,Y3,Y3). The data input is connected to one of the four outputs based entirely on the state
of the select lines.
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Table 3.9: Truth Table for a 1:4 Demultiplexer

Data Select Inputs Outputs

Input
D S1 So Y3 Yo Y1 Yo
D 0 0 0 0 0 D
D 0 1 0 0 D 0
D 1 0 0 D 0 0
D 1 1 D 0 0 0

The logic expressions for the four outputs are derived by ANDing the input data with the decoded state of the
selection lines:

Yo = 515D
Vi = 515,D
Ys = $15,D
Ys = $1S0D

1:8 Demultiplexer

A 1-to-8 (1:8) demultiplexer scales this concept even further. It accepts a single data input (D), utilizes three select
lines (52,51, S0), and drives eight distinct outputs (Yy through Y7).

For example, when the select lines S951.59 = 101 (which is decimal 5), the input data D is routed exclusively to
the output Y;. All other outputs (Yo, Y1, Y2, Y3, Yy, Y5, Y7) will inherently output a logic 0, regardless of the state of
the input D. This exact precision makes the 1:8 demultiplexer an ideal component for addressing specific memory
locations or routing control signals to multiple peripheral devices in a microprocessor-based system.

The boolean expressions follow the standard minterm pattern multiplied by the data input:

Y5 = 5251500
Y7 = 59515.D

3.3 Binary to Gray and Gray to Binary Code Converters

In modern computing and complex telecommunication systems, data must occasionally be translated from one encoding
format to another to leverage the unique physical or mathematical advantages of different codes. A digital circuit that
performs this translation is known as a code converter. Code conversion is fundamentally a combinational logic
design problem, relying on an arrangement of logic gates to uniquely map input bit combinations to desired output bit
combinations.

Box[Code Converter] A code converter is a combinational logic circuit that transforms data presented in one type
of binary code (the input code) to another type of binary code (the output code) without altering the underlying
quantitative value or information being represented.

One of the most essential code conversions in digital design involves translating between standard Binary and Gray
code. Standard binary is a weighted positional code natively used for arithmetic operations inside microprocessors.
Gray code, on the other hand, is a specialized unweighted code characterized by its highly advantageous "unit distance"

property.

Concept In Gray code, consecutive numbers differ by exactly one single bit. This unit distance property significantly
minimizes transient logic errors when physical or mechanical switches transition between states. This makes Gray
code invaluable in rotary encoders, Karnaugh map indexing, and robust error correction systems.

3.3.1 Binary to Gray Code Converter

The purpose of a Binary-to-Gray code converter is to accept an n-bit binary number and instantaneously generate the
corresponding n-bit Gray code. Let us deeply examine the design of a 4-bit Binary-to-Gray converter.
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Let the 4-bit binary input be B3ByB By (where Bj is the Most Significant Bit, MSB) and the 4-bit Gray code
output be G3sG2G1Gy (where G5 is the MSB).
The algorithmic conversion rules from Binary to Gray code are beautifully simple:

1. The MSB of the Gray code is always identical to the MSB of the binary code. Thus, G5 = Bs.

2. Each subsequent Gray code bit is generated by performing an Exclusive-OR (XOR) operation between the
corresponding binary bit and the preceding binary bit.

3. Therefore, the second bit is Gy = B3 & Bs.
4. The third bit is G; = By @ Bj.

5. Finally, the least significant bit is Gg = By & By.

Table 3.10: Truth Table for a 4-bit Binary to Gray Code Converter

Binary Input Gray Code Output
B3 By By By Gs Go G Go
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 1
0 0 1 1 0 0 1 0
0 1 0 0 0 1 1 0
0 1 0 1 0 1 1 1
0 1 1 0 0 1 0 1
0 1 1 1 0 1 0 0
1 0 0 0 1 1 0 0
1 0 0 1 1 1 0 1
1 0 1 0 1 1 1 1
1 0 1 1 1 1 1 0
1 1 0 0 1 0 1 0
1 1 0 1 1 0 1 1
1 1 1 0 1 0 0 1
1 1 1 1 1 0 0 0

To truly understand the logic mathematically rather than algorithmically, one can derive the boolean expressions
strictly from the truth table using Karnaugh maps (K-maps). For a 4-bit converter, four separate 4-variable K-maps
are plotted for the individual outputs Gs, G2, G1, Gg. When mapping (3, the K-map visually reveals that it simply
matches the B3 plane, resulting in G3 = B3. When mapping Go, the 1s are grouped diagonally such that the simplified
expression forms the classical Exclusive-OR logic: B3Bsy + B3Bs, which represents Bz @ Bo. This rigorous mathematical
derivation solidifies the shortcut rules mentioned above. Using discrete XOR, gates for the hardware implementation
is highly advantageous because it reduces the overall component and transistor count dramatically compared to a
standard AND-OR-NOT implementation derived directly from unsimplified minterms. The hardware implementation
of a 4-bit Binary to Gray code converter requires just three parallel 2-input XOR, gates, making it extremely fast and
efficient to construct.

L2

> Gi3
XOR —— G2

¥

XOR — G1

XOR —— Go

"y

&

Figure 3.11: Logic Circuit of a 4-bit Binary to Gray Code Converter

3.3.2 Gray to Binary Code Converter

Conversely, engineers frequently need to translate data originating from a Gray code sensor back into standard binary
to perform meaningful arithmetic calculations. A Gray-to-Binary code converter handles this precise requirement.
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Let the 4-bit Gray code input be G3G2G1Gy and the corresponding 4-bit binary output be B3BsB1By. The
conversion process relies on a slightly different algorithmic flow:

1. The MSB of the binary code is identical to the MSB of the Gray code. Hence, B3 = (5.

2. Each subsequent binary bit is evaluated by XORing the corresponding incoming Gray code bit with the previously
computed binary bit.

3. Therefore, By = B3 ® Go.
4. Similarly, By = By @ G1.

5. Lastly, By = B1 ® Gy.

Notice the key difference in this process compared to the Binary-to-Gray converter: the calculation of the next bit
inherently depends on the output of the previous bit’s computation rather than solely on the external input bits. This
creates a cascaded, sequential chain of XOR gates.

The Boolean expressions can also be expanded purely in terms of the initial Gray inputs:

B3 =Gjs

By = G3 & Gy

B =G3® Gy ® Gy

By =G3® G2 © G1 D Gy

Table 3.11: Truth Table for a 4-bit Gray to Binary Code Converter

Gray Code Input Binary Output
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The design process using Karnaugh maps follows a similar rigorous pattern to the Binary-to-Gray converter. Four
K-maps are used, plotting the outputs Bs, Bs, B, By against the Gray code inputs G3, G2, G1, Gg. The expression for
Bj trivially simplifies to G3. The expression for By simplifies to G3Ga + G3Ga, equating perfectly to Gz @ G5. The
expression for B becomes significantly more visually complex in the map as a sum of products, but mathematically
factors and reduces to the multiple XOR operation Gg & Go ® G1.

Hardware-wise, the implementation of the Gray-to-Binary converter also uses three 2-input XOR, gates, but critically,
they must be arranged sequentially. The output of the first XOR gate (B2) becomes an indispensable input to the
second XOR gate, whose output (B;) becomes an input to the third XOR gate. This cascaded arrangement slightly
increases the overall propagation delay of the circuit because By cannot be fully evaluated until B; and Bs have
settled to their final logical states. In extremely high-speed applications, this cascading ripple delay can be a limiting
performance factor, sometimes leading designers to use more complex parallel look-ahead logic rather than strict
cascaded XOR chains.
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Gs > B3

Go \; XOR e > By
G —_— | XOR 1—> By
Gy | XOR By

Figure 3.12: Logic Circuit of a 4-bit Gray to Binary Code Converter

Application of Code Converters

Imagine an absolute rotary encoder precisely measuring the angular position of a heavy industrial motor. To
definitively prevent misreading errors at transition boundaries where multiple bits might change simultaneously,
the encoder is manufactured to output position data in Gray code. However, the programmable logic controller
(PLC) or microprocessor tasked with processing the motor’s position and speed natively relies on standard binary
arithmetic. A Gray-to-Binary code converter acts as the vital digital bridge in this system, rapidly translating the
error-resistant Gray code into the computationally necessary binary format in real-time.

3.4 The Core of Computation: Arithmetic Circuits

In the previous units, we learned how to minimize and design logic circuits using Boolean Algebra and K-Maps. Now,
we will apply these design techniques to build the foundational circuits that actually perform mathematics inside a
computer processor.

The core of any Central Processing Unit (CPU) is the Arithmetic Logic Unit (ALU). The ALU is responsible for
performing mathematical operations like addition and subtraction on binary numbers. This section will guide you
through the design of the fundamental circuits that make binary arithmetic possible: Adders and Subtractors.

By building these circuits up from basic logic gates, we cross the crucial threshold from simple "logic" to actual
"computation."

3.4.1 1. The Half Adder

The most basic arithmetic operation a computer can perform is the addition of two single bits (let’s call them A and
B).

Let us recall the rules of single-bit binary addition: *0+0=0*0+1=1*14+0=1* 1+ 1 = 102 (This is a Sum
of 0, and a Carry of 1)

Because the addition of two 1s generates a 2-bit result (102), a single-bit adder circuit must have two inputs (A
and B) and two outputs: a Sum (S) and a Carry (C). This basic circuit is called a Half Adder.

Truth Table for Half Adder:

A | B || Carry (C) | Sum (S)
010 0 0
011 0 1
110 0 1
111 1 0

Boolean Equations: By looking at the Truth Table, we can extract the equations for S and C directly: * The
Sum (S) is ’1” only when the inputs are different. This is the exact definition of an Exclusive-OR (EX-OR) gate.

S=AeB
* The Carry (C) is ’1” only when both A and B are ’1’. This is the exact definition of an AND gate.

C=A-B

3.4.2 2. The Full Adder

While a Half Adder can add two bits, it has a fatal flaw: it cannot accept a "Carry-In" from a previous column. When
adding large multi-bit numbers on paper, if a column generates a carry, you must write a ’1’ at the top of the next
column and add three numbers together.
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B — Adder | C

Carry (C)

(D TS
O

Figure 3.13: The Half Adder. On the left is the gate-level schematic requiring only one EX-OR gate and one AND gate.
On the right is the standardized block diagram used in higher-level designs.

A Full Adder is a circuit that adds three bits together: Input A, Input B, and a Carry-In (Cy,) from the previous
stage. It generates a Sum (5) and a Carry-Out (Cyyy).
Truth Table for Full Adder:

A | B | Cy || Cour | Sum (8S)
010 0 0 0
010 1 0 1
011 0 0 1
0 1 1 1 0
110 0 0 1
110 1 1 0
1|1 0 1 0
1 1 1 1 1

By using K-Maps or algebraic simplification on the S and C,,; columns, engineers derived the minimized Boolean
equations: * Sum: S =A@ B® Cjy, * Carry-Out: Cpyy = (A-B) + Cip - (A® B)

Notice that the Full Adder can physically be constructed by cascading two Half Adders together, with an OR gate
combining their Carry outputs.

Cin
A PR
Full Sum (S)
B — |
Adder
Cout

Figure 3.14: The Full Adder Block Diagram. It takes three inputs (the two bits to add, plus a carry from the previous
column) and provides two outputs (the sum and the carry to the next column).

3.4.3 3. Half and Full Subtractors

Subtraction in digital logic follows the exact same principles as addition, but instead of generating "Carries", subtraction
generates "Borrows".

The Half Subtractor

A Half Subtractor performs A — B. It outputs the Difference (D) and a Borrow (Byyt) if A is smaller than B (i.e.,
0—1).
* Difference (D): Just like the Half Adder Sum, the difference is '1’ when the inputs are different.

D=A&B
* Borrow (Byy:): A borrow is generated only when we try to subtract 1 from 0 (when A =0 AND B =1).
By =A-B

Notice how stmilar this is to a Half Adder. The only physical difference is an inverter on the A input leading to the
AND gate.
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The Full Subtractor

A Full Subtractor performs A — B — B;,, (accounting for a borrow generated by the previous, less significant column).
It outputs a Difference (D) and a new Borrow-Out (Boyt).
* Difference (D): D= A® B ® By, * Borrow-Out (Boyy): Bout = (A B) + By, - (A® B)

3.4.4 4. The 4-Bit Parallel Adder

A single Full Adder is only capable of adding one column of binary digits. If a computer needs to add two 4-bit numbers
(like 10115 4+ 01102), it cannot use a single Full Adder.

To add multi-bit numbers, engineers cascade multiple Full Adders together in a chain. This architecture is called a
Parallel Adder (or Ripple-Carry Adder).

In a 4-bit Parallel Adder: * We need four separate Full Adder blocks, one for each column of bits (bit 0 to bit 3). *
The A and B inputs of each block receive the corresponding bits of the two numbers. * The Chain: The C,,; of
the first block is physically wired directly into the Cj, of the next block. * The Cj, of the very first block (the Least
Significant Bit) is permanently grounded (0V') because there is no previous column to carry from.

AO BQ Al Bl A2 BQ A3 Bg
C]_ CQ C3
Cin=0—— FA FA FA FA —— Cout
FAy FA, FA, FAs
So S1 Sa S3

Figure 3.15: A 4-Bit Parallel Adder. To add the 4-bit number A3zAs A1 A to the 4-bit number BsBs B By, four Full
Adders are cascaded together. The carry signal "ripples" from left to right through the chain.

Al IMAGE PLACEHOLDER
A dramatic macro shot of a modern CPU die under a microscope. An overlaid
graphic highlights a specific rectangular region of the chip, labeling it the
"Arithmetic Logic Unit (ALU)", with a transparent overlay showing a cascade of
thousands of Full Adder symbols wired together in parallel.

Figure 3.16: The Engine of Computation. The parallel adder is the beating heart of the Arithmetic Logic Unit. Modern
64-bit processors use highly optimized, massive parallel adders capable of adding two 64-bit numbers in a fraction of a
nanosecond.

3.4.5 Summary

Arithmetic circuits are the physical hardware that execute mathematical equations inside a computer. A Half Adder
adds two bits, generating a Sum and a Carry. A Full Adder adds three bits (including a Carry-In from a previous
column). Similarly, Subtractors calculate Differences and Borrows. Because a Full Adder only calculates one column
at a time, engineers build Parallel Adders by cascading multiple Full Adders together, wiring the Carry-Out of
one block directly into the Carry-In of the next. This architecture allows computers to instantly add massively large
multi-bit binary numbers.
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3.5 Translating for the Machine: Encoders and Decoders

In the world of digital electronics, computers only understand binary. However, humans do not naturally think in
binary; we interact with keyboards containing dozens of separate keys, and we read decimal numbers on digital displays.
There must be a hardware bridge between the human physical world (where a single specific action occurs, like
pressing the '7’ key) and the internal binary world of the processor (which expects a binary code like '0111’).
This bridging is handled by a class of Combinational Logic Circuits known as Encoders and Decoders. These
circuits are essentially hardware translators. An Encoder compresses a single active input line into a compact binary
code. A Decoder does the exact opposite, taking a compact binary code and activating one specific output line.

3.5.1 1. Encoders: Compressing Information

An Encoder is a digital circuit that performs the inverse operation of a decoder. It has up to 2%V input lines and N
output lines.

The core rule of a standard encoder is that only one input line can be active (High/’1’) at any given time.
The encoder’s job is to generate the binary code corresponding to the subscript number of that specific active input
line.

The 4-to-2 Encoder

A 4-to-2 Encoder has 4 input lines (D, D1, D2, D3) and 2 output lines (Y7, Yp).

Imagine this as a primitive 4-button keypad. If the user presses button Ds, the input Do goes High. The encoder
must immediately output the binary equivalent of '2’, which is Y7 =1 and Yy = 0.

Truth Table for 4-to-2 Encoder:

Ds | Dy | D1 | Dy || Y1 | Yo
0 0 0 1 0 0
0 0 1 0 0 1
0 1 0 0 1 0
1 0 0 0 1 1

Logic Equations: By looking down the output columns, we can see exactly what causes them to go High: * Y} is
’1” when Dq is '1” OR when Ds is ’1’. Therefore, Yy = D1 + Ds. * Y7 is ’1’ when Do is ’1” OR when Ds is ’1’. Therefore,
Y1 = Ds + Ds. Notice that Dy is not connected to any output gates. If Dy is pressed, both OR gates output ’0°, which
correctly produces the binary code 00’

Do — DO

Dy —— —— Y7 (MSB) Dy Yo

4-to-2

D3 —— D3 —

Figure 3.17: The 4-to-2 Encoder. The block diagram shows the compression of 4 lines down to 2. The internal logic
reveals that it requires only two simple OR gates.

The 8-to-3 (Octal) Encoder

Expanding on the concept, an 8-to-3 encoder has 8 input lines (Dy through D7) and 3 output lines (Y3, Y7,Yp). It
translates an 8-button keypad into a 3-bit binary code.

Following the same logic as the 4-to-2 encoder, we determine which input buttons require a specific output bit to be
'1: * Yy must be ’1’ for odd numbers: Yy = Dy + D3 + D5+ D7 * Y] must be 1’ for 2,3,6,7: Y1 = Dy + D3 + Dg + D7
* Y5 must be '1’ for 4,5,6,7: Yo = Dy + D5 + Dg + D7

Note: Standard encoders have a fatal flaw. If a user presses Do and Dy simultaneously, the OR gates will output
1109 (6), which is completely wrong. To solve this, modern computers use Priority Encoders, which contain extra
logic to ensure only the highest-numbered button is encoded if multiple are pressed.
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3.5.2 2. Decoders: Expanding Information

A Decoder does the exact reverse. It receives an N-bit binary code and uses it to activate exactly one of 2V output
lines. All other output lines remain deactivated.

Decoders are heavily used in computer memory systems. When the CPU wants to read a specific memory chip, it
sends a binary "address" code to a decoder, which then physically wakes up that single specific memory chip while
leaving the others asleep.

The 2-to-4 Decoder

A 2-to-4 Decoder has 2 input lines (A, B) and 4 output lines (Y, Y1, Y2, Y3). If the input is ’10” (Decimal 2), only the
Y, output line will go High.
Truth Table for 2-to-4 Decoder:

__ o ol

B
0
1
0
1

_ o O O
o= O O
O O = O
o O O

Logic Equations: Each output is simply the product term (minterm) of the specific input combination. *

Yo=A-B*Y1=A-B*Y,=A-B*Y;=A-B

A B
— YO q _ T\
K>w' U5 — %
A (MSB) — 2-to-4 — Y] } vi
B (LSB) ——| Decoder L Y,
|
— Y3
B

Figure 3.18: The 2-to-4 Decoder. Notice that the internal logic is essentially an exhaustive list of every possible
AND-term combination of the inputs.

The 3-to-8 Decoder

A 3-t0-8 Decoder accepts a 3-bit binary input (A, B,C') and activates exactly one of 8 output lines (Yj to Y7).

For example, if the CPU sends the address 1013 (Decimal 5), the decoder will activate the Y5 output wire, waking
up Memory Chip #5. The logic is a direct expansion of the 2-to-4 decoder. It requires eight separate 3-input AND
gates. * Yo =ABC * ... *Ys = ABC * ... * Y; = ABC

Al IMAGE PLACEHOLDER
An illustration of a computer motherboard. A central CPU chip is connected to a
small 'Decoder’ chip via a thin 3-wire bus. From the Decoder chip, 8 thick, distinct
wires fan out, each connecting to a separate memory module. One of the 8 wires is
glowing bright green, indicating it has been selected.

Figure 3.19: Address Decoding. Decoders act as the traffic directors of a computer system, allowing a CPU with a
small number of pins to selectively communicate with a massive number of peripheral chips.
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3.5.3 Summary

Encoders and Decoders are fundamental combinational circuits used to translate between single physical states and
compact binary codes. An Encoder (like a 4-to-2 or 8-to-3) monitors multiple input lines. When one input line is
activated, the encoder compresses that information and outputs a multi-bit binary code corresponding to the input’s
number. A Decoder (like a 2-to-4 or 3-to-8) receives a multi-bit binary code and expands it, activating exactly one
specific output line while keeping all others disabled. Encoders are typically used for user inputs (like keypads), while
decoders are heavily utilized by CPUs to select specific memory addresses.

3.6 Directing the Traffic: Multiplexers and Demultiplexers

Inside a computer system, countless different microchips are constantly trying to send and receive data. However,
drawing a dedicated copper wire between every single chip on a motherboard is physically impossible—there would be
millions of wires, and the board would be the size of a room.

To solve this, engineers use shared data buses (single wires that carry information from many different sources).
But if multiple chips try to send data on the same wire at the same time, the signals collide and corrupt.

We need a digital "traffic cop" to decide exactly which chip is allowed to transmit on the shared wire at any given
microsecond. This vital role is played by Multiplexers (MUX) and Demultiplexers (DEMUX).

3.6.1 1. Multiplexers (MUX): The Data Selectors

A Multiplexer (often abbreviated as MUX) is a combinational logic circuit that acts like a highly synchronized,
multi-position rotary switch.

It has: * Multiple Data Inputs (usually 2V lines, like 2, 4, 8, or 16). * One Single Data Output line. * Select
Lines (N lines) which act as the steering wheel.

By changing the binary code on the Select Lines, the CPU tells the MUX exactly which of the multiple input lines
to physically connect to the single output line. The MUX "selects" one input and ignores all the others.

The 2-to-1 Multiplexer (2:1 MUX)

The simplest MUX has two data inputs (Dg, D1), one output (Y'), and a single select line (.5).

*1If S =0, the MUX connects input Dy to the output. (Y = Dy) * If S = 1, the MUX connects input D; to the
output. (Y = Dy)

Boolean Equation: The internal logic is built using AND, OR, and NOT gates:

Y = (5 Do) + (S Dy)

Notice how the S variable acts as an enabler. When S = 0, the second term (0 - D1) is killed, and only Dy passes
through.

The 4-to-1 Multiplexer (4:1 MUX)

A 4:1 MUX has four data inputs (Dg, D1, D2, D3) and requires two select lines (57, .Sy) to choose between the four
options.
Truth Table for Selection:

S1 | So || Output (V)
00 Dy
0 1 Dy
110 Dy
11 Ds

Boolean Equation: o o
Y = (5150 - Do) + (5150 - D1) + (5150 - D2) + (S1S0 - D3)

The 8-to-1 Multiplexer (8:1 MUX)

An 8:1 MUX scales the concept up. It has 8 data inputs (Dy through D7) and requires three select lines (S2, .51, S0)
because 23 = 8. If the CPU sets the select lines to 1015 (Decimal 5), the MUX will perfectly connect input Ds to the
single output line.



https://milav.in

Conceptual

Rotary Switch
Do
DO [ ]
Di—=1 44
Y Dl .\.
Dy — MUX Y
D2 [ ]
D3 — 5150 =01
D3 [ ]
S1 So

Figure 3.20: The 4:1 Multiplexer. The trapezoid symbol is the universal standard for multiplexers. Conceptually, it
behaves exactly like a mechanical rotary switch controlled by the binary select lines.

3.6.2 2. Demultiplexers (DEMUX): The Data Distributors

A Demultiplexer (DEMUX) performs the exact opposite function of a MUX.
It has: * One Single Data Input line. * Multiple Data Outputs (usually 2V lines). * Select Lines (N lines).
The DEMUX receives a single stream of data on its input. The CPU uses the Select Lines to tell the DEMUX
which specific output wire should receive that data stream. The DEMUX routes the data to the selected output and
holds all the other outputs at ’0’.

The 1-to-2 Demultiplexer (1:2 DEMUX)

The 1:2 DEMUX has one input (D;y), two outputs (Yo, Y1), and one select line (.5).

*If S = 0, the input data flows out of Yy. (Yo = Djp, Y1 =0) * If S = 1, the input data flows out of Y;. (Yy =0,
}/1 = Dzn) .

Boolean Equations: * Yy =S -D;, *Y; =5 D;,

The 1-to-4 Demultiplexer (1:4 DEMUX)

A 1:4 DEMUX routes one input to one of four possible outputs (Yp, Y1, Y2, Y3), controlled by two select lines (51, Sp).
Truth Table for Routing:

S5 1S v3 ]| V| Y
001 o 0 0 | Din
0|1 0 0 |Dim| O
110 0 |Dyn| O 0
1|1 | Dmn| O 0 0
_>Y'0
D, 1:4 ot
wm

DEMUX Y,
T — Y3

Sy Sy

Figure 3.21: The 1:4 Demultiplexer. The trapezoid symbol is reversed compared to a MUX, visually indicating the
expansion of a single input into multiple outputs.

The 1-to-8 Demultiplexer (1:8 DEMUX)

A 1:8 DEMUX has one input, eight outputs (Y to Y7), and requires three select lines (Sa, S1,S0). If the CPU sets the
select lines to 1115 (Decimal 7), whatever data is currently on the D, line is routed exclusively to the Y7 output wire.
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Al IMAGE PLACEHOLDER
A highly detailed diagram showing a complete communication system. On the left
side (Sender), 8 different computer terminals feed into an 8:1 Multiplexer. A single,
long fiber-optic cable connects the MUX to a 1:8 Demultiplexer on the right side
(Receiver). The DEMUX splits the signal back out to 8 different receiving terminals.

Figure 3.22: Time-Division Multiplexing. The most common use of MUX/DEMUX pairs is transmitting multiple
independent signals over a single long-distance cable to save massive amounts of infrastructure cost.

3.6.3 Summary

Multiplexers (MUX) and Demultiplexers (DEMUX) are essential combinational logic circuits used for data
routing and communication. A Multiplexer (like a 4:1 or 8:1) acts as a data selector, using binary Select Lines to
choose one of many input signals and route it to a single shared output line. Conversely, a Demultiplexer (like a 1:4
or 1:8) acts as a data distributor, taking a single input signal and using the Select Lines to route it to one of many
specific output lines. Together, they allow complex computer systems to share limited wiring and communication buses
efficiently without signal collision.

3.7 Bridging the Gap: Code Converters

In Unit 1, we learned that different digital codes are used for different purposes. Standard binary is essential for the
CPU to perform arithmetic calculations. However, Gray Code is essential for reading data from mechanical sensors
(like robotic arms or hard drive platters) because only one bit changes at a time, preventing mechanical read errors.
Because a computer system often features both moving parts and an arithmetic CPU, the system must constantly
translate data back and forth between these two formats in real-time.
This translation is handled by dedicated combinational logic circuits called Code Converters. This section
explores the design of circuits that seamlessly convert standard Binary into Gray Code, and vice versa.

3.7.1 1. Binary to Gray Code Converter

Let us design a 4-bit Binary to Gray Code converter. The circuit will accept a 4-bit standard binary number
(B3, By, B1, By) and output the corresponding 4-bit Gray Code (G3, G2, G1, Go).

The Conversion Algorithm

Before drawing a truth table, let us review the mathematical algorithm for converting binary to Gray Code manually:
1. The Most Significant Bit (MSB) remains identical: G3 = Bs. 2. Every subsequent Gray bit is found by adding the
current binary bit to the previous binary bit, ignoring any carry. * Adding two bits while ignoring the carry is the
exact mathematical definition of an Exclusive-OR (EX-OR) operation. * Therefore, Gy = B3 @ By * G1 = By ® By
* Go = B1 & By

Hardware Implementation

Because the algorithm itself is simply a series of EX-OR, operations between adjacent input bits, we do not even need to
draw a 16-row truth table or solve Karnaugh Maps. We can implement the circuit directly from the algebraic equations.
A 4-bit Binary to Gray Code converter requires exactly three EX-OR gates.

3.7.2 2. Gray Code to Binary Converter

Now, imagine a mechanical rotary sensor on a robotic arm is transmitting Gray Code (Gs, G2, G1,Gp) back to the
central CPU. The CPU cannot perform mathematics on Gray Code; it must be converted back into standard binary
(B3, By, B1, By) before the CPU can process it.
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Bz (MSB) Gs (MSB)

By L Go

By (LSB)

“HW

Go (LSB)

Figure 3.23: The 4-Bit Binary to Gray Code Converter. Notice the "cascading staircase" pattern. The MSB (B3) passes
directly through to become G5, while all other Gray bits are generated by EX-ORing adjacent Binary input lines.

The Conversion Algorithm

The manual algorithm for converting Gray back to Binary is slightly different: 1. The Most Significant Bit (MSB)
remains identical: Bs = G3. 2. To find the next binary bit, you add the current Gray bit to the previously calculated
Binary bit, ignoring the carry. * This is still an EX-OR operation, but the inputs are different. * By = G2 @ Bg (Notice
we use the newly created Bs, not G3) * By = G1 ® B2 * By = Gy ® B,

Hardware Implementation

This algorithm also requires three EX-OR gates, but the wiring architecture is fundamentally different. Because the
calculation of By depends on the physical output of the Bs calculation, the EX-OR gates must be chained sequentially.
The signal must "ripple" down through the gates.

G3 (MSB) B3 (MSB)
e — B
G1 \._ By

Go (LSB) 4 } By (LSB)

Figure 3.24: The 4-Bit Gray to Binary Code Converter. Unlike the previous circuit, the EX-OR gates here are chained
diagonally. The output of the first XOR gate (B2) must be fed directly into the input of the second XOR gate to
calculate Bj.

Propagation Delay

Comparing the two circuits reveals a critical engineering trade-off. In the Binary-to-Gray converter (Figure 3.23), all
three EX-OR gates operate simultaneously in parallel. The entire conversion takes the time of just one gate delay.

However, in the Gray-to-Binary converter (Figure 3.24), the gates are sequential. The bottom gate cannot calculate
By until the middle gate calculates By, which cannot operate until the top gate calculates By. This phenomenon is
called Propagation Delay. The conversion takes three times longer to complete. If the circuit were expanded to
64-bits, the delay could severely bottleneck the CPU’s processing speed.
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Al IMAGE PLACEHOLDER
A conceptual diagram showing a robotic arm with a rotating mechanical joint. The
joint has an optical sensor reading a disk printed with black and white Gray Code
patterns. An arrow points from the sensor to a microchip labeled "Code Converter",
and another arrow points from the chip to a CPU labeled "Binary ALU".

Figure 3.25: The Translation Bridge. Code converters are essential at the boundary between mechanical sensors (which
require error-free Gray Code) and computational processors (which require standard binary).

3.7.3 Summary

Code Converters are combinational logic circuits that translate digital information from one format to another. The
Binary to Gray Converter utilizes parallel EX-OR gates to quickly generate Gray code from standard binary. The
Gray to Binary Converter uses the exact same number of EX-OR gates, but they must be wired sequentially in a
"ripple" chain, where the output of one gate serves as the input to the next. These converters act as vital translators
between the mechanical sensors of a machine and the arithmetic core of its processor.
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CHAPTER 4

Sequential logic circuits

4.1 Flip-Flops: SR, D, JK, T, JK Master-Slave, and Triggering

The transition from combinational logic to sequential logic marks a significant leap in the capabilities of digital systems.
While combinational circuits such as adders and multiplexers process current inputs to produce immediate outputs,
they lack the ability to retain information. Sequential circuits, on the other hand, incorporate memory elements,
allowing their outputs to depend not only on present inputs but also on the history of past inputs. The foundational
building block for storing this historical data in digital electronics is the flip-flop.

Box[Flip-Flop] A flip-flop is a bistable electronic circuit capable of storing a single bit of binary data. It is

considered "bistable" because it possesses two stable states—Logic 1 (Set) and Logic 0 (Reset)—and it will remain
in one of these states indefinitely until directed by an external signal to change.

To maintain synchronization across complex systems, flip-flops are heavily reliant on clock signals. This section
explores the fundamental types of flip-flops, their operational characteristics, and how clock triggering dictates their
behavior.

4.1.1 Clock Signals and Triggering Methods

In sequential systems, a clock is a continuous square wave signal that alternates between HIGH (Logic 1) and LOW
(Logic 0) states. It acts as the "heartbeat" of the digital system, ensuring that all state changes occur in a coordinated
and predictable manner. The way a flip-flop responds to this clock signal is known as its triggering mechanism.
Latches, which are the simpler precursors to flip-flops, are generally asynchronous or level-triggered. Flip-flops,
conversely, are typically edge-triggered to provide precise timing control.
There are two primary categories of triggering:

e Level Triggering: The device responds to the input signals as long as the clock signal is at a specific logic level.

— Positive Level Triggering: The circuit is transparent and accepts inputs only when the clock is HIGH.

— Negative Level Triggering: The circuit accepts inputs only when the clock is LOW.
e Edge Triggering: The device responds to inputs only during the brief transition period between logic levels.

— Positive Edge Triggering (Rising Edge): The state changes only at the exact moment the clock transitions
from LOW to HIGH.

— Negative Edge Triggering (Falling Edge): The state changes only when the clock transitions from HIGH to
LOW.

Concept Modern digital systems predominantly use edge-triggered flip-flops rather than level-triggered latches.
Edge triggering tightly controls the exact moment data is captured, preventing inputs from propagating through
multiple sequential stages unrestrictedly during a single, wide clock pulse.



4.1.2 The SR (Set-Reset) Flip-Flop

The SR (Set-Reset) flip-flop is the most basic synchronized memory element. It features two primary data inputs: S
(Set) and R (Reset), alongside a clock input (CLK). The circuit outputs are typically @ (the normal output) and @Q
(the inverted output). Internally, it can be constructed using cross-coupled NAND or NOR gates.

The operation of a positive edge-triggered SR flip-flop can be summarized as follows:

1. Hold State (S = 0, R = 0): When both inputs are LOW, the flip-flop retains its current state. The output @
remains unchanged from its previous state (Qy,).

2. Reset State (S =0, R =1): When the Reset input is HIGH and Set is LOW, the flip-flop forces the output @
to 0, clearing any previously stored data.

3. Set State (S =1, R =0): When the Set input is HIGH and Reset is LOW, the flip-flop drives the output @ to
1, storing a logic HIGH bit.

4. Invalid State (S =1, R = 1): Applying a HIGH signal to both inputs simultaneously creates a hardware conflict.
The internal logic gates try to drive both @@ and @) to the same logic level, violating the fundamental principle
that these outputs must be complementary.

Table 4.1: Truth Table for an Edge-Triggered SR Flip-Flop

CLK | S | R | Next State (Qn+1) Operation
0 0| 0 | @, (No Change) Memory / Hold
T 0} 110 Reset
+ l1]o]1 Set
0 1| 1 | Indeterminate / Invalid Prohibited

The Invalid Condition

The S = 1, R = 1 state is strictly prohibited in digital design using SR flip-flops. If both inputs are returned to 0
simultaneously from this state, the resulting output is highly unpredictable due to microscopic timing differences
in the hardware, leading to critical system failures.

Excitation Tables

While a truth table (or characteristic table) defines what the next state of a flip-flop will be based on its current inputs,
an excitation table works backwards. It tells the designer what inputs must be applied to force the flip-flop to
transition from a known present state (@) to a desired next state (Qn+1). Excitation tables are crucial tools when
designing custom sequential logic circuits like counters and state machines.

For an SR flip-flop, the excitation table is as follows. Note that an "X’ represents a "Don’t Care" condition, meaning
the input can safely be either 0 or 1.

Table 4.2: Excitation Table for SR Flip-Flop

Present State (Q,) | Next State (Q,+1) | S | R
0 0 01X
0 1 110
1 0 011
1 1 X110

4.1.3 The D (Data or Delay) Flip-Flop

To completely eliminate the problematic invalid state of the SR flip-flop, the D (Data) flip-flop was engineered. It
simplifies the design by having only a single data input, designated as D. Internally, the D flip-flop is often constructed
from an SR flip-flop by connecting the D input directly to S, and simultaneously feeding the inverted D input (via a
NOT gate) to R.

Because S and R are inherently forced to be logical opposites by the NOT gate, the hazardous S = 1, R = 1 state
can never occur.

o Data Storage: On the active clock edge, the logical value present at the D input is smoothly transferred to the
output Q. If D =1, @ becomes 1. If D = 0, ) becomes 0.
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e Delay Application: The term "Delay" arises from the fact that the data at the input does not appear at the
output immediately; it is delayed until the exact moment the next active clock edge arrives.

The characteristic equation for a D flip-flop is elegantly simple: @1 = D. This predictability makes D flip-flops
the industry standard for building computer memory registers, shift registers, and general-purpose storage arrays.

Table 4.3: Excitation Table for D Flip-Flop

Present State (Q,)

Next State (Qn+1)

D Input Required

0

0
1
1

0

1
0
1

0

1
0
1

As seen in the excitation table, the required input D is always precisely identical to the desired next state QQp41.

4.1.4 The JK Flip-Flop

The JK flip-flop represents a significant evolutionary step over the SR flip-flop. While the D flip-flop avoids the invalid
state by restricting inputs entirely, the JK flip-flop resolves the invalid state by giving it a highly useful mathematical
function. Named after its inventor, Jack Kilby (or colloquially Just Kidding), the JK flip-flop integrates internal
cross-coupled feedback lines from its outputs back into its input gates to ensure robust operation.

The inputs J and K correspond to the S and R inputs, respectively. However, when both inputs are driven HIGH
(J =1,K = 1), instead of entering an indeterminate state, the flip-flop systematically toggles (inverts) its current state.

Table 4.4: Truth Table for an Edge-Triggered JK Flip-Flop

CLK | J | K | Next State (Qn+1) Operation
0 0] 0 | @, (No Change) Memory / Hold
T 0110 Reset
T 1101 Set
0 1| 1 | Q@ (Inverted) Toggle

The characteristic Boolean equation defining the JK flip-flop’s next state is:

Qn+1 = J@—i_FQTL

Toggling Behavior

Consider a JK flip-flop that currently holds a Logic 0 (@, = 0). If steady inputs J = 1, K = 1 are applied,
the arrival of the next active clock edge will cause the output to cleanly transition to Logic 1 (Qp+1 = 1). A
subsequent clock pulse with those exact same inputs will push the output back to Logic 0. This cyclical behavior
is incredibly useful for designing binary counters.

Table 4.5: Excitation Table for JK Flip-Flop

Present State (Q,) | Next State (Q,+1) | J | K
0 0 01X
0 1 1| X
1 0 X |1
1 1 X0

4.1.5 Race-Around Condition and the Master-Slave JK Flip-Flop

While the JK flip-flop is undeniably versatile, standard level-triggered variants suffer from a critical timing anomaly
known within digital design circles as the Race-Around Condition.

When J =1, K =1, and the clock pulse is HIGH, the flip-flop is instructed to toggle. However, if the duration of
the HIGH clock pulse (., or pulse width) is significantly longer than the propagation delay of the flip-flop’s internal
logic gates (t,), a severe problem occurs. The output will toggle, feed back to the input gates instantaneously, and
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cause the device to toggle again—multiple times rapidly within that single clock pulse. When the clock finally drops
LOW, the final resting state of the output is completely unpredictable.

To resolve this issue without relying on complex and sometimes sensitive edge-triggering circuitry, engineers
developed the Master-Slave JK Flip-Flop architecture.

Master-Slave Architecture

The Master-Slave configuration cleverly cascades two standard level-triggered flip-flops (often constructed as latches).

e The Master: The first flip-flop receives the primary external J and K inputs. It is driven by the standard
positive clock signal.

e The Slave: The second flip-flop receives its inputs internally, directly from the outputs of the Master. Crucially,
the Slave is driven by an inverted version of the clock signal (via an internal NOT gate on the clock line).

Operational Phases:

1. Clock HIGH Phase: The Master flip-flop is enabled and accepts the J and K inputs, changing its internal
state accordingly. Because the Slave receives an inverted clock (which is now LOW), the Slave is entirely disabled.
This prevents any raw data from prematurely reaching the final output Q.

2. Clock LOW Phase: The Master is disabled, locking its current state and safely ignoring any further fluctuations
on J and K. Simultaneously, the inverted clock becomes HIGH for the Slave, enabling it. The Slave now reads
the safely locked data from the Master and pushes it definitively to the final external output.

Because the Master and Slave are strictly never active at the same time, the feedback loop from the final output
back to the primary inputs is physically isolated during the input-acceptance phase. This architectural trick completely
neutralizes the race-around condition, allowing for reliable, predictable toggling even in systems with unusually wide or
sloppy clock pulses.

4.1.6 The T (Toggle) Flip-Flop

The T (Toggle) flip-flop is a highly specialized, single-input derivative of the JK flip-flop. It is constructed physically
by tying the J and K input pins together to form a single, common input terminal, designated mathematically as T'.
The T flip-flop operates strictly in two distinct operational modes based on the binary logic level of the T input:

o Hold Mode (7 = 0): This is functionally equivalent to J = 0, K = 0. The flip-flop simply ignores incoming
clock pulses and retains its current state infinitely.

o Toggle Mode (T = 1): This is functionally equivalent to J = 1, K = 1. On every single active clock edge, the
flip-flop smoothly inverts its output state.

Table 4.6: Truth Table for an Edge-Triggered T Flip-Flop

CLK | T | Next State (Qn+1) Operation
T 0 | @n (No Change) Hold
0 1 | Q, (Inverted) Toggle

The characteristic equation for the T flip-flop incorporates the exclusive-OR (XOR, denoted by @) logic operation
to mathematically represent its flipping nature:

Qn—l—l = T@Qn

Table 4.7: Excitation Table for T Flip-Flop

Present State (Q,) | Next State (Q,+1) | T Input Required
0 0 0

0 1 1
1 0 1
1 1 0
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Concept The primary and most widespread application of the T flip-flop is in building digital counters, timers,
and frequency dividers. If a T flip-flop is wired to be continuously in Toggle mode (by permanently tying T to
Logic 1), its output will naturally transition exactly half as often as the incoming clock signal. Therefore, a single
T flip-flop effectively divides the input clock frequency by 2. Cascading multiple T flip-flops allows engineers to
easily create divisions by 4, 8, 16, and beyond, forming the basis of digital chronometry.

In conclusion, understanding the unique operational paradigms of SR, D, JK, and T flip-flops is paramount for any
aspiring digital design engineer. From straightforward data retention seen in the D flip-flop to the complex, cyclical
counting operations enabled by T and JK flip-flops, these semiconductor components provide the critical memory
backbone upon which all sophisticated sequential state machines and modern computer processors are constructed.
Furthermore, a firm grasp of triggering methods and timing pitfalls ensures that these synchronous circuits operate
robustly and predictably in the real world.

4.1.7 Shift Registers: Principles and Classifications

In the realm of digital electronics, memory and data manipulation are just as crucial as logical operations. While
individual logic gates can perform complex mathematical computations, they cannot store the results. Furthermore,
digital systems like microprocessors, communication transceivers, and embedded controllers frequently need to process
multiple bits of data simultaneously or maneuver data in a specific time-ordered sequence. This architectural necessity
introduces us to a fundamental digital component known as a Shift Register.

Box[Shift Register] A shift register is a sequential logic circuit constructed from a linear sequence of flip-flops
connected in a cascaded arrangement. Its primary function is twofold: it can store multiple bits of digital data
(acting as temporary memory) and maneuver or “shift” that data laterally from one flip-flop to the adjacent one
with each pulse of a shared clock signal.

The foundational building block of any standard shift register is the D-type (Data) Flip-Flop. The D flip-flop is
chosen because its output (Q) faithfully tracks its input (D) at every active transition (edge) of the clock pulse. By
daisy-chaining N flip-flops—where the output of one is wired directly to the input of the next—we instantiate an IN-bit
shift register capable of storing and mobilizing an N-bit binary word.

Concept Shift registers primarily serve two distinct roles in digital architecture: Data Storage (functioning as
memory buffers or latches) and Data Movement (shifting bits for arithmetic scaling, generating time delays, or
converting data formats for transmission).

Classification of Shift Registers

Shift registers are remarkably adaptable and are broadly categorized based on the method by which data enters the
register and the method by which it is retrieved. Data can be applied serially (one bit at a time, strictly sequentially
over a single line) or in parallel (all bits loaded simultaneously over multiple lines).

Based on these input/output paradigms, shift registers are classified into four primary configurations:

1. Serial-In, Serial-Out (SISO)

2. Serial-In, Parallel-Out (SIPO)

3. Parallel-In, Serial-Out (PISO)

4. Parallel-In, Parallel-Out (PIPO)

Additionally, shift registers can be classified by the direction of the data shift across the flip-flops:

» Shift Right Register: Data propagates from the left to the right (typically shifting towards the Least Significant
Bit or LSB).

o Shift Left Register: Data propagates from the right to the left (shifting towards the Most Significant Bit or
MSB).
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« Bidirectional Shift Register: Equipped with mode-control logic, allowing data to be shifted in either direction
based on a control signal.

e Universal Shift Register: A highly versatile architecture that integrates bidirectional shifting with parallel
loading capabilities.

In the subsequent sections, we will thoroughly dissect the structural architecture, operational mechanics, and
practical engineering applications of the four fundamental input/output configurations.

Serial-In, Serial-Out (SISO) Shift Register

The Serial-In, Serial-Out (SISO) configuration is the most elemental form of a shift register. It accepts incoming data
serially—strictly one bit at a time via a singular input pin—and exclusively produces its output serially. The data bits
traverse linearly through the internal flip-flops, advancing by one stage per clock cycle.

Architecture and Working Principle: A 4-bit SISO shift register is engineered by cascading four D flip-flops.
The incoming data line is connected to the D terminal of the first stage (FFp). The output @ of F'Fy bridges to the D
input of the subsequent stage (F'F}), continuing down the chain. The conclusive serial output is tapped from the @
terminal of the ultimate stage (F'F3). A unified synchronous clock signal simultaneously triggers all flip-flops.

Serial In —{D Q > D Q > D Q D QpF— Serial Out
FFO FF1 FEF2 FF3

Clock ——1. ! ! ]

Figure 4.1: 4-Bit Serial-In Serial-Out (SISO) Shift Register using D Flip-Flops

Let us analyze the temporal sequence of injecting a 4-bit binary sequence, 1011, into a fully cleared 4-bit SISO
register. Note that the rightmost bit is typically the first to be transmitted.

Clock Pulse | Serial Input Data | Qg | @1 | Q2 | Q3
Initial State 0 0 0 0 0
1 1 1 0 0 0
2 1 1 1 0 0
3 0 0 1 1 0
4 1 1 0 1 1

Table 4.8: Step-by-step sequential shifting of data 1011 into a SISO Register

As demonstrated, it mandates precisely 4 clock pulses to fully load a 4-bit word. Once safely nestled inside the
register, extracting this stored data through the serial output pin will demand another 4 discrete clock cycles, inherently
pushing the existing bits out while drawing new bits (or placeholder zeros) into the void.

Real-World Analogy: The Bucket Brigade

Consider a line of four emergency responders passing buckets of water. The first responder fills a bucket from a
well and hands it to the second. Simultaneously, the second hands theirs to the third, and so forth. Only upon a
synchronized shout (the clock pulse) does the transfer occur. You can introduce only one bucket per shout, and
you collect only one bucket at the end per shout.

Applications: SISO shift registers are historically and practically utilized to synthesize deliberate Time Delays
within digital circuits. Because an incoming logic bit intrinsically requires N clock cycles to traverse an N-bit register,
the delay duration is immaculately predictable and can be dynamically regulated simply by modifying the system’s
clock frequency.
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Serial-In, Parallel-Out (SIPO) Shift Register

The Serial-In, Parallel-Out (SIPO) configuration directly addresses the retrieval bottleneck inherent to SISO designs.
Although data is strictly streamed into the circuit in a serial fashion (bit-by-bit), the crucial distinction is that the
output states of all intermediate flip-flops are permanently accessible via independent parallel data lines.

Architecture and Working Principle: The base hardware footprint mirrors the SISO register. The evolutionary
leap involves physical wire taps soldered to the () output node of every single flip-flop within the cascade.

Qo Q1 Q2 Q3

Serial In —D  Q ——D Q ——D Q — D Q
FFO FF1 FF2 FF3

Clock T T T T

Figure 4.2: 4-Bit Serial-In Parallel-Out (SIPO) Shift Register

The mechanism for populating the register remains serially identical. For an N-bit phrase, it takes exactly N clock
edges for the entire phrase to securely enter the register. The monumental advantage is realized immediately after the
N-th clock pulse: the entire aggregated binary word is instantaneously visible and readable on the parallel output
manifold (Qo through @3). No further shifting or clock cycles are necessary to extract the payload.

Applications: SIPO registers are heavily relied upon for Serial-to-Parallel Conversion. Modern communication
interfaces (such as USB, Ethernet, or UART) transmit data serially to dramatically conserve physical wire count and
minimize electromagnetic interference. Conversely, internal computing processors ingest and compute data in massive
parallel chunks (e.g., 32-bit or 64-bit buses). A SIPO register is the vital translator: it absorbs the high-speed serial
barrage and consolidates it into parallel arrays that the processor can consume in a single gulp.

Transient Output States

Because the output pins (Qo, Q1 ...) are unshielded and directly connected to the shifting flip-flops, they will
frantically toggle between random states as the serial stream passes through them. In robust circuit design, a
secondary parallel latch (buffer) is appended after the SIPO register. The latch is triggered only after the final bit
lands, hiding the messy transition phase from downstream components.

Parallel-In, Serial-Out (PISO) Shift Register

The Parallel-In, Serial-Out (PISO) configuration represents the logical inverse of the STPO system. It grants a digital
system the ability to slam an entire multi-bit binary phrase into the register instantaneously via parallel lines, and
subsequently spit that data out serially across a single transmission line.

Architecture and Working Principle: A PISO register cannot be realized merely by connecting flip-flops. It
demands intermediary combinational logic (multiplexers crafted from AND, OR, and NOT gates) situated at the D
input of every flip-flop. This logic selectively routes data based on a universal control signal, almost universally labeled
as Shift /Load.

1. Parallel Load Phase (Shift/Load = 0): When the control line is driven low, the internal multiplexers forcefully
disconnect the sequential chain. Each flip-flop’s D input is directly exposed to its corresponding external parallel
data pin (P,). Upon the subsequent clock pulse, all parallel bits are latched into the register in a single, unified
action.

2. Serial Shift Phase (Shift/Load = 1): When the control line is driven high, the multiplexers block the external
parallel pins and re-establish the internal cascaded links. Subsequent clock cycles operate the system exactly like
a SISO register, pushing the internally loaded data out via the single terminal pin.
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Figure 4.3: Conceptual Block Diagram of a 4-Bit Parallel-In Serial-Out (PISO) Shift Register

Applications: PISO registers reign supreme in the domain of Parallel-to-Serial Conversion. At the transmitter
end of a communication system, parallel data originating from a CPU must be streamlined to travel over a single radio
frequency carrier or coaxial cable. The PISO register absorbs the parallel block instantly and flawlessly pipelines it
onto the transmission wire.

Parallel-In, Parallel-Out (PIPO) Shift Register

The Parallel-In, Parallel-Out (PIPO) configuration offers the apex of speed. It is engineered for bulk loading in one
clock cycle and persistent, continuous bulk retrieval. Semantically, the term “shift” is a slight misnomer in a pure
PIPO application, as data does not laterally traverse across neighboring flip-flops; rather, the register functions as an
absolute parallel storage unit.

Architecture and Working Principle: To construct a PIPO register, the serial cascade links are permanently
severed. The Q output of a flip-flop is completely isolated from the D input of the adjacent flip-flop. Instead, every
flip-flop is furnished with its own autonomous data input line (P,) and its own autonomous data output line (Q,,).
The only shared utility is the master clock signal.

Py Qo P Q1 P Q2 P Q3

— o = =

FFO FF1 FF2 FF3

Clock ———1 ! ! !

Figure 4.4: 4-Bit Parallel-In Parallel-Out (PIPO) Shift Register

The operational velocity is unconstrained by shifting sequences. Upon the arrival of a single clock edge, the transient
logic states residing on all parallel input pins (Py through Ps) are immediately swallowed and latched by their respective
flip-flops. An infinitesimal propagation delay later, this data asserts itself on the parallel output pins () through Q3)
and remains rigidly stable until a subsequent clock pulse commands an update.

Applications: PIPO registers serve as critical Data Buffers and Memory Latches. Inside modern computer
motherboards, data buses are notoriously chaotic, with different components communicating momentarily before
jumping to new tasks. PIPO registers sit between components, freezing the frantic data bus states and holding them
steady so that an Arithmetic Logic Unit (ALU) or a memory controller can reliably ingest the stable signals without
fear of unexpected toggling mid-calculation.

Summary Comparison

To comprehensively encapsulate the fundamental traits of shift registers, the comparative differences regarding access
methodologies and engineering applications are laid out in the table below:
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Register Type | Data Input Method Data Output Method Primary Application Do-
main
SISO Serial (1 bit per clock) Serial (1 bit per clock) Delay lines, sequential logic
timing
SIPO Serial (1 bit per clock) Parallel (Instantly available) Serial-to-parallel data format
conversion
PISO Parallel (Instant load via logic) | Serial (1 bit per clock) Parallel-to-serial data format
conversion
PIPO Parallel (Instant load via | Parallel (Instantly available) High-speed temporary data
clock) buffering/latching

Table 4.9: Operational and Application Comparison of Shift Register Types

A mastery of these four canonical register architectures empowers hardware designers to freely and dynamically
convert data topologies, bridge disparate electronic components, and command the temporal flow of binary information
through sophisticated digital circuits.

4.2 Counters

Counters are fundamental sequential logic circuits used extensively in digital systems for counting events, measuring
time, dividing frequencies, and generating timing signals. At their core, counters are specialized registers that cycle
through a predetermined sequence of states in response to clock pulses.

Box[Counter| A counter is a sequential logic circuit consisting of a cascaded arrangement of flip-flops that cycles
through a specific sequence of states upon the application of a clock signal. The number of unique states a counter
can represent is called its modulus (or Mod-N).

Concept The sequence of states in a counter may represent numbers in ascending or descending order (binary
counters) or may follow a non-numeric pattern (like in ring or Johnson counters). The modulus of a counter ()
is the total number of distinct states it passes through before repeating the sequence. For an n-bit binary counter,
the maximum possible modulus is 2.

Counters can be broadly classified into two major categories based on how the clock signal is applied to the
individual flip-flops within the circuit:

1. Asynchronous (Ripple) Counters: The external clock signal is applied only to the first flip-flop in the cascade.
The output of one flip-flop serves as the clock input for the next successive flip-flop.

2. Synchronous Counters: A common external clock signal is applied simultaneously to the clock inputs of all
flip-flops in the counter, causing them to trigger at the exact same instant, thereby eliminating propagation delay
accumulations.

In this section, we will comprehensively explore various types of counters, including shift register counters (Ring and
Johnson), asynchronous (ripple) counters, synchronous up/down counters, and the widely used BCD /decade counter.

4.2.1 Shift Register Counters

Shift register counters are a special class of counters that utilize a shift register architecture with the serial output
connected back to the serial input in a closed loop. Rather than counting in a standard binary sequence, these counters
produce specialized shifting patterns of ones and zeros. They are widely used for generating sequential timing sequences,
stepper motor control, and multiphase clock signals.

Ring Counter

A ring counter is the most straightforward form of a shift register counter. It is constructed by connecting the output
of the last flip-flop in a shift register directly back to the data input of the first flip-flop.



https://milav.in

Box[Ring Counter| A ring counter is a circular shift register initialized with only one flip-flop set to logic '1’ and

all remaining flip-flops set to logic ’0’. As continuous clock pulses are applied, this single logic ’1’ circulates (or
"rings") through the cascade of flip-flops.

Construction and Operation: In an N-bit ring counter, N D-type flip-flops (or J-K flip-flops configured as
D-types) are connected in a linear cascade. The @ output of one flip-flop feeds the D input of the immediate next, and
crucially, the final @ _1 output is fed back to the first Dy input.

Before the counting process begins, the counter must be initialized. A pre-set pulse is used to asynchronously load
a ’1” into the first flip-flop (Qp) and clear all others (@1 to @n—1) to ’0’. For a 4-bit ring counter, the initial state is
therefore 1000.

When the first clock pulse arrives, the '1’ residing in ) shifts into @)1, shifting the state to 0100. The subsequent
clock pulse shifts it to 0010, then to 0001. Upon the arrival of the fourth clock pulse, the ’1’ from @3 loops back into
Qo, returning the system to its initial 1000 state.

Clock Pulse | Qg | Q1 | Q2 | Q3
Initial 1 0 0 0
1 0 1 0 0
2 0 0 1 0
3 0 0 0 1
4 1 0 0 0

Table 4.10: State Sequence of a 4-bit Ring Counter

The modulus of an N-bit ring counter is IN. Therefore, a 4-bit ring counter has 4 states, compared to the 16 states
possible with a standard binary counter.

Self-Starting Limitation

A significant drawback of the basic ring counter is its vulnerability to noise. If it accidentally falls into an invalid
state (e.g., two '1’s circulating due to a transient noise glitch, like 1100), it will continue to circulate that invalid
state indefinitely. Practical ring counters incorporate additional combinational logic to make them "self-starting"
ensuring recovery to a valid state.

Johnson Counter (Twisted Ring Counter)

The Johnson counter, sometimes referred to as a twisted ring counter or Moebius counter, attempts to overcome the
inefficient state utilization of the basic ring counter. Instead of feeding the normal output back to the input, it feeds
the inverted output of the final flip-flop back to the first.

Box[Johnson Counter] A Johnson counter is a shift register counter where the inverted output (Q) of the last

flip-flop is connected back to the data input of the first flip-flop. An N-bit Johnson counter yields 2N distinct
states.

Construction and Operation: In a 4-bit Johnson counter, initially, all flip-flops are cleared to 0000. Because
Q3 = 0, its inverted output Qs is 1. This logic ’1’ is continuously fed to the input of Dy until Q3 changes state.

e Clock 1: Dg receives a ’1’. The counter state becomes 1000.
e Clock 2: Dy still receives a '1’ because Q3 is still ’0’. The state shifts to 1100.
e Clock 3: The 1’ continues to propagate, making the state 1110.
e Clock 4: The register is now full of ones: 1111.
At the state 1111, Q3 is now 1, which means its complement Q5 is 0. Consequently, logic '0’s begin feeding into D.
e Clock 5: A ’0’ enters, shifting to 0111.

e Clock 6: State becomes 0011.
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e Clock 7: State becomes 0001.
e Clock 8: The register empties, returning to the initial 0000 state.

The 4-bit Johnson counter cycles through 8 distinct states (Mod-8), providing double the number of states of a
comparable ring counter. It is frequently employed in multi-phase digital clock generation, electronic keyboards for
scanning matrices, and decoding circuits.

4.2.2 4-bit Asynchronous (Ripple) Counter

Asynchronous counters are predominantly referred to as ripple counters because the triggering clock pulse appears to
"ripple" sequentially through the logic stages of the circuit. In this configuration, the primary clock is applied solely to
the LSB (Least Significant Bit) flip-flop.

Box[Asynchronous Counter] An asynchronous counter is a counting circuit wherein the clock signal is not applied

simultaneously to all constituent flip-flops. Instead, the output of an upstream flip-flop acts as the clock trigger
for the immediately succeeding downstream flip-flop.

Construction of a 4-bit Ripple Up-Counter: A 4-bit asynchronous up-counter is typically synthesized using
four T-type (Toggle) or J-K flip-flops permanently configured in toggle mode (where J =K =1or T = 1).

Assuming negative-edge triggered flip-flops are deployed: The external master clock is injected into the clock input
of FFy (LSB). The normal Qy output of FFy is routed to the clock input of FFy. In turn, Q1 drives the clock of FFy,
and Q2 drives FF3 (MSB).

Working Mechanism:

1. Initially, a clear pulse resets all flip-flops: Q3Q2Q1Go = 0000.

2. Upon the arrival of the first negative clock edge, F'Fy toggles. Qo transitions from 0 to 1. Because F'F is strictly
negative-edge triggered, this positive transition (rising edge) does not trigger it. The state reads 0001.

3. On the second master clock edge, F'Fy toggles back from 1 to 0. This creates a high-to-low negative edge at the
output of Qy. This negative edge successfully triggers F'F;, causing 1 to toggle from 0 to 1. The counter state
updates to 0010.

4. This cascading mechanism persists. A given flip-flop will only toggle its state when the preceding flip-flop’s output
executes a high-to-low (1 to 0) transition.

The counter iteratively counts upwards from binary 0000 (decimal 0) terminating at 1111 (decimal 15). At the 16th
clock pulse, all bits roll over to 0000. It is classified as a Mod-16 counter.

Propagation Delay (Ripple Effect)

Because each flip-flop is triggered by its predecessor, the intrinsic propagation delays of the individual flip-flops
accumulate. For a 4-bit counter, the final output F'F3 will not settle until a total time of 4 x t,4 has elapsed (tpq
being the delay of a single unit). At high operational frequencies, this accumulated delay yields transient decoding
errors, drastically limiting the maximum clock frequency asynchronous counters can tolerate.

4.2.3 4-bit Synchronous Up/Down Counter

To totally circumvent the cascading propagation delay liabilities inherent to ripple counters, synchronous counters
are universally adopted for high-performance applications. In a synchronous counter topology, the common master
clock signal is wired to all flip-flop clock inputs simultaneously. To dictate the specific counting sequence, specialized
combinational logic arrays are positioned at the input terminals of each flip-flop.

A Synchronous Up/Down Counter is an extremely versatile sequential circuit equipped with the capability
to count in either ascending or descending numerical order, dictated by the Boolean state of an external control pin,
commonly designated as UP/DOWN or simply M (Mode).

Design Principle: Consider a 4-bit synchronous counter composed of T-flip-flops.

e For an Upward Sequence: A particular flip-flop must toggle its state if and only if all bits less significant than
itself are currently at logic '1’. For instance, the input 75 is asserted to '1’ (instructing a toggle) solely if Q1 =1
AND Qo = 1.
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e For a Downward Sequence: A flip-flop must toggle if and only if all less significant bits are currently at logic

'0’. Translating this to active-high logic, it means the flip-flop should toggle if the inverted outputs (Q) of all less
significant bits are "1’ For example, Ty is "1’ solely if @; =1 AND @, = 1.

The Control Logic Mechanism: Let M be the mode direction control input.

e When M =1 (Count UP mode), the steering logic selects the normal @) outputs to propagate to the next stages.
e When M = 0 (Count DOWN mode), the logic multiplexes the inverted @ outputs instead.

This behavior is mathematically defined by the following Boolean excitation functions for the T inputs:

o Ty =1 (The LSB toggles on absolutely every clock edge).

o T1 = (M Qo)+ (M- Q)

« Ty =(M-Qo-Q1)+ (M-Qy- Q)

e« T3=(M-Qo-Q1-Q2)+(M-Qy-Q;-Qy)

Synchronous Counting Application

Imagine a bidirectional turnstile at an amusement park. When a visitor enters, a sensor asserts the control signal
to count UP, incrementing the occupancy tally. When a visitor exits, the counter control switches to DOWN|
decrementing the tally. A synchronous up/down counter guarantees the system can switch counting directions
instantly and precisely, without the risk of dropping counts due to settling glitches.

4.2.4 BCD / Decade Counter

Standard binary counters naturally sequence up to 2 — 1. However, many human-facing electronic systems demand
outputs in base-10 (decimal format). A counting module engineered to cycle through exactly 10 unique sequential
states is termed a decade counter or Mod-10 counter.

Box[Decade/BCD Counter| A decade counter is a sequential logic circuit restricted to counting through ten distinct
states, invariably from binary 0000 (decimal 0) to 1001 (decimal 9). Because its 4-bit output directly represents a
valid Binary-Coded Decimal (BCD) digit, it is ubiquitously referred to as a BCD counter.

Asynchronous Decade Counter (Mod-10 Ripple Counter): To practically realize an asynchronous Mod-10
counter, engineers generally commence with a standard 4-bit asynchronous Mod-16 counter core. They subsequently
append combinational logic to forcefully and prematurely reset all flip-flops back to zero precisely after the counter
arrives at the 1001 (9) state.

In a normal Mod-16 progression, the state succeeding 1001 is 1010 (10 in decimal). In binary terms, 1010 dictates
that @3 =1 and @1 = 1, while Q2 = 0 and Q¢ = 0. The design objective is to command the counter to reset the exact
nanosecond it breaches into 1010. To accomplish this, the outputs @3 and @1 are hardwired into a two-input NAND
gate.

o For all valid BCD counts spanning 0000 to 1001, either Q3 or @ (or both) are ’0’. Consequently, the NAND gate
output steadily holds a '1’. The active-low asynchronous CLR (Clear) pins of the flip-flops remain un-triggered.

e The critical moment the counter attempts to transition from 1001 to 1010, both Q3 and ()1 mutually transition
to 1"

e The NAND gate detects this condition and its output immediately plunges to ’0’, violently activating the CLR
pins of all flip-flops simultaneously.

e The counter logic is instantaneously cleared to 0000, entirely aborting states 10 through 15.

Key Concept

Concept The resetting mechanics in an asynchronous Mod-10 counter are not mathematically instantaneous;
they are constrained by the physical propagation delays of the flip-flops and the feedback NAND gate. The
unauthorized 1010 state technically exists, albeit briefly, for a tiny fraction of a microsecond before resetting to
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0000. This fleeting transient is formally known as a "glitch state."

Synchronous Decade Counter: Conversely, a synchronous decade counter mathematically eradicates the glitch
state. By engineering specialized logic arrays at the J and K (or D) inputs, the next logical state succeeding 1001 is
forced to be 0000 synchronously aligned with the clock edge. No invalid states are ever generated. This pristine stability
renders the synchronous BCD counter indispensable for high-frequency digital clocks, precise frequency counters, and
multi-digit digital displays driving 7-segment decoders.

4.3 Remembering the Past: Flip-Flops and Sequential Logic

Up to this point, we have exclusively studied Combinational Logic Circuits (like adders, multiplexers, and decoders).
In a combinational circuit, the output depends only on the current state of the inputs. If you change the input, the
output changes instantly. Combinational circuits have absolutely no memory.

However, a computer cannot function without memory. It needs to store the result of an addition to use it in the
next step. To achieve memory, we must introduce the dimension of Time into our designs. We do this by creating
Sequential Logic Circuits.

In a sequential circuit, the output depends not only on the current inputs, but also on the previous state of the
circuit. The fundamental building block of all sequential logic—and therefore all computer memory—is a simple circuit
capable of storing exactly one bit of data (a '1’ or a ’0’). This circuit is called a Flip-Flop.

4.3.1 1. The Concept of Feedback and Triggering

How do we force logic gates to remember something? We use feedback. By taking the output of a gate and routing it
back around to its own input, we create a loop. If designed correctly, this loop will physically lock itself into a stable
state ('1” or ’0’) and hold that voltage indefinitely, even after the original input signal is removed.

Triggering: The Metronome of Logic

While a basic feedback loop (called a Latch) can store data, it is dangerously erratic. It will change its memory the
exact millisecond the input changes. In a complex CPU with billions of gates, signals arrive at different times due to
propagation delay. If memory cells react instantly to arriving signals, chaos ensues.

To solve this, Flip-Flops are controlled by a Clock (CLK). The clock is a continuous square wave (alternating
between '0’ and ’1’ at a specific frequency, like 3.2 GHz). The Flip-Flop is designed to ignore all inputs until the clock
gives a specific signal. This synchronization is called Triggering.

* Edge Triggering: The Flip-Flop only looks at the inputs and updates its memory at the exact microsecond the
clock transitions from 0 — 1 (Positive Edge) or 1 — 0 (Negative Edge). For the rest of the clock cycle, the inputs are
completely ignored.

4.3.2 2. The S-R (Set-Reset) Flip-Flop

The S-R Flip-Flop is the simplest memory circuit. It has two main inputs: * S (Set): Forces the memory to store a '1".
* R (Reset): Forces the memory to store a 0. It has a clock input (CLK), and two outputs: @ (the stored bit) and Q
(the inverted stored bit).

The Rules of Operation: * If S =0, R = 0: Hold. The Flip-Flop does nothing and remembers its previous
state. * If S =1, R = 0: Set. The Flip-Flop stores a 1’ (so Q@ =1). *If S =0, R = 1: Reset. The Flip-Flop stores a
0’ (so @ =0). *If S =1, R = 1: Invalid. Forcing a circuit to Set and Reset simultaneously creates an unpredictable
electrical race condition. This state is strictly forbidden.

5 — —Q
S-R
CLK — FF
R — b Q

Figure 4.5: The S-R Flip-Flop Block Symbol. The small triangle on the CLK input visually indicates that this circuit
is Edge-Triggered.
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4.3.3 3. The D (Data) Flip-Flop

The S-R Flip-Flop has a severe vulnerability: the S =1, R = 1 forbidden state. If a hardware glitch accidentally sends
two ’1’s, the system crashes.

Engineers solved this by inventing the D Flip-Flop. The D Flip-Flop removes the S and R pins entirely, replacing
them with a single Data (D) input. Internally, the D pin is connected directly to the S terminal, and an inverted
version of D is connected to the R terminal.

Because S and R are always the inverse of each other, it is physically impossible for them to both be ’1’ at the
same time. The forbidden state is eliminated.

Operation: The D Flip-Flop is incredibly simple. Whatever data is on the D pin ("1’ or ’0’) is instantly copied
into memory (@) the moment the clock edge hits. It is heavily used in computer registers and RAM.

4.3.4 4. The J-K Flip-Flop

While the D Flip-Flop solved the forbidden state by removing functionality, engineers wanted a Flip-Flop that kept the
Set/Reset abilities but fixed the glitch. The J-K Flip-Flop is the most versatile and widely used Flip-Flop in digital
design.

It has two inputs, J and K. The internal wiring takes the outputs (Q and Q) and feeds them all the way back to
the input gates. This complex feedback loop redefines the forbidden 1,1 state.

The Rules of Operation: *If J=0,K =0: Hold. *If J=1,K =0: Set (Q=1). *If J=0,K = 1: Reset
(Q=0). *If J =1, K = 1: Toggle. Instead of crashing, the circuit simply flips its current memory state. If it was
storing a ’1’, it becomes a ’0’. If it was a ’0’, it becomes a '1’.

4.3.5 5. The T (Toggle) Flip-Flop

If we take a J-K Flip-Flop and physically solder the J and K pins together into a single pin, we create a T Flip-Flop.
It only has one input: T (Toggle). * If T'= 0: The circuit holds its current state (equivalent to J =0, K =0). *
If T'=1: The circuit toggles its state on every clock edge (equivalent to J =1, K = 1).
T Flip-Flops are almost exclusively used to build digital counters and frequency dividers.

J— — Q@ — @

J-K T
FF FF

K — — Q o— ()

Figure 4.6: The J-K and T Flip-Flops. The J-K is the universal building block. The T Flip-Flop is simply a J-K
Flip-Flop with its inputs tied together.

4.3.6 6. The J-K Master-Slave Architecture

Even with edge triggering, a severe problem occurs in standard J-K Flip-Flops if they are configured to Toggle
(J =1,K = 1) and the clock pulse remains High for slightly too long. Because the outputs are wired directly back to
the inputs, the circuit will toggle, realize its new state, feed that back, and toggle again incredibly fast. The output will
oscillate wildly between 0 and 1 until the clock goes Low. This catastrophic failure is called Race-Around Condition.

To solve this, engineers created the Master-Slave architecture. Instead of one Flip-Flop, they cascade two standard
J-K Flip-Flops together.

1. The Master: The first Flip-Flop receives the external J, K, and Clock signals. 2. The Slave: The second
Flip-Flop takes its inputs strictly from the Master’s outputs. 3. The Trick (Inverted Clock): The Clock signal is
routed normally to the Master, but it is passed through a NOT gate before hitting the Slave.

How it prevents Race-Around: * When the Clock goes High (1), the Master turns ON and evaluates the J-K
inputs, updating its memory. However, because the clock is inverted, the Slave is completely OFF. The Master is
isolated from the final output. * When the Clock goes Low (0), the Master turns OFF, freezing its data. Simultaneously,
the Slave turns ON. The Slave copies the frozen data from the Master and pushes it to the final physical output.

Because the Master and Slave are never ON at the same time, the feedback loop is physically broken. The circuit
can only toggle exactly once per entire clock cycle, completely curing the Race-Around condition.
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Al IMAGE PLACEHOLDER
A highly detailed technical diagram of a Master-Slave J-K Flip Flop. Two distinct
blocks labeled 'Master” and ’Slave’ are shown. A clock wire enters the diagram,
branches off to the Master, and then passes through a distinct NOT gate before
connecting to the Slave. Bold arrows show data moving from Master to Slave.

Figure 4.7: The Master-Slave Configuration. By ensuring the input stage and output stage are never active simultane-
ously, the Master-Slave design guarantees absolute stability in sequential logic circuits.

4.3.7 Summary

Flip-Flops are the fundamental memory units of digital electronics, relying on feedback loops and strict Clock
Triggering to store a single bit of data. The S-R Flip-Flop provides basic Set and Reset functions but suffers from
a forbidden input state. The D Flip-Flop solves this by acting as a direct data copier. The J-K Flip-Flop is a
universal circuit that adds a reliable "Toggle" function. To prevent the unstable Race-Around condition during toggling,
the Master-Slave architecture uses two cascaded Flip-Flops driven by inverted clocks, ensuring the circuit’s input is
physically isolated from its final output during evaluation.

4.4 Moving Data: Shift Registers

A single Flip-Flop is incredibly useful—it can store exactly one bit of information. However, computer processors do
not deal with single bits. They process data in massive multi-bit "words" (like 8-bit bytes, or 64-bit strings).

To store a multi-bit word, we must cascade multiple Flip-Flops together in a line. A group of Flip-Flops connected
together to store a multi-bit binary number is called a Register.

Registers are the fastest and most crucial memory locations inside a computer CPU. But registers do more than
just passively hold data. By wiring the output of one Flip-Flop directly into the input of the next, we can command
the entire binary word to step sideways (shift) on every clock pulse. A register capable of doing this is called a Shift
Register.

4.4.1 1. Classification of Shift Registers

Data can be moved into or out of a register in two fundamental ways: * Serial Data: Data is moved one bit at a time,
over a single wire, in single-file. (Think of cars moving through a single-lane toll booth). * Parallel Data: All the bits
are moved simultaneously, over multiple separate wires, in one massive burst. (Think of cars driving down an 8-lane
highway side-by-side).

Because a register must both receive data (Input) and transmit data (Output), we can classify Shift Registers
into four distinct categories based on how they handle this traffic: 1. SISO: Serial-In, Serial-Out 2. STPQO: Serial-In,
Parallel-Out 3. PISO: Parallel-In, Serial-Out 4. PIPO: Parallel-In, Parallel-Out

In all of the following designs, we will use the D Flip-Flop because its simple "data copying" behavior is perfect
for moving bits. Furthermore, all Flip-Flops in a register are wired to the exact same global Clock wire, ensuring they
all act in perfect unison.

4.4.2 2. SISO: Serial-In, Serial-Out

The SISO Shift Register is the simplest configuration. It accepts data one bit at a time on a single input wire, and
spits it out one bit at a time on a single output wire.
Construction: We build a 4-bit SISO register using four D Flip-Flops. The @ output of the first Flip-Flop is
wired directly into the D input of the second. The @ of the second goes into the D of the third, and so on.
Operation: Imagine we want to store the binary word ‘1011‘ into the register. 1. The first bit (‘1) is applied to
the main input pin. 2. The Clock pulses. The first Flip-Flop copies the ‘1% 3. The next bit (‘1‘) is applied to the main
input. 4. The Clock pulses. The first Flip-Flop copies the new ‘1% Simultaneously, the second Flip-Flop copies the old
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‘1* from the first Flip-Flop. 5. This continues. After exactly 4 clock pulses, the entire word ‘1011¢ is stored sequentially
across the four Flip-Flops.

To read the data back out, we must wait for 4 more clock pulses. The data will literally fall out of the final Flip-Flop
one bit at a time. Primary Use Case: SISO registers act as digital "delay lines," stalling a signal by an exact number of
clock cycles.

Serial IN ———D Q D Q D Q D Q+— Serial OUT

D D D D
FF FF FF FF

CLK

Figure 4.8: A 4-Bit Serial-In Serial-Out (SISO) Shift Register. Data enters the left side and "shifts" one box to the
right every time the clock pulses.

4.4.3 3. SIPO: Serial-In, Parallel-Out

A SIPO register is physically constructed exactly the same way as the SISO register, with one major difference: we
solder a wire tap onto the @ output of every single Flip-Flop.

Operation: Data is loaded into the register one bit at a time (serially), requiring 4 clock pulses to load a 4-bit
word. However, once the 4 bits are fully loaded, we do not have to wait to read them out. Because every Flip-Flop has
a dedicated output wire attached to it, we can read the entire 4-bit word instantly, all at once (in parallel).

Primary Use Case: Data Formatting. Imagine a USB cable. USB stands for Universal Serial Bus. Data travels
over the cable one bit at a time to save copper. But your computer’s CPU processes data in massive parallel chunks.
A SIPO register sits at the USB port, catching the single-file bits, assembling them into a large parallel word, and
handing them to the CPU all at once.

Qo Q1 Q2 Q3
SeriallN—)—DQIDQIDQIDQT

FF FF FF FF

\J
L%
\J
L%
\J
L%
\J
L%

CLK

Figure 4.9: A 4-Bit Serial-In Parallel-Out (SIPO) Register. It receives a single stream of bits over time and provides a
snapshot of all the bits simultaneously on four parallel wires.

4.4.4 4. PISO: Parallel-In, Serial-Out

The PISO register does the exact reverse of the SIPO. It takes a massive parallel chunk of data and forces it into a
single-file line to be transmitted over a single wire.

Construction: The circuit is highly complex. Because every Flip-Flop needs to be able to accept data from two
different sources (either the parallel input wire from above, OR the serial shift wire from the Flip-Flop to its left), we
must place a 2:1 Multiplexer in front of the D pin of every Flip-Flop.

A global "Shift/Load" control wire commands all the multiplexers simultaneously. * When Shift /Load = 0
(Load Mode): The multiplexers connect the parallel input wires directly to the D pins. On the very next clock pulse,
the entire 4-bit word is instantly "jammed" into the register all at once. * When Shift/Load = 1 (Shift Mode):
The multiplexers disconnect the parallel inputs and connect the Q outputs of the previous Flip-Flops. The data now
shifts sideways out of the register one bit per clock pulse, exactly like a SISO.

Primary Use Case: Transmitting Data. When your computer’s CPU wants to save a file to an external USB hard
drive, it dumps a massive chunk of parallel data into a PISO register. The register then rapidly shifts that data out
sequentially over the single USB wire.
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4.4.5 5. PIPO: Parallel-In, Parallel-Out

The PIPO register is the fastest and most common register inside a CPU core.

Construction: It is brilliantly simple. There are no shifting interconnections between the Flip-Flops at all. The @
output of Flip-Flop 1 does not connect to the D input of Flip-Flop 2.

Every single Flip-Flop has its own dedicated input wire, and its own dedicated output wire. They are completely
isolated from one another, sharing only the global Clock wire.

Operation: Because there are 4 separate input wires, an entire 4-bit word is presented to the register simultaneously.
When the Clock pulses, all 4 Flip-Flops grab their respective bit instantly. The entire word is stored in exactly 1 clock
cycle. Because there are 4 separate output wires, the data can be read instantly.

Primary Use Case: CPU Internal Memory. The registers inside an Arithmetic Logic Unit (which hold the numbers
A and B being added together) are PIPO registers. Speed is absolute king, and waiting 64 clock cycles to load a 64-bit
number serially would be disastrous. PIPO registers load all 64 bits in 1 clock cycle.

Al IMAGE PLACEHOLDER
A split diagram showing two metaphors. Top half: "Serial Transfer" shows a toll
booth with cars lined up single file, passing through one by one. Bottom half:
"Parallel Transfer" shows eight race cars side-by-side on an 8-lane track, crossing
the finish line simultaneously.

Figure 4.10: Serial vs. Parallel. Serial transmission is slow but requires very few wires (ideal for long cables). Parallel
transmission requires many wires but is incredibly fast (ideal for internal microchip communication).

4.4.6 Summary

A Register is a group of Flip-Flops used to store a multi-bit word. By interconnecting the Flip-Flops, we create Shift
Registers capable of moving data. SISO registers delay serial data. SIPO registers convert incoming serial data
streams into parallel data chunks (used by receivers like USB ports). PISO registers take internal parallel data and
stream it out serially (used by transmitters). PIPO registers handle data entirely in parallel, offering maximum speed
for internal CPU operations where rapid data storage and retrieval are paramount.

4.5 Keeping Time: Digital Counters

A computer is inherently a machine that executes instructions in a specific sequence. To do this, it must be able to
count. It must count memory addresses, it must count clock cycles to measure time, and it must count how many
times a loop has executed.

A Counter is a specialized sequential logic circuit designed specifically to cycle through a predetermined sequence
of binary states upon receiving clock pulses. While Shift Registers merely move data sideways, Counters actually
increment or decrement a mathematical binary value.

In this section, we will explore the different architectures of counters, ranging from simple shifting loops to complex
synchronous mathematical circuits.

4.5.1 1. Shift Register Counters

Before diving into true mathematical counting, let us look at two simple counters that are built directly out of Shift
Registers by feeding the output back into the input.

The Ring Counter

A Ring Counter is a standard Serial-In Parallel-Out (SIPO) shift register, but with one crucial modification: the @
output of the very last Flip-Flop is wired directly back into the D input of the very first Flip-Flop.
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This creates a literal ring of data. To start the counter, the circuit must be explicitly "seeded" by forcing a single
'1” into the first Flip-Flop while clearing the rest to ’0’ (producing the state ‘1000‘). * On the 1st clock pulse, the "1’
shifts to the right: ‘0100° * On the 2nd clock pulse, it shifts again: ‘0010% * On the 3rd clock pulse: ‘0001% * On the
4th clock pulse, the '1’ hits the end of the line. Because of the feedback wire, it is instantly injected back into the
beginning: ‘1000°

The ’1’ runs around the ring indefinitely. A 4-bit Ring Counter has only 4 valid states. It is heavily used in simple
stepping motors where each coil must be energized in sequence.

The Johnson Counter (Twisted Ring)

The Johnson Counter is identical to the Ring Counter, except the inverted output (@) of the final Flip-Flop is fed
back to the D input of the first. This "twist" in the feedback loop creates a dramatically different sequence.

Starting at ‘0000‘: * Pulse 1: The final Q is 0, so Q is 1. A 1’ is fed in: ‘1000° * Pulse 2: The final is still 0, so
another 17 is fed in: ‘1100° * Pulse 3: ‘1110° * Pulse 4: ‘1111° * Pulse 5: Now the final Q is 1, so Q is 0. A 0’ is fed in:
‘0111¢ * Pulse 6: ‘0011 * Pulse 7: ‘0001 * Pulse 8: ‘0000‘ (Back to start).

A 4-bit Johnson counter generates 8 distinct states. It produces a very clean, predictable overlapping waveform
that is useful for generating complex timing signals.

Standard Ring Counter

Y Q Q Q|

Johnson "Twisted" Feedback

Figure 4.11: Shift Register Counters. The black wire shows the standard Ring Counter feedback (@ to D). The red
dashed wire shows the Johnson Counter feedback (Q to D), which doubles the number of states.

4.5.2 2. Asynchronous (Ripple) Counters

A true binary counter must count in standard binary sequence (0000,0001,0010,0011, etc.). To build this, we move
away from D Flip-Flops and exclusively use T (Toggle) Flip-Flops (or J-K Flip-Flops wired into Toggle mode with
J=1,K=1).

The defining characteristic of an Asynchronous Counter is that all the Flip-Flops do not share the same clock.

Construction of a 4-Bit Ripple Counter: * The external system clock is connected only to the CLK pin of the
first Flip-Flop (F'Fy, representing the Least Significant Bit). * The @ output of F'Fj is physically wired into the CLK
pin of the second Flip-Flop (FF}). * The @ output of FF; drives the CLK of FF5, and so on. * All T inputs are
permanently tied to logic '1’ (meaning they will toggle every time their specific clock pin is pulsed).

How it counts: If we use Negative-Edge triggered Flip-Flops: 1. Every time the main clock drops from 1 to 0,
FF) toggles. (It alternates 0, 1, 0, 1... just like the LSB in binary counting). 2. When F'F drops from 1 to 0, that
voltage drop acts as a clock pulse for FFy. So F'F; toggles. 3. When FF} drops from 1 to 0, it triggers F'F5 to toggle.

The signal "ripples" down the chain like falling dominoes.

The Flaw (Propagation Delay): Because F'F3 must wait for F'F5 to change, which must wait for F'F}, which
must wait for F'Fj, there is a massive delay before the final bit settles to its correct value. At high frequencies, this
ripple delay causes the counter to temporarily output completely random, garbage numbers while the dominoes are
falling. Therefore, Ripple Counters cannot be used in high-speed, precision CPUs.

4.5.3 3. Synchronous Up/Down Counters

To eliminate the ripple delay, engineers designed the Synchronous Counter. The defining characteristic here is absolute
synchronization: The external system clock is wired directly into every single Flip-Flop simultaneously.
Because all Flip-Flops receive the clock pulse at the exact same microsecond, they must all update simultaneously.
The delay is reduced to a single gate transition.
The Logic Problem: If all Flip-Flops share the clock, and all are T-Flip Flops, why don’t they all just toggle
back and forth between 0000 and 11117 To make them count in binary sequence (0000 — 0001 — 0010), we must use
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combinational logic gates to actively control the T" input of each Flip-Flop. We must prevent a Flip-Flop from toggling
unless it is mathematically supposed to.

The Counting Rule: In binary counting, a bit should only toggle if all the bits to its right are '1. * To go from
0011 — 0100, the 3rd bit must toggle because both bits to its right are ’1’.

Therefore, in a 4-bit Synchronous Up Counter: * Ty = 1 (The LSB always toggles). * T} = Qo (F'F; toggles only if
Qo=1). *Th, = Qo - Q1 (FF; toggles only if both Qg and Q1 are 1). * T5 = Qo - Q1 - Q2

Up/Down Control: By adding multiplexers, we can build a counter that counts backwards (1111 — 1110 — 1101).
A binary bit counts down when all bits to its right are '0’. By feeding @ into the AND gates instead of ), the counter
instantly reverses direction.

Al IMAGE PLACEHOLDER
A side-by-side technical drawing. Left side shows an "Asynchronous Ripple
Counter", depicting the clock signal snaking sequentially from one Flip-Flop to the
next like a falling row of dominoes. Right side shows a "Synchronous Counter",
depicting a massive, thick clock wire striking all Flip-Flops simultaneously like a
lightning bolt, with AND gates controlling the inputs.

Figure 4.12: Asynchronous vs. Synchronous. The Asynchronous design is cheap and easy to build but suffers from
severe speed limitations. The Synchronous design requires complex external logic gates but operates at blinding speeds
with zero ripple delay.

4.5.4 4. BCD / Decade Counters

A standard 4-bit binary counter naturally counts from 0 (0000) up to 15 (1111) before rolling over back to 0. This is
called a Modulo-16 (or Mod-16) counter.

However, humans count in base-10. If we want to connect a counter to a 7-segment digital display (like on a digital
clock or a microwave timer), we cannot let the counter reach 1010 (10). We need a counter that counts 0, 1,2, ...9, and
then immediately resets back to 0.

This is called a Decade Counter (or BCD Counter). It is a Modulo-10 counter.

How it is built: A Decade Counter is simply a standard 4-bit Ripple or Synchronous counter with an extra "reset"
circuit bolted onto it. We connect a NAND gate to the asynchronous Clear (CLR) pins of all the Flip-Flops. The
inputs to this NAND gate are wired to the specific bits that go High when the number ’10’ is reached (Q3 and Q1,
because 10 = 10102).

1. The counter counts normally: 0,1,2...8,9. 2. On the next clock pulse, the counter temporarily hits 10105 (10).
3. Instantly, both inputs to the NAND gate become ’1. The NAND gate fires a ’0’ signal to the Clear pins. 4. All
Flip-Flops are instantly violently reset to ’0’. The number "10’ existed for perhaps one nanosecond before becoming
0000. 5. The counter continues: 0,1, 2...

4.5.5 Summary

Counters are the clocks and timers of the digital world. Ring and Johnson counters are simple modified shift
registers used for sequencing. Asynchronous (Ripple) Counters cascade the clock signal from one Flip-Flop to
the next, causing a slow domino-effect delay. Synchronous Counters cure this delay by clocking all Flip-Flops
simultaneously, using complex AND-gate logic to determine which bits should toggle. Finally, Decade (BCD)
Counters are modified 4-bit counters designed to forcefully reset themselves upon reaching 10102 (10), making them
perfectly suited for human-readable decimal displays.
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CHAPTER 5

Introduction to Memories and logic families

5.1 Introduction and Types of Memory

In any digital system, especially in microprocessors and microcontrollers, the ability to store data and instructions is
paramount. This storage capability is provided by semiconductor memories. Memories are essentially arrays of storage
cells, where each cell can hold a single bit of information (a 0 or a 1). These cells are organized into groups, typically
words or bytes, which can be uniquely addressed and accessed by the central processing unit (CPU).

Box[Semiconductor Memory| Semiconductor memory is an electronic data storage device, often used as computer

memory, implemented on a semiconductor-based integrated circuit. It stores digital information in the form of
binary values (bits) using active electronic components like transistors and capacitors.

Concept The defining characteristic of any memory device is its capacity (how much data it can hold) and its
access time (how quickly the data can be read from or written to it). Memory in a digital system is organized
hierarchically to balance cost, capacity, and speed.

Digital memories are broadly classified into two primary categories based on their operational characteristics and
data retention capabilities: Random Access Memory (RAM) and Read-Only Memory (ROM).

5.1.1 Random Access Memory (RAM)

Random Access Memory (RAM) is a type of volatile memory that allows data to be read and written in almost the
exact same amount of time irrespective of the physical location of data inside the memory. The term "Random Access'
stems from the fact that any storage location can be accessed directly, unlike sequential access memories (like magnetic
tapes) where the access time depends on the data’s physical location.

RAM is primarily used as the main working memory in a computer system, storing the operating system, application
programs, and data currently in active use so that they can be quickly reached by the device’s processor.

Volatility of RAM

RAM is essentially volatile. This means it requires a continuous power supply to retain the stored information. If
the power is turned off or interrupted, all the data stored in RAM is immediately and permanently lost. Therefore,
RAM cannot be used for permanent data storage.

RAM is further subdivided into two main technologies: Static RAM (SRAM) and Dynamic RAM (DRAM).

Static RAM (SRAM)

Static RAM uses a bistable latching circuitry (typically a flip-flop constructed from four to six transistors) to store
each bit. The term "static' indicates that the memory retains its contents as long as power is continuously applied,
without the need for periodic refreshing.

Working Principle: An SRAM cell is made up of cross-coupled inverters forming a bistable latch. These transistors
are constantly drawing a small amount of power to maintain their state (either 0 or 1). Because there are no capacitors
involved that leak charge, the data remains stable indefinitely as long as the power is on.



Advantages of SRAM:

o High Speed: SRAM is significantly faster than DRAM. The access time is typically in the range of a few
nanoseconds, making it ideal for high-speed operations.

« No Refresh Required: Due to its static nature, there is no overhead of refresh cycles, simplifying the memory
controller design.

Disadvantages of SRAM:

o High Cost: Since each bit requires multiple transistors (typically six), the manufacturing cost per bit is much
higher than DRAM.

e Lower Density: The large number of transistors per cell means fewer bits can be packed into a single integrated
circuit, resulting in lower storage density.

o Higher Power Consumption: The continuous current flow required to hold the state makes SRAM consume
more power compared to DRAM under certain conditions.

Application of SRAM

Due to its blazing fast speed and high cost, SRAM is exclusively used where speed is the most critical factor. The
most common application of SRAM is in the Cache Memory (L1, L2, L3 caches) built directly into or placed
very close to the CPU.

Dynamic RAM (DRAM)

Dynamic RAM stores each bit of data in a tiny capacitor within an integrated circuit. The capacitor can be either
charged (representing a 1) or discharged (representing a 0).

Working Principle: The structure of a DRAM cell is remarkably simple, consisting of just one transistor and one
capacitor (1T1C cell). The transistor acts as a switch that allows the memory controller circuit to read the capacitor’s
state or change it. However, because real capacitors are not perfect, the charge stored in them slowly leaks away.

The Need for Refresh

Because the charge on the DRAM capacitors leaks over time, the data would eventually be lost even while the

power is on. To prevent this, the memory controller must periodically read the data and rewrite it, restoring the
charge to its original level. This process is called refreshing. The term "dynamic" reflects this constant need for
refreshing, which typically occurs hundreds of times per second.

Advantages of DRAM:

e High Density: The simple one-transistor, one-capacitor cell architecture allows for an extremely high packaging
density. Billions of DRAM cells can be packed onto a single memory chip.

e Low Cost: The structural simplicity makes DRAM significantly cheaper to manufacture per bit compared to
SRAM.

Disadvantages of DRAM:

e Slower Speed: DRAM access times are generally slower than SRAM because of the time required to charge and
discharge the capacitors, and the overhead introduced by the periodic refresh cycles.

e« Complex Control Circuitry: The need for periodic refreshing requires a more complex memory controller to
manage the refresh operations without interfering with standard read/write requests.

Application of DRAM

The high density and low cost make DRAM the perfect choice for the Main Memory (System RAM) in computers,
smartphones, and gaming consoles, where large capacities (Gigabytes to Terabytes) are required at an affordable
price.

Comparison between SRAM and DRAM:
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Parameter SRAM (Static RAM) DRAM (Dynamic RAM)

Storage Element Flip-flops (Transistors) Capacitors

Data Retention Retains data as long as power is Charge leaks; requires continuous
applied. refreshing.

Speed Very fast (low access time). Slower compared to SRAM.

Complexity Complex hardware (4 to 6 Simple hardware (1 transistor and 1
transistors per cell). capacitor per cell).

Density Low density (less data per chip). High density (more data per chip).

Cost Expensive. Less expensive.

Power Consumption Consumes more power continuously. | Consumes less power, but spikes

during refresh.
Application CPU Cache memory (L1, L2, L3). Main System Memory.

Table 5.1: Comparison of SRAM and DRAM Characteristics

5.1.2 Read-Only Memory (ROM)

Read-Only Memory (ROM) is a type of non-volatile memory used primarily to store permanent or semi-permanent
data. Unlike RAM, data stored in ROM cannot be easily modified or, in some forms, cannot be modified at all after its
initial programming. The primary function of ROM is to read data rapidly.

Concept The most important characteristic of ROM is its non-volatility. This means that ROM retains its stored
data even when the power supply is completely removed. This makes it ideal for storing critical system instructions,
such as the firmware or BIOS (Basic Input/Output System) required to boot up a computer.

Over the years, ROM technology has evolved from completely inflexible pre-programmed chips to highly versatile
electrically erasable ones. The main types of ROM include Mask ROM, PROM, EPROM, and EEPROM.
Mask ROM (MROM)

Mask ROM is the oldest type of ROM. The data is physically programmed into the integrated circuit by the manufacturer
during the fabrication process. A photographic mask is used to define the interconnections that represent the binary 1s
and Os.

e Pros: Very cheap for mass production, highly reliable.

e Cons: Absolutely no flexibility; if there is an error in the data, the entire batch of chips is rendered useless. It
cannot be reprogrammed by the user.
Programmable ROM (PROM)

Programmable ROM allows the user (or equipment manufacturer) to program the memory themselves, but only once.
A PROM chip is manufactured blank, containing an array of microscopic intact fuses.

e Working: The user uses a special device called a PROM programmer. To write a ’0’ to a specific bit, a
higher-than-normal voltage is applied to permanently burn (blow) the tiny fuse associated with that cell. Intact
fuses represent a ’1’.

e Pros: Allows custom programming without paying for expensive custom masks.

e Cons: One-Time Programmable (OTP). Once a fuse is blown, it cannot be reversed. If an update is required,
the PROM chip must be discarded and replaced with a newly programmed one.

Erasable Programmable ROM (EPROM)

Erasable Programmable ROM solved the one-time limitation of PROM. EPROM can be programmed, erased, and
reprogrammed multiple times. It uses Floating-Gate Transistors to trap electrons, representing the data.

e Working: Data is written electrically using an EPROM programmer. To erase the data, the entire chip is
exposed to strong Ultraviolet (UV) light for about 10 to 30 minutes. EPROM chips are easily recognizable by the
transparent quartz window on top of the package, which lets the UV light strike the silicon die.
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¢ Pros: Reusable, saving costs during prototyping and development phases where code needs frequent updates.

e Cons: The erasing process is cumbersome. The chip must be physically removed from the circuit, placed in a UV
eraser, and the entire chip is wiped clean at once. You cannot erase just a single byte. Furthermore, to prevent
accidental erasure from sunlight, the quartz window must be covered with an opaque sticker in normal use.

Electrically Erasable Programmable ROM (EEPROM)

Electrically Erasable Programmable ROM represents a significant leap in memory technology. Like EPROM, it uses
floating-gate transistors, but it overcomes the physical limitations of UV erasure.

e Working: Both erasing and programming are done electrically, entirely within the circuit, without needing a
dedicated programmer device or UV light. By applying specific voltage pulses, electrons can be added to or
removed from the floating gates.

o Pros: Extremely versatile. It can be erased and reprogrammed in-circuit. Most importantly, EEPROM allows
for byte-level erasure and rewriting. This means you can update a single byte of data without having to erase the
entire chip.

o Cons: The write and erase operations are relatively slow compared to RAM read/write speeds. Furthermore,
EEPROM has a finite lifespan, typically limited to tens or hundreds of thousands of erase/write cycles per byte,
after which the insulating oxide layer degrades.

Flash Memory vs. EEPROM

Flash memory is a very popular modern descendant of EEPROM technology. The primary difference lies in how
they erase data. While traditional EEPROM erases data byte-by-byte, Flash memory erases data in large "blocks"
or "sectors." This block-wise operation makes Flash memory significantly faster and cheaper to produce at high
densities, making it the standard for USB flash drives, Solid State Drives (SSDs), and smartphone storage.

Comparison of ROM Types:

Type Programmability Erasability Primary Use Case
Mask ROM Programmed during Cannot be erased. High-volume consumer
manufacturing. electronics, fixed
embedded code.
PROM Programmed once by user | Cannot be erased. Low-volume custom code,
(OTP). initial prototyping.
EPROM Programmed electrically. Erased via UV light Development environments
exposure. where entire code changes
often.
EEPROM Programmed electrically. Erased electrically Storing configuration data,
(Byte-level). user settings, BIOS.

Table 5.2: Comparison of Different ROM Technologies

5.2 Overview of Different Logic Families

In the realm of digital electronics, a logic family refers to a comprehensive set of integrated circuit (IC) logic gates that
are constructed using the same fundamental electronic components (such as transistors, resistors, and diodes) and
the identical manufacturing technology. Because all the logic gates within a specific family are built using parallel
underlying circuitry techniques, they possess highly compatible electrical characteristics. This innate compatibility
ensures that the output of one gate can be seamlessly and reliably connected to the input of another gate within
the same family without requiring any intermediate interfacing circuitry or voltage translators. Understanding the
performance parameters and behavioral characteristics of these logic families is absolutely crucial for designing reliable,
efficient, and robust digital systems.

5.2.1 Performance Characteristics and Definitions

To appropriately select a logic family for a specific application, engineers rely on a set of standardized performance
parameters. These parameters govern how the logic gates will perform in terms of speed, power consumption, signal
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integrity, and load-driving capability. Below are the fundamental definitions of the key characteristics used to evaluate
and compare logic families.

Box[Fan-in| Fan-in refers to the maximum number of input terminals that a specific logic gate can accommodate
without compromising its designed electrical specifications or intended logical functionality.

In practical terms, the fan-in of a logic gate dictates how many distinct logical signals can be processed simultaneously
by that single gate. For instance, a 2-input AND gate has a fan-in of 2, while a 4-input NAND gate has a fan-in of 4.
Increasing the number of inputs generally increases the internal complexity and the parasitic capacitance of the gate,
which can slightly degrade the operating speed and alter the voltage levels. Thus, manufacturers provide gates with
standardized fan-in values (e.g., 2, 3, 4, or 8) to maintain optimal performance across the logic family.

Box[Fan-out] Fan-out is defined as the maximum number of standard logic inputs of the same logic family that

the output of a single logic gate can reliably drive without causing the output voltage levels to fall out of the
acceptable logic high or logic low ranges.

Fan-out is essentially a quantitative measure of the load-driving capability of a gate. Every input connected to
a gate’s output draws a small but finite amount of current. If a gate’s output is connected to too many inputs, the
cumulative current draw might exceed the maximum current the output transistor can supply (source) or absorb (sink).
When this overloading happens, the output voltage may drop below the required minimum for a logic HIGH or rise
above the required maximum for a logic LOW, leading to indeterminate logic states and unpredictable system behavior.

Calculating Fan-out

Suppose a standard TTL logic gate can supply a maximum output current (called source current, Ipg) of 400 pA
when its output is in the HIGH state. If each standard TTL input requires a HIGH-level input current (I7z) of
40 A, the fan-out in the HIGH state can be calculated as:

Iog  400uA

Fan-out = = =
an-ou T 10 A

This means the driving gate can reliably drive up to 10 standard inputs. Exceeding this number could lead to a
severe drop in the output HIGH voltage, resulting in logic errors down the line.

\. J

Exceeding Fan-out Limits

Exceeding the specified fan-out limit of a logic gate can severely compromise signal integrity. It not only degrades
the voltage levels but also significantly increases the propagation delay of the driving gate due to the added
capacitive load, potentially causing critical timing violations in synchronous digital circuits.

,
\

Box[Noise Margin] Noise margin is the maximum amplitude of an extraneous, unwanted electrical signal (noise)

that can be superimposed onto the input voltage of a logic gate without causing an undesired or false change in
the output logic state.

Digital circuits often operate in harsh environments saturated with electromagnetic interference (EMI) generated
by switching transients, power supply ripples, or nearby electromechanical devices. Noise margin acts as a safety buffer
against these disturbances. There are two distinct noise margins mathematically specified for logic gates:

+ High-Level Noise Margin (Vyg): The difference between the minimum guaranteed output HIGH voltage
(VoH (min)) and the minimum required input HIGH voltage (V7 (min)). The formula is Vg = Vo g (min) = Vid (min)-

+ Low-Level Noise Margin (Vi): The difference between the maximum allowed input LOW voltage (V7 (max))
and the maximum guaranteed output LOW voltage (Vor,(max))- The formula is Vr, = Vifmax) — VorL(max)-

A higher noise margin inherently implies that the logic circuit is highly immune to electrical noise, making it perfectly
suited for industrial, automotive, or aerospace environments.
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Figure 5.1: Visualization of Voltage Levels and Noise Margins in Digital Logic Circuits

Box[Propagation Delay] Propagation delay (t,;) is the time interval required for a change in the input signal of
a logic gate to produce a corresponding change in its output signal.

Due to the internal parasitic capacitance of transistors and the physical time required for charge carriers to traverse
semiconductor junctions, logic gates cannot respond instantaneously to input changes. The propagation delay is
generally measured between the 50% voltage points of the input and output transitions. There are two specific
propagation delays considered:

e tpur: The time delay when the output transitions from a logic HIGH to a logic LOW.

e tpru: The time delay when the output transitions from a logic LOW to a logic HIGH.
The average propagation delay is routinely calculated as t,q = W For high-speed applications like computer
microprocessors and network backbone routers, logic families boasting the lowest possible propagation delay are
absolutely essential.

Box[Power Dissipation] Power dissipation (Pp) is the total amount of electrical power consumed by a logic gate
during its operation, typically expressed in milliwatts (mW) or microwatts (uW).

Power dissipation consists of two primary components:

o Static Power Dissipation: The power consumed when the gate is holding a steady logic state (not switching).
This is primarily due to inevitable leakage currents flowing through the transistors.

e Dynamic Power Dissipation: The power consumed exclusively during the switching transitions between
logic states. This occurs due to the charging and discharging of internal and external load capacitances, as
well as momentary short-circuit currents when both pull-up and pull-down networks are briefly conducting
simultaneously.

In modern electronics, especially battery-operated portable devices like smartphones, tablets, and laptops, minimizing
power dissipation is a paramount design constraint to ensure prolonged battery life and prevent thermal throttling.

Box[Figure of Merit] Figure of Merit (Speed-Power Product) is a comprehensive metric used to evaluate

the overall efficiency of a logic family. It is defined as the product of the propagation delay (¢,4) and the power
dissipation (Pp) of a logic gate.
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The Figure of Merit (FOM), frequently known as the Speed-Power Product (SPP), is measured in Joules (or more
commonly, picojoules, pJ).
Figure of Merit = t,q X Pp

There is an inherent and inescapable trade-off in semiconductor digital design: increasing the speed of a gate (reducing
propagation delay) generally requires increasing the internal current flow, which proportionately increases power
dissipation. Conversely, reducing power consumption often starves the transistors of current, thereby slowing down the
gate. The Figure of Merit provides a balanced, holistic perspective; a lower Figure of Merit unequivocally indicates a
more technologically advanced and efficient logic family because it successfully achieves a desirable balance between
high speed and low power consumption.

Concept When selecting a logic family for a complex digital system, the Figure of Merit serves as a paramount
benchmark. A logic family with a lower Figure of Merit is generally vastly superior, as it consumes significantly
less energy to perform a single logic operation.

5.3 Comparison of Different Logic Families (TTL, CMOS, ECL)

Over the decades of semiconductor evolution, several distinct logic families have been rigorously developed, each bearing
unique advantages and inherent drawbacks. The three most historically significant and technologically foundational logic
families are Transistor-Transistor Logic (TTL), Complementary Metal-Oxide-Semiconductor (CMOS), and Emitter-
Coupled Logic (ECL). Comprehending the fundamental differences between these families is profoundly vital for making
informed and optimal engineering decisions.

5.3.1 Transistor-Transistor Logic (TTL)

Introduced commercially in the 1960s, TTL became the undisputed industry standard for digital logic design for many
years. As the nomenclature implies, TTL circuits rely exclusively on Bipolar Junction Transistors (BJTs) to elegantly
perform both the logic functions and the necessary signal amplification.

Characteristics of TTL:

o Speed: TTL offers relatively fast and reliable switching speeds, making it highly suitable for a wide array of
general-purpose digital applications. Its typical propagation delay hovers around 10 nanoseconds (ns).

e Power Dissipation: Because TTL architectures utilize BJTs—which require a continuous base current to
remain in saturation—it possesses a comparatively high power dissipation (typically around 10 mW per standard
gate). This characteristic renders standard TTL wholly unsuitable for battery-powered or tightly packed thermal
environments.

o Noise Margin: The noise margin of TTL is strictly moderate, typically around 0.4V. It is somewhat susceptible
to ambient electrical noise if the system power supply is not rigorously regulated.

e Fan-out: A standard TTL output stage generally guarantees a reliable fan-out of 10 standard TTL inputs.

While mostly superseded by CMOS, TTL is largely considered a legacy technology today, though specifically modified
versions (like Low-power Schottky TTL) are still occasionally utilized in niche applications due to their electrical
ruggedness and driving capabilities.

5.3.2 Complementary Metal-Oxide-Semiconductor (CMOS)

CMOS stands today as the overwhelmingly dominant logic family in modern electronics. It ingeniously utilizes both
N-channel and P-channel Metal-Oxide-Semiconductor Field-Effect Transistors (MOSFETs) arranged in a complementary
and perfectly symmetrical configuration.

Characteristics of CMOS:

e Power Dissipation: The absolute most striking and revolutionary advantage of CMOS is its incredibly low static
power dissipation. Because the N-channel and P-channel transistors are structurally forbidden from being fully
ON simultaneously during a steady state, virtually zero static current flows from the supply rail to the ground
rail. Power is significantly consumed only during the active switching transitions (dynamic power dissipation).
This unique trait makes CMOS perfectly ideal for microprocessors, high-density memory chips, and portable
consumer devices.
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o Noise Margin: CMOS natively offers an excellent noise margin, often approaching 45% of the total supply

voltage (Vpp). It is exceptionally robust against severe electrical interference.

Fan-out: Because the logic inputs of CMOS gates are the heavily insulated gates of the underlying MOSFETS,
they boast an astronomically high input impedance. This means they draw virtually zero steady-state current,
leading to a massive and practically unlimited fan-out capability for low-frequency signals (often greater than 50
standard inputs).

Speed: Historically, earlier iterations of CMOS were markedly slower than TTL. However, advanced lithographic
manufacturing processes and continuously shrinking transistor geometries have empirically allowed modern CMOS

to effortlessly match and often significantly exceed the operational speeds of older bipolar technologies.

5.3.3 Emitter-Coupled Logic (ECL)

ECL is a highly specialized and aggressive logic family designed explicitly for one single overriding purpose: blistering,
unadulterated speed. It is fundamentally a bipolar technology, but unlike TTL, the transistors in ECL circuits are
meticulously prevented from ever entering the saturation region. They operate entirely and continuously in the active
region, functioning effectively as differential amplifiers.

Characteristics of ECL:

e Speed: Because the internal transistors do not fully saturate, they completely sidestep the debilitating charge

storage delays inherent in saturated BJTs. Consequently, ECL proudly boasts the lowest propagation delay
of all silicon logic families, routinely achieving switching times of less than 1 ns. It is exclusively deployed in
applications where maximum absolute speed is paramount, such as high-frequency radar signal processing, nuclear
instrumentation, and elite supercomputer architectures.

Power Dissipation: The extreme speed inevitably comes at an exorbitant energetic cost. Since the transistors are
perpetually active and continuously drawing substantial current, ECL suffers from the highest power dissipation
of all logic families (often wildly exceeding 40-50 mW per single gate). Dense ECL digital systems absolutely
require substantial, elaborate, and often liquid-based cooling mechanisms.

Noise Margin: The intentional voltage swing between HIGH and LOW logic states in ECL is kept purposely
very small (typically less than 0.8V) to brutally minimize the time required to complete a transition. However,
this dramatically compressed voltage swing predictably results in a very poor noise margin, making ECL circuits

extremely highly sensitive to external electrical interference and crosstalk.

5.3.4 Comparative Summary

The stark differences and trade-offs between these three major foundational logic families can be succinctly summarized
across their key performance parameters. This side-by-side comparison greatly helps electronics engineers mathematically
determine the appropriate technological trade-offs for their precise design requirements.

Parameter TTL (Standard) CMOS (Standard) ECL

Basic Bipolar Junction Transistors | MOSFETs (Complementary) | Bipolar Junction Transistors

Component (BJTs) (BJTs)

Propagation Moderate (~10 ns) Historically slow, but modern | Extremely Fast (~1 ns or

Delay CMOS is very fast less)

Power High (~10 mW /gate) Extremely Low (Static), Very High (~40-50 mW /gate)

Dissipation Increases with frequency

Noise Margin Moderate (~0.4 V) Excellent (~45% of Vpp) Poor (~0.2 V)

Fan-out Typical (10) Very High (>50) High (25)

Figure of Merit | High (around 100 pJ) Very Low (highly efficient) High (due to massive power

(SPP) draw)

Primary Legacy systems, robust Microprocessors, memory, High-speed computing, radar,

Applications general-purpose interfacing battery-operated devices high-frequency
communications

Table 5.3: Comprehensive Comparison of Major Logic Families



https://milav.in

Application Selection

If an engineering team is successfully designing a low-power digital pedometer or a smart watch, CMOS is
categorically the only viable technological choice due to its near-zero static power consumption, effectively ensuring
the tiny internal battery easily lasts for months or years.

Conversely, if the same engineering team is tasked with designing a front-end pre-scaling frequency divider for a 5
GHz aerospace telecommunications satellite receiver, the sheer, uncompromising speed requirement unequivocally
mandates the use of ECL. The team must simply accept and engineer around the necessity of implementing
extensive, heavy heat sinks and highly robust power supplies to safely handle the immense power dissipation.

5.4 E-waste Management of Digital ICs/Chips

5.4.1 Introduction to Electronic Waste in the Semiconductor Era

The rapid advancement in semiconductor technology, historically driven by the relentless pace of Moore’s Law, has
profoundly transformed human society. However, this progress comes with a hidden cost: a significant decrease in
the lifecycle of electronic devices. As newer, faster, and more power-efficient digital Integrated Circuits (ICs) and
microprocessors are developed, older devices quickly become obsolete. From smartphones and laptops to IoT (Internet
of Things) sensors and automotive control units, the continuous cycle of upgrading generates a rapidly growing global
issue known as Electronic Waste, or e-waste.

Box[Electronic Waste (E-waste)] Electronic waste refers to discarded electrical or electronic devices and their

sub-assemblies. In the context of digital electronics, e-waste specifically focuses on printed circuit boards (PCBs),
microprocessors, memory chips, logic gates, and other semiconductor devices that have reached the end of their
useful life and are destined for salvage, recycling, or disposal.

When we specifically discuss digital ICs and chips, e-waste management becomes highly specialized. Unlike
bulk electronic components like steel casings or large copper transformers, microchips involve a microscopic scale of
components, a highly complex mixture of intertwined materials, and the presence of both immensely valuable precious
metals and hazardous toxic substances.

5.4.2 Material Composition of Digital Integrated Circuits

To understand how to manage the end-of-life of digital ICs, an engineer must first understand the precise material
composition used in manufacturing them. A typical digital chip is not merely a piece of silicon; it is a highly engineered
composite of over sixty different elements from the periodic table.

e Substrate and Semiconductor Material: The core of the IC, the die, is made of highly purified monocrystalline
silicon (Si). This silicon is selectively doped with minute amounts of elements like boron (B), phosphorus (P), or
arsenic (As) to create p-type and n-type semiconductor regions.

o Interconnects and Solder Joints: Modern high-performance chips utilize multi-layered copper (Cu) intercon-
nects for internal logic wiring. The external interface, such as pins on a DIP (Dual In-line Package) or solder
balls on a BGA (Ball Grid Array), historically relied on lead-tin (Pb-Sn) solder. Modern chips use lead-free
alternatives containing tin, silver (Ag), and copper (commonly known as SAC alloys).

e Precious Metals: Due to its excellent electrical conductivity, ductility, and absolute resistance to oxidation,
gold (Au) is extensively used for wire bonding—the microscopic wires connecting the silicon die to the external
package frame. Palladium (Pd) and silver are also common in plating and internal capacitor materials inside the
chip package.

e Packaging and Encapsulation: The protective outer shell of an IC is typically composed of epoxy resins,
ceramics, or hard plastics. To prevent the chip from igniting during a short circuit or thermal runaway, these
plastics are heavily infused with Brominated Flame Retardants (BFRs).

Hazardous Materials in Older Chips

Many older digital ICs manufactured before the widespread adoption of environmental regulations contain
significant amounts of lead (Pb) in their solder and cadmium (Cd) in various components. If these chips are
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improperly disposed of in regular landfills, acidic rainwater can cause these heavy metals to leach into the
groundwater, posing severe neurological, reproductive, and environmental health risks to local populations.

5.4.3 Environmental and Health Impacts of Improper Disposal

When digital ICs are improperly disposed of—such as being incinerated or dumped in standard municipal landfills—the
environmental consequences are devastating. Incineration of epoxy resins containing BFRs at low temperatures releases
highly toxic dioxins and furans into the atmosphere, which are known carcinogens and persistent organic pollutants.

Furthermore, the informal recycling sector, particularly in developing nations, poses extreme health and environ-
mental risks.

Informal E-waste Processing in Developing Nations

In various informal e-waste hubs around the world, unskilled workers without personal protective equipment (PPE)
attempt to recover valuable metals from electronic boards. They often use open-pit burning to melt plastics and
access the copper, or bathe the computer chips in unventilated vats of aqua regia (a highly corrosive mixture
of nitric and hydrochloric acid) to dissolve the gold. These primitive practices release toxic smoke and dump
corrosive, heavy-metal-laden acid directly into rivers and soil, leading to severe respiratory illnesses, heavy metal
poisoning, and the total ecological collapse of the surrounding environment.

5.4.4 The E-waste Management Hierarchy for Digital Chips

To combat these environmental disasters, modern e-waste management follows a structured hierarchy. This hierarchy
prioritizes environmental sustainability, energy efficiency, and maximum resource recovery.

1. Source Reduction and Eco-Design (Green Electronics)

The most effective way to manage e-waste is to prevent it from being generated. For digital ICs, this involves proactive
engineering during the design phase.

o Design for Environment (DfE): Transitioning completely to lead-free solders and halogen-free packaging
materials to ensure that chips are inherently less toxic when they inevitably reach the end of their lifecycle.

e Standardization and Modularity: Designing electronic systems where individual critical chips, such as
processors or memory modules, can be easily detached and upgraded without requiring the disposal of the entire
motherboard.

2. Reuse, Repurposing, and Downcycling

Before destroying a chip to recycle its raw materials, functional ICs should be recovered. Processing raw silicon into
a functional microprocessor is incredibly energy-intensive; reusing a chip preserves all the embedded energy of its
manufacture.

e Component Harvesting: Specialized desoldering techniques, utilizing hot air rework stations or infrared
heating beds, can carefully remove functional microcontrollers, flash memory chips, and logic gates from discarded
printed circuit boards. These chips can be verified, repackaged, and resold.

o Downcycling: A high-end microprocessor that is considered too slow for modern high-frequency trading or
gaming might still be perfectly adequate to serve as a logic controller in a smart home appliance, industrial
robotics, or educational development board.

3. Recycling and Material Recovery

When an IC is physically damaged, irreversibly failed, or completely technologically obsolete, material recovery becomes
the final viable step. Recycling digital chips is a multi-stage, technologically intensive process designed to extract
maximum material value with minimum environmental harm.

5.4.5 The Industrial IC Recycling Process

The formal process of recycling digital chips is a sophisticated sequence of mechanical and chemical engineering
operations.
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1. Collection and Sorting: E-waste is collected from consumers and industries. Automated optical sorting systems
and Al-driven robotics separate densely populated logic boards from less valuable components like plastic casings.

2. Dismantling and Depopulation: To separate the ICs from the main circuit board, the boards are passed
through specialized heating tunnels. The solder melts, and a combination of vibration and mechanical sweeping
gently detaches the ICs, capacitors, and resistors.

3. Mechanical Shredding and Separation: The concentrated batch of detached ICs is mechanically pulverized
into a fine dust. Air classifiers, magnetic separators, and eddy current separators are used in sequence to
isolate ferromagnetic metals (iron, nickel) and non-ferrous bulk metals (aluminum, bulk copper) from the plastic
packaging dust and silicon fragments.

4. Metallurgical Extraction: The remaining concentrated metallic dust, highly rich in precious metals (gold,
silver, palladium) and residual copper, undergoes advanced chemical extraction:

o Pyrometallurgy: The pulverized chips are smelted in advanced high-temperature furnaces. The plastics burn
off (providing heat energy), while the metals melt into an alloy. The heavy metals settle, while silicon and
glass form a slag on top. The resulting metal alloy is then chemically refined.

e Hydrometallurgy: The metallic dust is submerged in strong chemical solvents, such as cyanide solutions,
thiourea, or specialized acids, to dissolve the precious metals selectively into a liquid state. Through
electrolysis or chemical precipitation, pure gold and silver are extracted from the liquid. This method yields
extremely high purity but generates toxic wastewater that requires stringent, expensive treatment.

o Bio-metallurgy (Bio-leaching): An emerging, environmentally friendly technique where specially engineered
microorganisms, such as the bacteria Acidithiobacillus ferrooxidans, naturally oxidize and dissolve metals
from the e-waste matrix into an aqueous solution. While slower than chemical methods, it is vastly safer
and requires minimal energy.
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Figure 5.2: The formal closed-loop recycling workflow of digital integrated circuits.

5.4.6 Challenges in Modern IC Recycling

Despite significant technological advancements in metallurgy and separation, recycling modern digital ICs remains
fraught with engineering and economic challenges.

o Extreme Miniaturization: As semiconductor fabrication nodes shrink (moving towards sub-3nm architectures),
the absolute quantity of precious metals per individual chip decreases dramatically. This "dilution" makes it
increasingly difficult to economically justify the vast amounts of energy and chemical reagents required for
extraction.

e Thermodynamic Limits of Complex Alloys: Modern chips utilize intricate microscopic alloys of dozens of
different elements to achieve specific electrical characteristics. Separating these intimately bound elements back
into their pure elemental forms pushes against thermodynamic limits and is often not chemically feasible on an
industrial scale without extreme energy input.

e Economic Volatility: The formal e-waste recycling industry heavily depends on the fluctuating global market
prices of precious commodities like gold, silver, and copper. If commodity prices drop significantly, recycling
companies may find their extraction operations operating at a severe financial loss.
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Concept The ultimate paradigm shift required in the semiconductor industry is moving towards a Circular
Economy. This demands that digital ICs be engineered not just for raw performance and miniaturization, but
fundamentally for recyclability. The goal is to "close the loop," ensuring the complex materials from today’s
discarded microprocessors become the exact, high-quality raw materials for tomorrow’s technology, theoretically
producing zero landfill waste.

5.4.7 Regulatory Frameworks Governing IC Disposal

To enforce responsible e-waste management and combat the growing ecological crisis, international governing bodies
have introduced strict regulatory frameworks that directly impact how digital chips are manufactured and disposed of.

Regulation / Standard | Core Purpose and Impact on Digital ICs

RoHS A European Union directive that strictly restricts the use of ten specific hazardous
(Restriction of Hazardous | materials (including Lead, Mercury, Cadmium, Hexavalent Chromium, and specific
Substances) BFRs) in the manufacture of electronic equipment. It was the primary catalyst forcing

the global IC industry to transition from lead-based solder to lead-free alternatives.

WEEE Sets specific collection, recovery, and recycling targets for all types of electronics.
(Waste Electrical and Elec- | It implements the principle of Extended Producer Responsibility (EPR), essentially
tronic Equipment) placing the financial and logistical burden of end-of-life e-waste management back onto

the original hardware manufacturers rather than municipal governments.

Basel Convention An international treaty designed to reduce the movements of hazardous waste between
nations, specifically preventing the transfer of toxic e-waste from developed nations to
developing countries under the guise of "second-hand goods."

Table 5.4: Key International Regulations Influencing IC E-waste Management.

In conclusion, the proper management of e-waste originating from digital integrated circuits is not merely an
environmental afterthought; it is a critical engineering necessity. As global reserves of high-grade copper, gold, and
specialized semiconductor elements diminish, urban mining—extracting raw materials from discarded chips—will
become the primary method to ensure the sustainable supply of raw materials required to power the future of the
global electronics industry.

5.5 Storing the Digital World: Semiconductor Memory

In Unit 4, we explored how a single Flip-Flop can store one bit of data, and how a Register can store a single multi-bit
word. While registers are incredibly fast, they are physically enormous on a silicon chip. If we tried to build a
16-Gigabyte memory drive using only D-Flip-Flops, the resulting microchip would be the size of a tennis court and
consume enough power to light a small city.

To store the massive amounts of data required by modern operating systems, games, and applications, engineers
had to design entirely new architectures of memory cells that prioritize density (packing as many bits as possible into
the smallest physical space) and long-term stability.

This section introduces the two fundamental families of semiconductor memory: RAM (Random Access Memory)
and ROM (Read-Only Memory).

5.5.1 1. Random Access Memory (RAM)

RAM is the "working memory" of a computer. When you open a program, the CPU copies the program’s instructions
from the hard drive into the RAM. Why? Because RAM is blisteringly fast.

The defining characteristic of RAM is that it is Volatile. It relies entirely on continuous electrical power to maintain
its state. If you pull the plug on a computer, the RAM instantly drops to 0 Volts, and all stored data is permanently
destroyed in a fraction of a millisecond.

However, not all RAM is created equal. There are two radically different ways to build a RAM cell, leading to the
two main subcategories: SRAM and DRAM.
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Static RAM (SRAM)

Static RAM is the closest relative to the Flip-Flops we studied in Unit 4. A single SRAM memory cell is typically built
using six transistors arranged in a cross-coupled feedback loop.

Characteristics of SRAM: * Static Nature: Because it uses a feedback loop, once a "1’ or "0’ is locked into
the cell, it stays there perfectly stable (static) as long as power is applied. * Speed: SRAM is incredibly fast. It can
be read or written to in less than a nanosecond. * Cost and Size: Because every single bit requires six separate
transistors, SRAM is very expensive to manufacture and takes up a lot of physical space on the silicon die.

Application: SRAM is exclusively used for CPU Cache (L1, L2, L3 cache). It sits directly adjacent to the
processing cores to feed them data at maximum possible speeds.

Dynamic RAM (DRAM)

If SRAM requires six transistors per bit, how do we build 16-Gigabyte memory sticks cheaply? The answer is Dynamic
RAM.

A DRAM cell Abandons the feedback loop entirely. Instead, a DRAM cell consists of exactly one transistor and
one microscopic capacitor. * To store a ’1’, the transistor opens and fills the capacitor with a tiny electrical charge.
* To store a ’0’, the transistor drains the capacitor empty.

Characteristics of DRAM: * Density: Because it only uses one transistor and one capacitor per bit, DRAM is
incredibly dense. We can pack billions of DRAM cells into the exact same space that would only hold millions of SRAM
cells. It is drastically cheaper. * Dynamic Nature (The Flaw): Capacitors are not perfect; they leak electrical
charge over time. If you write a ’1’” into a DRAM cell, the charge will slowly leak away over a few milliseconds until it
becomes a ’0’. * The Solution (Refreshing): To prevent data loss, the computer motherboard must constantly read
every single cell in the DRAM and rewrite it back to full charge. This "refresh cycle" must happen thousands of times
per second (dynamically).

Application: DRAM is used for the computer’s Main System Memory (the green sticks of RAM plugged into the
motherboard). It is slower than SRAM due to the constant refreshing, but its massive capacity makes it indispensable.

SRAM Cell (1 Bit DRAM Cell (1 Bit

6 Transistors
Feedback Loop
1 Transistor 4+ 1 Capacitor

Fast, Large, Expensive Needs Refreshing

Figure 5.3: SRAM vs. DRAM architecture. The SRAM cell uses complex transistor feedback to hold data stably. The
DRAM cell simply traps electrons in a microscopic bucket (capacitor) which slowly leaks, requiring constant refreshing.

5.5.2 2. Read-Only Memory (ROM)

If RAM is volatile and dies when the power is cut, how does a computer know how to turn itself back on when you
press the power button?
It requires Non-Volatile memory. This memory must physically retain its binary states even when sitting in a box
without power for ten years. This family of memory is traditionally called Read-Only Memory (ROM).
Originally, ROM chips were manufactured at the factory with their binary 1s and Os physically hardwired into
the silicon using microscopic copper bridges. The data could never be changed, erased, or updated. It could only be
"Read". Today, the technology has evolved through several critical stages.

PROM (Programmable ROM)

Factory-hardwired ROM was too rigid. If a software bug was found, the manufacturer had to throw away millions of
chips.

Engineers invented the PROM. A PROM chip leaves the factory completely blank. Every memory cell contains a
tiny, microscopic fuse (exactly like the fuses in a car or house). * When a programmer wants to write data to the
chip, they place it in a special machine called a "Burner'. * To write a ’0’, the machine sends a high-voltage pulse that
literally burns and destroys the microscopic fuse, breaking the connection permanently. * To write a ’'1’, the fuse is left
intact.

Because burning a fuse is a physical destruction of metal, PROM can only be written to exactly once. If you
make a mistake, the chip is useless and goes in the trash.
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EPROM (Erasable Programmable ROM)

To solve the "one-time-use" problem of PROM, engineers developed the EPROM. Instead of destroying fuses, EPROM
uses a specialized "Floating Gate" transistor. By applying high voltage, electrons are forced through an insulator layer
and trapped in a microscopic pocket. Because they are surrounded by insulation, the electrons cannot escape, even
when power is removed. Trapped electrons equal a ’0’, empty pockets equal a 1"

How to Erase: To erase the data, you must give the trapped electrons enough energy to jump back through the
insulation. This is done by shining intense Ultraviolet (UV) Light onto the silicon. EPROM chips feature a distinct,
clear quartz glass window on the top. To erase the chip, the engineer places it under a strong UV lamp for 20 to 30
minutes. The UV light blasts the entire chip, erasing all data simultaneously back to '1’s. It can then be reprogrammed.

Al IMAGE PLACEHOLDER
A highly realistic macro photograph of a vintage EPROM microchip. The chip has
a rectangular black ceramic body with gold pins. In the center is a circular,
perfectly transparent quartz glass window, revealing the iridescent silicon circuitry
inside.

Figure 5.4: An EPROM chip. The quartz window is the defining feature, allowing Ultraviolet light to enter and blast
the trapped electrons out of the floating gates, effectively wiping the memory clean.

EEPROM (Electrically Erasable Programmable ROM)

EPROM was a breakthrough, but removing the chip from the circuit board and placing it under a UV lamp for 30
minutes was highly inconvenient.

The ultimate evolution is the EEPROM. It uses the same "floating gate" electron-trapping technology, but the
insulation layer is made incredibly thin. Instead of using UV light, an EEPROM can use a specific, localized electrical
voltage pulse to force the electrons back out of the trap.

This means: 1. The chip can be erased and rewritten instantly, entirely using electricity. 2. The chip never has to
be removed from the motherboard. 3. You can erase a specific byte of data without erasing the entire chip.

Modern Context: The Flash memory inside your smartphone, USB thumb drives, and Solid State Drives (SSDs) is
simply a highly advanced, massive-scale evolution of EEPROM technology.

5.5.3 Summary

Semiconductor memory is divided into two primary families. RAM (Random Access Memory) is volatile and
requires continuous power. It is divided into fast, expensive SRAM (used for CPU cache) and dense, cheaper DRAM
(used for main system memory, requiring constant refreshing). ROM (Read-Only Memory) is non-volatile and
retains data without power. It evolved from permanent factory hardwiring to PROM (burnable once), to EPROM
(erasable via UV light), and finally to EEPROM (electronically erasable), which is the foundation of modern Flash
storage and Solid State Drives.

5.6 The Physical Reality of Logic: Logic Families and Specifications

Throughout this book, we have treated logic gates as perfect, mathematical black boxes. If we put a ’1’ into an inverter,
a ’(0’ instantly appears on the output. In the realm of Boolean algebra, electricity moves infinitely fast, gates consume
zero power, and signals never degrade.

However, in the real world of electrical engineering, logic gates are physical devices built out of transistors, resistors,
and copper wire. These physical components have electrical limitations. A 1’ is actually a voltage (e.g., 5.0V), and
electricity takes time to flow through a wire.

Different manufacturers have invented different ways to physically construct these gates, creating distinct Logic
Families (such as TTL and CMOS). To compare the performance of these different families, engineers use a strict
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set of standardized specifications. This section defines the fundamental parameters used to evaluate the real-world
performance of any digital logic gate.

5.6.1 1. Fan-In and Fan-Out

A logic gate must connect to other logic gates. However, because gates are made of physical transistors, they can only
handle so much electrical current before they fail.

Fan-In

Fan-In is the maximum number of input terminals a specific logic gate has. * A standard 2-input AND gate has a
Fan-In of 2. * A massive 8-input NAND gate has a Fan-In of 8.

While it sounds trivial, Fan-In is physically limited by the manufacturing process. You cannot physically build
a 100-input NAND gate on a single chip; the electrical resistance and capacitance of wiring 100 transistors together
would cause the gate to stop functioning. If a designer needs an 8-input AND gate but only has 2-input gates available,
they must cascade multiple 2-input gates together to achieve the desired Fan-In.

Fan-Out

Fan-Out is arguably the most critical connectivity specification. It defines the maximum number of standard inputs
that the output of a single gate can safely drive without the signal degrading.

Imagine a single NOT gate whose output is connected to the inputs of 50 different AND gates. Every AND gate
draws a tiny amount of electrical current from the NOT gate. If the NOT gate cannot supply enough current, its output
voltage will "sag" (e.g., dropping from 5.0V down to 2.1V). At 2.1V, the receiving AND gates might not recognize the
signal as a valid logic ’1’, causing the entire computer to crash.

* If a gate has a Fan-Out of 10, it means it can successfully drive up to 10 other identical gates. If you connect an
11th gate, the voltage will drop below safe levels. * To drive more gates than the Fan-Out allows, engineers must insert
Buffer amplifiers to boost the current.
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Figure 5.5: Visualizing Fan-Out. The driving gate must supply enough electrical current (I,,;) to satisfy the input
current requirements (I;,) of all the receiving gates combined.

5.6.2 2. Noise Margin

In theory, 5V is a 1’ and OV is a ’0’. In reality, electrical wires act like antennas. They pick up electromagnetic
interference (noise) from nearby cell phones, motors, and even other wires on the same circuit board. A signal that
starts at 5.0V might arrive at the next gate fluctuating wildly between 4.1V and 4.8V.

To prevent random noise from accidentally flipping a ’0’ to a '1’, logic families use Voltage Ranges instead of
exact numbers.

For example, in standard 5V TTL logic: * The gate promises to output at least 2.7V for a ’1’. * However, the
receiving gate is designed to accept anything above 2.0V as a valid ’1".

This 0.7V difference is the Noise Margin. It is a safety buffer. The wire can pick up 0.7V of random electrical
interference and drop the signal from 2.7V down to 2.0V, and the receiving gate will still correctly interpret it as a "1’

Definition: Noise Margin is the maximum amount of electrical noise voltage that can be added to a signal before
the receiving logic gate misinterprets the logic level. A larger noise margin means the circuit is highly immune to
electrical interference.

5.6.3 3. Propagation Delay (%,q)

When you flip a light switch, the bulb does not turn on instantly. It takes a tiny fraction of a second for the electricity
to travel through the wire and heat up the filament.
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Similarly, transistors take time to turn on and off. Propagation Delay (%,q) is the amount of time it takes for a
change in the input signal to physically manifest as a change in the output signal.

It is typically measured in Nanoseconds (ns) (10~ seconds) or Picoseconds (ps) (107!2 seconds). If a gate has
a propagation delay of 10ns, and you change the input from ’0’ to ’1’, the output will stubbornly remain at its old
value for exactly 10ns before finally flipping.

This delay is the primary physical speed limit of a computer. If the CPU clock ticks faster than the propagation
delay of the ALU’s adder circuit, the CPU will try to read the answer before the adder has finished calculating it,
resulting in a system crash.

5.6.4 4. Power Dissipation (Pp)

Every time a logic gate switches state, and even while it is just sitting idle holding a state, it consumes electrical power.
Because no physical device is 100% efficient, this electrical power is lost as heat.

Power Dissipation is the amount of electrical power a single logic gate consumes, typically measured in Milliwatts
(mW) or Microwatts (¢W).

While 1mW sounds negligible, a modern Intel or AMD CPU contains over 10 Billion logic gates. If every gate
consumed 1mW, the CPU would consume 10 Million Watts of power and instantly melt into slag.

Minimizing Power Dissipation is the single most important goal in modern mobile electronics (smartphones and
laptops), as it directly dictates battery life and physical temperature.

5.6.5 5. Figure of Merit (Speed-Power Product)

When evaluating logic families, engineers are always faced with a brutal law of physics: Speed requires Power. * If
you want a gate to have an incredibly low Propagation Delay (super fast), you must pump it full of current, resulting
in massive Power Dissipation. * If you want a gate to use almost zero battery power, you must starve it of current,
causing it to operate very slowly.

To objectively compare two completely different logic families (e.g., TTL vs. CMOS), engineers use the Figure of
Merit (FOM), also known as the Speed-Power Product (SPP).

It is calculated by simply multiplying the Propagation Delay by the Power Dissipation.

Figure of Merit = Propagation Delay x Power Dissipation

FOM = tpd X PD

Because delay is measured in seconds and power is measured in Watts, the resulting unit is the Joule (J) (a unit
of energy). Often it is expressed in Picojoules (pJ).

The Golden Rule: A lower Figure of Merit is always better. It means the logic family is highly efficient, achieving
high speeds without wasting massive amounts of power.

Al IMAGE PLACEHOLDER
A dramatic visual depicting an engineering trade-off scale. On one side of the scale
is a sleek, hyper-fast sports car glowing with energy (representing
Speed/Propagation Delay). On the other side is a massive, heavy battery engulfed
in flames (representing Power Dissipation). The text "Figure of Merit" is etched
into the fulcrum balancing the two.

Figure 5.6: The Eternal Trade-off. The Figure of Merit quantifies an engineer’s compromise between raw computational
speed and the thermal/battery limits of the physical hardware.

5.6.6 Summary

Logic gates are physical devices bound by electrical laws. Fan-In and Fan-Out dictate how many connections a gate
can safely handle without signal degradation. Noise Margin acts as a voltage safety buffer against electromagnetic
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interference. Propagation Delay is the physical time it takes a gate to calculate an answer, acting as the absolute
speed limit of the computer. Power Dissipation measures the heat and battery drain of the gate. Because speed
inherently demands more power, engineers use the Figure of Merit (Speed x Power) to objectively compare the true
efficiency of different manufacturing logic families.

5.7 The Titans of Silicon: Comparing Logic Families

In the previous section, we defined the specifications used to evaluate logic gates: Fan-Out, Noise Margin, Propagation
Delay, and Power Dissipation. Now, we will apply these metrics to evaluate the three most historically and commercially
significant logic families ever invented.

These families—TTL, ECL, and CMOS—represent three entirely different philosophies on how to physically
build a transistor and wire it into a logic gate. Each family dominated the electronics industry at a different point in
history, and understanding their strengths and weaknesses is fundamental to the study of digital hardware.

5.7.1 1. Transistor-Transistor Logic (TTL)

Invented in the early 1960s by Texas Instruments, TTL was the first universally standardized logic family. It
revolutionized the industry. Before TTL, computer companies built custom logic gates out of individual components.
Texas Instruments packaged entire logic gates into cheap, standardized black plastic chips (the famous 7400 series).

How it works: TTL relies entirely on Bipolar Junction Transistors (BJTs). These transistors operate by
literally blasting a physical current of electrons through a semiconductor base.

Characteristics of Standard TTL: * Power Supply: TTL requires a strict 5.0V power supply. If the voltage
drops below 4.75V or spikes above 5.25V, the chip will fail. * Speed vs. Power: Standard TTL is reasonably fast
(Propagation delay =~ 10ns). However, because BJT transistors require continuous base current to stay "ON", TTL
constantly burns power even when the logic isn’t changing. The power dissipation is high (=~ 10mW per gate). *
Fan-Out: Standard TTL usually has a Fan-Out of 10. * Noise Margin: TTL is notoriously susceptible to electrical
noise. Its noise margin is typically only 0.4V.

Legacy: TTL was the workhorse of the Apollo moon missions and early arcade machines. While obsolete for modern
CPUs due to its massive heat generation, the "7400 series" standard is still used for educational prototyping today.

5.7.2 2. Emitter-Coupled Logic (ECL)

While TTL was good enough for arcade machines, the military and supercomputer designers demanded absolute, raw
speed. To achieve this, engineers invented Emitter-Coupled Logic (ECL).

How it works: Like TTL, ECL uses BJT transistors. However, in TTL, the transistors are driven into "saturation"
(fully ON) and "cutoff" (fully OFF). Turning a fully saturated transistor OFF takes time because all the excess electrons
have to be physically drained out of the base region. ECL prevents the transistors from ever fully turning ON or fully
turning OFF. The transistors are kept in an active, half-ON state, constantly hovering right on the edge of switching.
When a signal arrives, the gate barely has to move to flip its state.

Characteristics of ECL: * Speed (The Champion): ECL is staggeringly fast. It is the fastest logic family
ever created using silicon. Propagation delays can be under 1ns. * Power Dissipation (The Disaster): Because
the transistors are intentionally kept half-ON, they act like massive resistors, constantly bleeding electrical current
to ground. A single ECL gate consumes massive amounts of power (/= 40mW to 50mW per gate). * Noise Margin:
Because the voltage swings between '1” and ’0’ are incredibly tiny (to keep it fast), the noise margin is practically
non-existent. ECL requires perfectly shielded, incredibly expensive circuit boards.

Legacy: ECL was used to build the legendary Cray Supercomputers of the 1980s. Because they generated so much
heat, Cray supercomputers had to be literally submerged in tanks of liquid fluorocarbon coolant to prevent them from
melting.

5.7.3 3. Complementary Metal-Oxide Semiconductor (CMOS)

By the late 1980s, the computer industry hit a physical wall. As engineers tried to pack millions of TTL or ECL gates
onto a single microprocessor chip, the chips generated enough heat to instantly destroy themselves. The industry
needed a logic family that consumed almost zero power. The savior was CMOS.

How it works: CMOS completely abandons the BJT transistors used by TTL and ECL. Instead, it uses MOSFETs
(Metal-Oxide-Semiconductor Field-Effect Transistors). Crucially, CMOS uses them in Complementary pairs. For every
gate, there is a P-type transistor pulling the voltage UP to Vcc, and an N-type transistor pulling the voltage DOWN to
Ground. The magic of CMOS is that the P and N transistors are never ON at the same time. When the
circuit is holding a static "1’ or ’0’, one transistor is always completely blocking the path to Ground.
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Characteristics of CMOS: * Power Dissipation (The Champion): Because there is no direct path to ground
while static, a CMOS gate draws literally zero static current. It only consumes power for a fraction of a nanosecond
while it is switching states. The static power dissipation is measured in nanowatts (0.000001mW). * Speed: Originally,
CMOS was much slower than TTL. However, as manufacturing techniques allowed transistors to become microscopic,
CMOS speed skyrocketed. Modern CMOS rivals ECL in speed while using a fraction of the power. * Fan-Out:
Because CMOS inputs draw virtually zero current (they act like tiny capacitors), a single CMOS gate can drive a
massive number of other CMOS gates (Fan-Out =~ 50). * Noise Margin: CMOS has excellent noise margins, often
nearly half of the supply voltage.

Legacy: CMOS won the war. Today, 99.9% of all digital logic—from your digital watch to the Intel Core i9 processor
in a high-end gaming PC—is built using CMOS technology.

Al IMAGE PLACEHOLDER
A split diagram comparing the three logic families. Left: A robust, industrial
engine representing TTL (Reliable but power-hungry). Middle: A drag racing jet
car with flames shooting out the back representing ECL (Maximum speed,
catastrophic fuel consumption). Right: A sleek, highly advanced electric hypercar
representing modern CMOS (Incredibly fast, ultra-efficient, silent).

Figure 5.7: The Logic Family Metaphor. CMOS ultimately conquered the digital world by achieving the perfect Figure
of Merit—combining the raw speed of a race car with the power efficiency of a watch battery.

5.7.4 4. Direct Specification Comparison

To truly understand why CMOS dominates, we must look at the hard numbers. The table below compares the typical
specifications of the classic logic families. (Note: Modern advanced CMOS is much faster than the classic 4000 series
shown here, but this illustrates the fundamental baseline differences).

Parameter Standard TTL (74xx) | ECL (10K Series) | Classic CMOS (4000)
Basic Transistor BJT BJT MOSFET
Propagation Delay (t,q) 10 ns 1 ns (Fastest) 50 ns (Slowest)
Power Dissipation (Pp) 10 mW 50 mW (Worst) 0.001 mW (Best)
Fan-Out 10 25 50 (Best)

Noise Margin 0.4V 0.2V (Worst) 1.5V (Best)
Figure of Merit (SPP) 100 pJ 50 pJ 0.05 pJ (Best)

5.7.5 Summary

The physical construction of logic gates defines their real-world capabilities. TTL (Transistor-Transistor Logic) was
the first universal standard, offering a solid balance of speed and reliability but suffering from high static power drain.
ECL (Emitter-Coupled Logic) achieved absolute maximum speed by keeping transistors constantly active, but at
the cost of massive, destructive heat generation and terrible noise margins. Finally, CMOS (Complementary MOS)
revolutionized the industry by using paired transistors to completely eliminate static power drain. While initially slow,
modern CMOS is incredibly fast, allowing billions of gates to be packed onto a single cool, efficient microprocessor.

5.8 The Environmental Cost of Logic: E-Waste Management

Throughout this book, we have marveled at the brilliance of digital logic—how engineers transformed simple Boolean
algebra into complex microprocessors containing billions of microscopic transistors. We explored the evolution from
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power-hungry TTL to ultra-efficient CMOS, allowing computation to become cheap, ubiquitous, and disposable.
However, this "disposable" nature has created a catastrophic environmental crisis. When a smartphone is discarded,
or a computer motherboard is thrown in the trash, the millions of Digital Integrated Circuits (ICs) and memory chips
do not simply disappear.
This final section addresses the lifecycle of digital electronics after they have served their purpose: the critical field
of E-Waste (Electronic Waste) Management.

5.8.1 1. The Anatomy of an IC from an E-Waste Perspective

To understand why electronic waste is so dangerous and yet so valuable, we must look at the physical materials used to
manufacture a modern digital IC (like a CPU, RAM stick, or Logic Gate package).

A typical Integrated Circuit is not just "plastic and silicon." It is a complex sandwich of highly toxic heavy metals
and precious trace elements. * The Core (Die): Pure Silicon, heavily "doped" with toxic chemicals like Arsenic or
Phosphorus to create the P-N junctions of the transistors. * The Wiring (Interconnects): Historically Aluminum,
but modern high-speed chips use pure Copper. * The Bonds (Wire Bonding): To connect the microscopic silicon
die to the large external pins, manufacturers use ultra-fine wires made of Pure Gold. Gold is used because it never
corrodes and conducts electricity perfectly. * The Pins and Solder: The external pins and the solder used to attach
the chip to the motherboard historically contained massive amounts of Lead (a severe neurotoxin). * The Packaging:
The black casing of a chip is typically made of epoxy resins mixed with Halogenated Flame Retardants (chemicals
designed to prevent the chip from catching fire if it overheats).

When an IC is thrown into a standard landfill, rainwater corrodes the packaging. The Lead, Arsenic, and flame
retardants leach directly into the soil and groundwater, causing severe ecological damage and contaminating human
drinking water.

Al IMAGE PLACEHOLDER
A split-screen infographic. On the left, a glowing, pristine CPU chip with callouts
highlighting its valuable materials: "Gold Wire Bonds", "Copper Interconnects",
"Silicon Die". On the right, the same chip is shown degrading in a landfill, with
toxic green liquids seeping into the dirt, with callouts for "Lead Solder", "Arsenic
Doping", and "Halogen Flame Retardants".

Figure 5.8: The Dual Nature of E-Waste. Digital chips are simultaneously a source of highly valuable precious metals
and a severe toxic hazard to the environment.

5.8.2 2. The E-Waste Management Hierarchy

Because of the toxic hazard, governments worldwide have established strict protocols for handling E-Waste. The
management of digital electronics follows a strict hierarchy of preference: Reduce, Reuse, and finally, Recycle.

Step 1: Reduce (Design for Environment)

The most effective way to manage E-Waste is to stop creating it. This phase occurs before the chip is even manufactured.
* RoHS Compliance: The European Union passed the Restriction of Hazardous Substances (RoHS) directive. It
legally banned the use of Lead in solder and severely restricted the use of toxic flame retardants. Today, almost all
modern logic chips are "Lead-Free" (often indicated by a small 'Pb-Free’ logo on the motherboard). * Modularity:
Designing systems where a single broken chip can be replaced without throwing away the entire multi-thousand-dollar
motherboard.

Step 2: Reuse (Refurbishment and Scavenging)

A massive percentage of E-waste consists of chips that work perfectly fine. A motherboard may die because a single
capacitor blew up, but the CPU, RAM, and CMOS logic gates are completely undamaged. * Desoldering: Specialized
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E-Waste facilities use hot-air stations to melt the solder and carefully extract valuable ICs from dead motherboards.
* Testing and Remarketing: These salvaged chips are placed in testing rigs. If they pass, they are wiped clean,
repackaged, and sold as refurbished parts to fix other computers.

Step 3: Recycle (Urban Mining)

When a chip is physically destroyed or technologically obsolete (like a 30-year-old 1-Megabyte RAM stick), it must be
recycled. The goal of recycling is to recover the precious metals (specifically Gold, Silver, and Copper) hidden inside
the chip. Because modern electronics contain higher concentrations of gold than naturally occurring gold ore, this
process is often called Urban Mining.

5.8.3 3. The Recycling Process: From Chip to Gold

Extracting gold from a microscopic IC package is an incredibly difficult and hazardous industrial process. It must be
done in specialized chemical refineries, not in backyards.

The formal recycling process follows three stages:

1. Mechanical Shredding and Separation The motherboards and chips are thrown into massive industrial
shredders that grind them into a coarse powder. This powder is passed under giant magnets to pull out all the iron and
steel. It is then passed through an "Eddy Current Separator" (a machine that uses magnetic fields to repel non-magnetic
metals like Copper and Aluminum, separating them from the plastic dust).

2. Pyrometallurgy (Smelting) The remaining concentrated metallic dust is thrown into a high-temperature
furnace (often exceeding 1200°C). The extreme heat burns away the black epoxy plastic resins of the chip packages.
What remains is a molten pool of mixed metals (Copper, Silver, Gold, and trace toxins).

3. Hydrometallurgy (Chemical Leaching) The molten metal is cooled into blocks and transported to a
chemical lab. This is the most dangerous step. * The blocks are dissolved in highly corrosive acid baths (like Aqua
Regia—a mixture of Nitric and Hydrochloric acid). * The acid chemically separates the metals at a molecular level. *
Through a process called Electro-refining, pure 99.99% Gold is pulled out of the acid solution onto a cathode rod.

E-Waste Mechanical Magnetic/Eddy|
Collection Shredding Separation
yrometallurgy] .
(Smelting) Burns Plastics
ydrometallurgy

Pure Gold & Copper <_Acid Leaching

Safe Toxic Disposal

Figure 5.9: The Industrial E-Waste Recycling Process. Through a combination of mechanical shredding, extreme heat,
and harsh chemical baths, valuable precious metals are extracted from obsolete logic chips while toxic elements are
safely neutralized.

5.8.4 4. The Informal Sector Problem

It is crucial to note that the safe, industrial process described above is expensive. Sadly, a large percentage of the
world’s E-Waste is illegally shipped to developing nations.

In these "informal" recycling sectors, workers do not have access to million-dollar shredders or safe chemical fume
hoods. Instead, workers (often children) pile motherboards in open fields and set them on fire to burn away the plastic.
They then use crude, unventilated acid baths to extract the gold.

This practice releases massive clouds of highly toxic, cancer-causing Dioxin gas (from the burning flame retardants)
and dumps raw acid directly into local rivers. It is an environmental and humanitarian disaster.

The ultimate responsibility of a digital engineer is not just to design faster, smaller CMOS logic gates, but to design
hardware that is easily recyclable, strictly adheres to RoHS guidelines, and minimizes the use of toxic materials from
the very beginning of the design phase.
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5.8.5 Summary

E-Waste Management is the critical final stage in the lifecycle of digital electronics. Integrated Circuits are complex
physical objects containing both highly valuable precious metals (Gold, Copper) and severe environmental toxins
(Lead, Arsenic, Flame Retardants). If thrown in a landfill, they poison the water supply. The proper management
hierarchy is Reduce (designing Lead-free RoHS compliant chips), Reuse (salvaging working chips from dead boards),
and Recycle. Formal recycling uses mechanical shredding, Pyrometallurgy (burning), and Hydrometallurgy
(acid leaching) to safely extract the gold. Illegal, informal recycling relies on open-air burning, causing catastrophic
environmental damage.
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5.9 Number systems and codes

5.10 Introduction to Different Number Systems

A number system is a mathematical way of representing numbers. It provides a standardized framework for expressing
quantities, performing arithmetic operations, and encoding data. Since ancient times, humans have devised various
ways to count and represent numbers, from tally marks to Roman numerals. However, modern mathematics and
computing rely heavily on positional number systems.

In a positional number system, the value of a digit depends not just on the digit itself, but also on its position or
“weight” within the number. For instance, the digit ’5’ in the number 52 represents fifty, while the same digit in 520
represents five hundred. This ingenious concept allows us to represent infinitely large quantities using only a small,
finite set of symbols.

The two fundamental concepts that define any positional number system are its base (or radix) and the set of
symbols (digits) it uses.

Box[Base (or Radix) of a Number System] The base, or radix, of a number system is the total number of unique

digits or symbols used in that system, including zero. It also determines the positional weight of each digit, which

is always a power of the base. For example, a base-r system has r distinct symbols, and the positional weights are

2,1 ,.0 .—1 ,.—2
BN Y e L

Concept In any positional number system with base r, the available digits range exactly from 0 to » — 1. For
example, a base-5 system uses the digits 0, 1, 2, 3, and 4. The number r itself is never a single digit in a base-r
system.

Mathematically, any number N in a base-r positional number system can be expressed as a polynomial expansion
of its base:
N=dyp"+dp_17" 4+ +dirt+dor® +d_yr - Hdpr™™

Where:
e 7 is the base or radix.
e d; is the digit at the i-th position, such that 0 < d; < r.
e 1 is the number of integer digits minus one.
e m is the number of fractional digits.

When dealing with multiple number systems simultaneously, it is crucial to clearly identify which system is being
used to avoid confusion. This is typically done by writing the base as a subscript at the end of the number. For
example, 1015 represents a binary number, whereas 1011y represents a decimal number.

The four most prominent number systems used in digital electronics and computer science are:

1. Decimal Number System (Base 10)

2. Binary Number System (Base 2)

3. Octal Number System (Base 8)

4. Hexadecimal Number System (Base 16)

Let us explore each of these number systems in detail.
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Figure 5.10: TikZ Block Diagram 70
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5.10.1 Decimal Number System (Base 10)

The decimal number system is the most familiar and widely used numeral system in our daily lives. The word “decimal”
is derived from the Latin word decimus, meaning tenth, highlighting its reliance on the number 10.

Because the decimal system has a base of 10, it utilizes exactly ten distinct symbols: 0, 1, 2, 3, 4, 5, 6, 7, 8, and
9.

In the decimal system, the positional weights are powers of 10. Moving from right to left, starting from the decimal
point, the positions represent units (10°), tens (10'), hundreds (10?), thousands (10%), and so on. For fractional parts,
moving from left to right after the decimal point, the positions represent tenths (10~1), hundredths (10~2), thousandths
(103), etc.

To understand how a decimal number is constructed, we can express it using the polynomial formula discussed
earlier.

Evaluating a Decimal Number

Let us break down the decimal number 4057.261¢ to see how its value is determined by the positional weights of
its digits.

4057.2610 =4 x 102 + 0 x 102 +5 x 10 + 7 x 10° +2 x 1071 + 6 x 1072
=4x1000+0x100+5x104+7x1+2x0.1+6 x 0.01
= 4000 + 0 + 50 4+ 7+ 0.2 4 0.06
= 4057.26

This polynomial expansion demonstrates exactly how the position of each digit contributes to the total magnitude
of the number.

While the decimal system is perfectly suited for human computation—Ilikely originating from the historical practice
of counting on ten fingers—it is not well-suited for direct implementation in digital electronic circuits. Electronic
systems are built using components like transistors and logic gates, which operate most reliably, efficiently, and rapidly
in two distinct states: fully ON or fully OFF. This physical and electrical reality necessitates a different number system
for digital computers.

5.10.2 Binary Number System (Base 2)

The binary number system is the foundational language of all modern digital systems, computers, processors, and
microcontrollers. The prefix “bi-” signifies two, indicating that this system operates entirely on a base of 2.

Because the base is 2, the binary system utilizes only two distinct symbols: 0 and 1. These binary digits are
universally referred to as bits (a portmanteau formed from the words ‘binary" and ‘digits”).

In digital electronics, these two distinct states elegantly map to specific physical voltage levels in a circuit. For
example, in a standard 5V logic circuit (such as TTL logic), a voltage near 0 Volts represents the binary digit 0 (often
called LOW or FALSE), and a voltage near 5 Volts represents the binary digit 1 (often called HIGH or TRUE). This
two-state nature makes digital circuits highly immune to electrical noise and signal degradation compared to their
continuous, analog counterparts. A signal can degrade significantly and still be unambiguously recognized as a ’1’ or a
0.

The positional weights in the binary system are powers of 2. From the binary point moving left, the weights are 2°
(1), 2! (2), 22 (4), 23 (8), 2* (16), and so forth.

Box[Bit, Nibble, and Byte] In the context of digital circuits and computer architecture, binary data is systematically
grouped into specific sizes for efficient processing and storage:

o Bit (b): The smallest atomic unit of digital data, representing a single logical 0 or 1.
e Nibble: A contiguous sequence of 4 bits.

« Byte (B): A contiguous sequence of 8 bits. It is the fundamental unit of storage addressability in almost all
modern computers.

o Word: The natural unit of data used by a particular processor design (e.g., 16-bit, 32-bit, or 64-bit words).
It represents the maximum amount of data the CPU can process in a single operation.



https://milav.in

To determine the decimal equivalent of a binary number, we simply multiply each bit by its corresponding positional
weight (power of 2) and sum the results. The position immediately to the left of the fractional point is the 2° position.

Understanding Binary Weights

Let us evaluate the binary number 1101.1015 to find its exact decimal equivalent.

1101101 =1 x 22 4+1x 224+ 0x2' +1x 20 +1x 27 4+ 0x2724+1x273
=1x84+1%x4+0x2+1x1+1x05+0x0.25+1x0.125
=8+4+0+1+05+0+0.125
= 13.6251

Thus, the binary sequence 1101.101 mathematically represents the decimal value 13.625.

\. J

Common Pitfall: Reading Binary Numbers

When reading or speaking a binary number, you must never pronounce it as a decimal quantity. For instance, the
binary number 1015 should strictly be read aloud as ‘one-zero-one base two", not as ‘one hundred and one”.
Pronouncing it as a decimal quantity leads to profound conceptual errors and miscommunication among engineers.

,

J

While binary is perfect for hardware logic, it is exceptionally cumbersome for humans to read, write, and verbally
communicate. A relatively small decimal number translates into an agonizingly long string of 1s and 0s. For example,
the decimal number 2048 is written as 1000000000002 in binary. This verbosity leads to severe transcription errors
and cognitive overload. To solve this practical problem, engineers and computer scientists often utilize the octal and
hexadecimal number systems as shorthand, compressed representations of binary data.

5.10.3 Octal Number System (Base 8)

The octal number system has a base of 8. The term “octal” comes from the Latin word octo, meaning eight.

Because it is a base-8 system, it uses exactly eight distinct symbols: 0, 1, 2, 3, 4, 5, 6, and 7.

Notice carefully that the digits ’8” and ’9’ are strictly invalid in an octal number. If you see a number written as
158g, it is mathematically incorrect because the symbol '8 does not exist in the octal alphabet. The positional weights
in octal are, naturally, powers of 8: ...,8% 82 8! 80 871 82 .

The primary reason the octal system is used in computing is its direct mathematical relationship with the binary
system. Because 8 = 23, exactly three binary digits (bits) can be perfectly mapped to one single octal digit. This
mathematically elegant property makes converting between binary and octal incredibly fast and simple—you just group
the binary bits into contiguous sets of three. An octal number is essentially a highly compressed way of writing a
binary string, reducing its length by a factor of three.

Evaluating an Octal Number

Let us find the decimal equivalent of the octal number 345g.

3455 =3 x 82 +4x 8 +5x 8§
=3x64+4x8+5Hx1
=192+32+5
=229

r

Historically, the octal system was immensely popular in early mainframe and minicomputer systems (like the iconic
PDP-8), which utilized 12-bit, 24-bit, or 36-bit word lengths. Since these specific word lengths are perfectly divisible by
3, octal was a natural and convenient fit. However, as modern computer architectures evolved to universally favor 8-bit
bytes and 16/32/64-bit word lengths (which are not cleanly divisible by 3), the octal system largely fell out of favor.
Today, while it is still used in specific niches (like UNIX file permissions), it has been predominantly replaced by the
hexadecimal system for everyday engineering tasks.
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AI Image Placeholder 69: A conceptual visualization.

Figure 5.11: Conceptual Visualization 69

5.10.4 Hexadecimal Number System (Base 16)

The hexadecimal number system (often colloquially abbreviated as “hex”) has a base of 16. It is arguably the most
common and vital alternative number system encountered by software developers, network engineers, and digital
hardware designers when interfacing with modern computer systems and low-level memory.

Since the base is 16, the system requires sixteen distinct symbols. We borrow the familiar ten digits from the
decimal system (0-9). However, to represent the values from 10 to 15 as single characters, we utilize the first six letters
of the English alphabet: 0, 1, 2, 3,4, 5,6, 7, 8,9, A, B, C, D, E, F.

Here is the exact decimal equivalence for the alphabetical hex digits:

e A=10
e B=11
e C=12
e D=13
e« E=14
e F=15
The positional weights in the hexadecimal system are successive powers of 16: ..., 163,162,16',16° 1671, 1672, ...

The hexadecimal system is extraordinarily powerful and prevalent because 16 = 2. This fundamental mathematical
property means that exactly four binary digits (which constitute exactly one nibble) map perfectly to one single
hexadecimal digit.

More importantly, an 8-bit byte—the universal standard of digital storage—can be perfectly and compactly
represented using exactly two hexadecimal digits. For example, the lengthy binary string 101101015 is simply and
elegantly written as B516. This 4-to-1 compression ratio makes hexadecimal the undisputed standard format for viewing
memory addresses, raw data dumps, network MAC addresses, IPv6 addresses, and RGB color codes in web design (e.g.,
#FFFFFF for pure white).

Evaluating a Hexadecimal Number

Let us systematically convert the hexadecimal number 2F4;4 into its standard decimal equivalent.
2F416 =2 x 16> + F x 16" + 4 x 16°
Substitute the decimal value of F (15) into the equation:

2F416 =2 x2564+15x16+4 x 1
=512+240+4
= 75619

Key Concept

Concept Because 16 > 10, you will frequently encounter letters interspersed with numbers in hexadecimal (e.g.,
CODE16 or DEADBEEF5). While they might momentarily look like text strings or words, they are entirely
valid mathematical numerical quantities. In most programming languages (like C, C++, Java, and Python),
hexadecimal numbers are explicitly prefixed with 0x (e.g., 0x2F4) to unmistakably distinguish them from standard
decimal numbers and variable names.

.
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Figure 5.12: TikZ Block Diagram 68

5.10.5 Summary of Number Systems

To consolidate your foundational understanding, Table 5.5 provides a comprehensive comparative summary of the four
essential number systems discussed in this chapter. It clearly illustrates the fundamental base, the valid set of digits,
and the step-by-step representation of the decimal quantities from 0 to 15 across all four numerical systems.

Table 5.5: Comparative Summary of Decimal, Binary, Octal, and Hexadecimal Number Systems

Decimal (Base 10) ‘ Binary (Base 2) ‘ Octal (Base 8) ‘ Hexadecimal (Base 16)

Valid Digits: 0-9 | Valid Digits: 0, 1 | Valid Digits: 0-7 | Valid Digits: 0-9, A-F
0 0000 0 0
1 0001 1 1
2 0010 2 2
3 0011 3 3
4 0100 4 4
5 0101 5 5
6 0110 6 6
7 0111 7 7
8 1000 10 8
9 1001 11 9
10 1010 12 A
11 1011 13 B
12 1100 14 C
13 1101 15 D
14 1110 16 E
15 1111 17 F

Understanding these distinct number systems and their interrelationships is a strict, foundational prerequisite
for effectively studying digital electronics, microprocessor architecture, and low-level computer programming. While
decimal remains our intuitive standard for organic daily life, fluently mastering binary and hexadecimal is fundamentally
essential for communicating effectively and debugging within the architecture of digital machines.
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Figure 5.13: TikZ Block Diagram 67

5.11 Conversion from One Number System to Another

In the realm of digital electronics and computer architecture, information is represented and manipulated using various
number systems—primarily decimal, binary, octal, and hexadecimal. Understanding how to seamlessly convert a
number from one system to another is a critical foundational skill. While real-world quantities are inherently decimal
(base-10), computers and digital circuits operate almost exclusively on binary logic (base-2) due to the simplicity
of distinguishing between two voltage levels (ON and OFF). However, binary numbers quickly become long and
cumbersome for humans to read and communicate. To strike a balance between human readability and machine
efficiency, intermediate representations like octal (base-8) and hexadecimal (base-16) are heavily utilized. In this section,
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we will comprehensively explore the underlying mathematical principles and systematic methods for converting integer
and fractional numbers across these foundational number systems.

Al Image Placeholder 66: A conceptual visualization.

Figure 5.14: Conceptual Visualization 66

5.11.1 Decimal to Other Number Systems

Converting numbers from our familiar decimal system to another radix (base) requires separating the number into
its integer and fractional components, as each part utilizes a different mathematical operation. The integer part is
converted using the Repeated Division-by-r Method, where r is the target radix. The fractional part is converted
using the Repeated Multiplication-by-r Method.

Key Concept

The Division-Remainder Method (For Integers) To convert a decimal integer to another base r:
1. Divide the given decimal number by the target base r.
2. Record both the quotient and the remainder.
3. Continue dividing the new quotient by r iteratively until the quotient becomes 0.

4. The final converted number in base r is formed by reading the recorded remainders in reverse order—from
the last division (bottom) to the first division (top). The first remainder represents the Least Significant
Digit (LSD), and the final remainder represents the Most Significant Digit (MSD).

\

Decimal to Binary Conversion

To convert a decimal number to binary, we repeatedly divide the integer portion by 2, and we repeatedly multiply the
fractional portion by 2.

Converting Decimal to Binary (Integer and Fraction) Let us convert the decimal number (43.625)19 to binary. We
split this into integer (43) and fractional (0.625) parts.
Integer Part (Divide by 2):

Division Quotient Remainder

43+ 2 21 1 (LSD)
21 + 2 10 1
10 + 2 5 0
5+ 2 2 1
2+2 1 0
1+2 0 1 (MSD)

Reading the remainders from bottom to top, the integer part is (101011),.
Fractional Part (Multiply by 2):

Multiplication Product New Fraction Integer Extracted

0.625 x 2 1.25 0.25 1 (MSD)
0.25 x 2 0.50 0.50 0
0.50 x 2 1.00 0.00 1 (LSD)

Reading the integers from top to bottom, the fractional part is (0.101)s.
Combining both parts, we get: (43.625)19 = (101011.101)s.

~
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Decimal to Octal and Hexadecimal Conversion

The exact same methodology applies to octal and hexadecimal conversions; the only difference is the divisor or multiplier.
For octal, we divide/multiply by 8. For hexadecimal, we divide/multiply by 16.

Example
Decimal to Hexadecimal Convert (254)19 to hexadecimal.

Division Quotient Remainder
254 + 16 15 14 (which is E)
15+ 16 0 15 (which is F)

Reading from bottom to top, (254)10 = (FE)s.

,
\

Important / Warning

Handling Digits Greater Than 9 When converting to hexadecimal, it is crucial to remember that base-16 utilizes
16 distinct symbols. The numbers 0 through 9 represent their respective values, but values from 10 to 15 must be
converted into their corresponding alphabetic characters: A(10), B(11), C(12), D(13), E(14), and F(15) before
writing the final answer. Forgetting this step leads to ambiguous numbers like 1514 instead of F'E, which entirely
changes the value and structure of the number.

5.11.2 Other Number Systems to Decimal

Converting a number from binary, octal, or hexadecimal back into our native decimal format relies entirely on the
Positional Weight Method (also known as polynomial expansion). In any positional number system, every digit
holds a specific weight determined by its position relative to the radix point.

Definition

Polynomial Expansion Formula For a number N in base r with digits positioned as d,d,—1 ...d1dg.d_1d_o ...d_p,,
the exact decimal equivalent is calculated by multiplying each digit by the base r raised to the power of the digit’s
position index:

Nloz(dnxr”)+...+(d1xr1)+(dox7‘0)+(d_1XT_1)+“'+(d—mXT_m)

\

Binary to Decimal Conversion

Each bit (binary digit) is multiplied by the corresponding power of 2.

Example

Binary to Decimal Conversion Convert the binary number (1101.101)2 to decimal. Assigning positional weights
(powers of 2):

(1101.101)g =1 x 22 +1x 22+ 0x 2 +1x 22+ 1 x 27 4+ 0x 272 1 x 273
=1x8+1x44+0x2+1x1+1x05+0x0.25+1x0.125
=8+4+0+1+05+0+0.125
= (13.625)10

Octal and Hexadecimal to Decimal Conversion

The logic mirrors the binary conversion, but the positional weights are powers of 8 and 16, respectively.
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Hexadecimal to Decimal Conversion Convert the hexadecimal number (2AF.4)16 to decimal. First, recall that A
= 10 and F = 15. Assigning positional weights:

(2AF.4)16 =2 x 162 + 10 x 161 +15 x 16° + 4 x 167!
=2x256+4+10x 16+ 15 x 1+ 4 x 0.0625
=512+ 160 + 15 + 0.25
= (687.25)19
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5.11.3 Conversions Between Binary, Octal, and Hexadecimal

One of the most mathematically elegant aspects of the binary, octal, and hexadecimal systems is that their bases share
a direct exponential relationship. Specifically, 8 = 23 and 16 = 2%. Because of this property, conversions between these
three systems can be performed almost instantaneously through direct pattern substitution without ever having to
calculate an intermediate decimal value.

Key Concept
The Principle of Digit Grouping

« Octal Relationship: Since 23 = 8, every single octal digit exactly corresponds to a unique 3-bit binary
sequence (ranging from 0002 to 111).

« Hexadecimal Relationship: Since 2* = 16, every single hexadecimal digit exactly corresponds to a unique
4-bit binary sequence (ranging from 00002 to 11113).

-

\,

Binary to Octal and Octal to Binary

To convert binary to octal, we group the binary digits into sets of three, starting precisely at the binary point. For the
integer part, we group bits from right to left, adding leading zeros if necessary to complete the final group. For the
fractional part, we group bits from left to right, adding trailing zeros if necessary to complete the final group.

Binary to Octal Conversion Convert (11010110.11)2 to octal.

o Integer part (11010110): Grouping into threes from right to left gives | 011 | 010 | 110 | (Notice we appended
a leading zero to the leftmost group to make it exactly 3 bits).

o Fractional part (.11): Grouping into threes from left to right gives | 110 | (We added a trailing zero to the
rightmost group).

Now, substitute the exact octal equivalent for each 3-bit group:

011 — 3
010 — 2
110 — 6

110 — 6

Result: (11010110.11)5 = (326.6)s.
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To convert from octal back to binary, we simply reverse the substitution: write out each octal digit as its 3-bit
binary equivalent.

Example

Octal to Binary Conversion Convert (47.2)g to binary.

4 — 100
7T — 111

2 — 010

Result: (47.2)g = (100111.010)2. We can drop the trailing zero in the fraction to write it simply as (100111.01)s.

\_ /

Binary to Hexadecimal and Hexadecimal to Binary

This grouping procedure mirrors the octal conversion entirely, but we group the binary bits into blocks of four instead
of three.

Example

Binary to Hexadecimal Conversion Convert (111010110101)3 to hexadecimal. Group into fours from right to left
(since there is no fractional part): | 1110 | 1011 | 0101 |
Substitute corresponding hexadecimal digits:

1110 - 14 — E
1011 - 11 —+ B
0101 — 5

Result: (111010110101), = (EB5)16.

,
\

When converting from hexadecimal to binary, expand each hex digit into its precise 4-bit binary sequence.

Important / Warning

The Dangers of Dropping Inner Zeros When replacing an octal or hexadecimal digit with its binary equivalent, you
must include all leading zeros within that specific group if the binary value doesn’t naturally span the required
3 or 4 bits. For example, during a hex-to-binary conversion, the hex digit 2 must be explicitly written as 0010,
not just 10. If you drop those inner zeros, the bits shift positions, which drastically and incorrectly changes the
mathematical value of the final binary sequence.

Octal to Hexadecimal and Hexadecimal to Octal

Direct mathematical conversion between octal (base-8) and hexadecimal (base-16) is highly unconventional and
mathematically tedious. Instead, digital logic design leverages a binary bridge. Since both bases easily convert to
binary, we use binary as a fast, intermediate stepping-stone.

Key Concept
The Bridge Conversion Technique To convert Octal <> Hexadecimal:
1. Convert the original number into Binary by expanding each digit into its 3-bit or 4-bit equivalent.

2. Regroup those generated binary bits (into groups of 4 for Hex, or groups of 3 for Octal) and convert them to
the final target base.

r
A

Octal to Hexadecimal Conversion Convert (715)g to hexadecimal.
Step 1: Convert Octal to Binary

7 — 111
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1 — 001
5 — 101
Intermediate Binary: 111001101

Step 2: Convert Binary to Hexadecimal
Regroup the intermediate binary sequence 111001101 into fours from right to left, adding leading zeros: | 0001 |
1100 | 1101 |

0001 — 1
1100 —» 12 = C
1101 - 13 =D

Result: (715)8 = (1CD)16

Let’s look at the reverse process to complete our understanding.

Hexadecimal to Octal Conversion Convert (3F2)16 to octal.
Step 1: Convert Hexadecimal to Binary

3 — 0011

F — 1111

2 — 0010
Intermediate Binary: 001111110010

Step 2: Convert Binary to Octal
Regroup the binary sequence into threes from right to left: | 001 | 111 | 110 | 010 |

001 — 1
111 —» 7
110 — 6
010 — 2

Result: (3F2)16 = (1762)8

This two-step process bypasses all complex arithmetic equations and relies purely on simple block substitution.
This efficiency highlights exactly why octal and hexadecimal are favored by computer scientists as shorthand notations
for binary data.

5.11.4 Practical Real-World Significance of Number Conversions

Mastering the mathematical mechanics behind these number system conversions is more than an abstract academic
exercise; it forms the backbone of actual computing engineering and software development:

¢ Memory Addressing: Microprocessors handle memory locations internally purely in binary format. However,
memory maps, logic analyzers, and debugging environments display these addresses in hexadecimal. Hexadecimal
represents binary in a vastly more compact form. For instance, a 32-bit binary memory address requires 32
unwieldy digits (1100000010101000. .. ), but it translates into just 8 hexadecimal digits (e.g., C0A80001).

o Networking Protocols: IP addresses (like IPv4 and IPv6) and MAC physical addresses are frequently
represented in decimal or hexadecimal for user configuration and interface readability. Behind the scenes, routers,
switches, and network interface cards (NICs) interpret and route these addresses strictly as binary bitstreams.

o Instruction Sets and Assembly Language: At the hardware level, machine language consists only of
thousands of 1s and 0s. When engineers reverse-engineer software, write low-level assembly language, or analyze
system core dumps, they utilize hexadecimal opcodes. Without hexadecimal as a human-readable bridge, tracing
execution paths inside an ALU (Arithmetic Logic Unit) would be virtually impossible.

e Color Representation in UI Design: In web development and software GUI programming, colors are
universally represented using 24-bit Hex codes (e.g., #FF0000 for pure Red). The computer hardware maps these
6 hex digits into 24 bits of binary to tell the monitor exactly how much voltage to apply to the Red, Green, and
Blue sub-pixels on the physical screen.
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By thoroughly understanding how to transition back and forth across these numbering frameworks, engineers
effectively learn to speak both the high-level language of human logic and the low-level, binary language of the digital
machine.

In Component 64 Out

Figure 5.16: TikZ Block Diagram 64

5.12 Binary Arithmetic Operations

Arithmetic operations on binary numbers are fundamentally similar to those performed on decimal numbers. However,
because the binary number system consists of only two digits (0 and 1), the rules governing these operations are simpler.
A solid understanding of binary arithmetic is essential for comprehending how digital computers and logic circuits
perform calculations and manipulate data.

In this section, we will explore the four basic arithmetic operations—addition, subtraction, multiplication, and
division—applied to binary numbers. We will also introduce the concept of complements, specifically the 1’s and 2’s
complements, which provide an efficient and elegant method for performing subtraction in digital systems.

In Component 63 Out

Figure 5.17: TikZ Block Diagram 63

5.12.1 Basic Binary Arithmetic

The fundamental operations of addition, subtraction, multiplication, and division in the binary system mirror their
decimal counterparts but involve fewer combinations.

Binary Addition

Binary addition follows four simple rules. Just as in decimal addition, when the sum of two digits exceeds the base
minus one (which is 1 in binary), a carry is generated to the next higher-order position.

Key Concept

Concept Rules of Binary Addition

« 0+0=0
e 0+1=1
e 1+0=1

e 14+ 1 =0, with a carry of 1 to the next more significant bit.

e 14+ 1+41=1, with a carry of 1 (This occurs when two 1s are added along with a carry from a previous
column).

\, V.

When adding multiple-bit binary numbers, we start from the rightmost bit (Least Significant Bit, LSB) and move
towards the left (Most Significant Bit, MSB), exactly as in standard decimal addition.

Example: Binary Addition
Let’s add the binary numbers 10115 and 11015.

Carry: 111
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\.

1 (which is 11 in decimal)
1 (which is 13 in decimal)

11000 (which is 24 in decimal)

Step-by-step breakdown:
1. Rightmost column: 1+ 1 = 0 with a carry of 1.
2. Next column: 1+ 0+ (carry 1) = 0 with a carry of 1.
3. Next column: 0+ 1+ (carry 1) = 0 with a carry of 1.
4. Leftmost column: 1+ 1+ (carry 1) = 1 with a carry of 1.

5. The final carry is brought down, resulting in 11000,.

Binary Subtraction

Binary subtraction is similar to decimal subtraction. When subtracting a larger digit from a smaller one, a "borrow" is
taken from the next higher-order column.

Key Concept

Concept Rules of Binary Subtraction

e 0—-0=0
e 1-0=1
e 1—-1=0

e 0—1=1, with a borrow of 1 from the next more significant bit. (Effectively, this makes the operation
109 — 13 = 19, analogous to 10 — 1 = 9 in decimal).

Example: Binary Subtraction
Subtract 01109 from 10105.

Borrow:
10 (which is 10 in decimal)
10 (which is 6 in decimal)

0100 (which is 4 in decimal)

Step-by-step breakdown:
1. Rightmost column: 0 — 0 = 0.
2. Next column: 1 —1 = 0.

3. Next column: 0 — 1 requires a borrow. We borrow 1 from the next column, making the current digit 10s.
102 — 15 = 1.

4. Leftmost column: The 1 was borrowed, so it became 0. 0 — 0 = 0.

Important / Warning

Direct Subtraction Pitfalls
While direct binary subtraction is straightforward for humans on paper, designing digital circuits to handle borrows
across multiple bits (cascading borrows) can be complex and hardware-intensive. This is why computers primarily
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use complement methods for subtraction, as we will discuss later.

Binary Multiplication

Binary multiplication is remarkably simple because the only digits are 0 and 1. The process involves generating partial
products and then adding them together, just as in decimal multiplication. If a multiplier bit is 1, the multiplicand is
copied as a partial product. If a multiplier bit is 0, the partial product is a row of zeros.

Key Concept

Concept Rules of Binary Multiplication
e O0x0=0
e Ox1=0
e 1x0=0
e I1x1=1

Example: Binary Multiplication
Multiply 10115 by 1102.

1011 (Multiplicand: 11)
x 110 (Multiplier: 6)
0000 (1011 x 0)
1011 (1011 x 1, shifted one position left)
+1011 (1011 x 1, shifted two positions left)

1000010 (Product: 66)

The partial products are aligned based on the position of the multiplier bit, and then they are added together
using binary addition.

,
\

Binary Division

Binary division is performed using the "long division" method familiar from decimal arithmetic. The process involves
examining the dividend from left to right, determining if the divisor can be subtracted from the current segment of the
dividend, and placing a 1 or a 0 in the quotient accordingly.

Example: Binary Division
Divide 110115 (27) by 1012 (5).

101 (Quotient: 5)

10111011 (Dividend)
1

1 0 (Remainder: 2)
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The quotient is 1013 and the remainder is 102. This matches the decimal operation: 27 -5 = 5 with a remainder
of 2.

AI Image Placeholder 62: A conceptual visualization.

Figure 5.18: Conceptual Visualization 62

5.12.2 Complements in Binary Systems

In digital computers, subtraction is typically not implemented using specialized subtractor circuits that handle borrows.
Instead, subtraction is reframed as an addition operation using a technique called "complements." This allows the
central processing unit’s Arithmetic Logic Unit (ALU) to use the same physical circuitry (adders) for both addition
and subtraction, greatly simplifying hardware design.

In the binary number system, there are two types of complements: the 1’s complement and the 2’s complement.

Box 1’s Complement: The 1’s complement of a binary number is formed by simply inverting every bit in the
number. Every 1 becomes a 0, and every 0 becomes a 1.

2’s Complement: The 2’s complement of a binary number is obtained by adding 1 to the LSB of its 1’s
complement.

1’s Complement

Finding the 1’s complement is a straightforward bitwise logical NOT operation.

Finding the 1’s Complement
e Original Binary Number: 1011001
e 1’s Complement: 0100110

Notice how each 1 is flipped to a 0, and each 0 to a 1.

Subtraction using 1’s Complement

To subtract a smaller number (subtrahend) from a larger number (minuend) using the 1’s complement method:
1. Find the 1’s complement of the subtrahend.
2. Add this 1’s complement to the minuend.

3. Check the carry out of the most significant bit. If there is a carry, add it to the least significant bit of the result.
This is known as an end-around carry.

4. If there is no carry (meaning a larger number was subtracted from a smaller number), the result is negative, and
its absolute value is the 1’s complement of the preliminary result.

Example: Subtraction using 1’s Complement (Minuend > Subtrahend)
Evaluate 11013 — 10012 (which is 13 —9).
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1. Subtrahend is 1001. Its 1’s complement is 0110.

2. Add 1’s complement to minuend:

10011 (Note the carry out ’1’ at the far left)

3. Since there is a carry, add it to the LSB (end-around carry):

The final result is 01002, which is 4 in decimal.

2’s Complement

The 2’s complement is the most common method used in modern computer architecture to represent negative numbers
and perform subtraction. It eliminates the need for an "end-around carry," making hardware implementation cleaner
and more efficient. Furthermore, 2’s complement provides a unique representation for zero, whereas 1’s complement
has a "positive zero" (0000) and a "negative zero" (1111).

As defined earlier, the 2’s complement is generated by adding 1 to the 1’s complement.

Finding the 2’s Complement
Find the 2’s complement of 10115.

1. Find the 1’s complement: 0100

2. Add 1 to the LSB:

The 2’s complement of 10115 is 01015.

\_ J

A rapid shortcut for finding the 2’s complement of a number is to scan the binary number from right to left (starting
at the LSB). Leave all trailing zeros and the first '1’ unchanged, and then invert all the remaining bits to the left.

Subtraction using 2’s Complement

To perform subtraction using 2’s complement (A — B):
1. Find the 2’s complement of the subtrahend (B).
2. Add this 2’s complement to the minuend (A).
3. If there is a final carry out of the MSB, discard it. The remaining bits form the positive result.

4. If there is no carry out, the result is negative. The magnitude is the 2’s complement of the result.
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Example: Subtraction using 2’s Complement (Minuend > Subtrahend)
Evaluate 11013 — 10012 (which is 13 —9).

1. Subtrahend is 1001. Its 1’s complement is 0110. Add 1 to get the 2’s complement: 0111.

2. Add the 2’s complement to the minuend:

10100 (Note the carry out ’1’ at the far left)

3. Discard the carry out. The result is 01002, which is 4 in decimal.

\_ J

Example: Subtraction using 2’s Complement (Subtrahend > Minuend)
Evaluate 01013 — 11002 (which is 5 — 12). We expect a result of —7.

1. Subtrahend is 1100. Its 1’s complement is 0011. Add 1 to get the 2’s complement: 0100.

2. Add the 2’s complement to the minuend:

1001 (No carry out)

3. Since there is no carry out, the result is negative and is in its 2’s complement form. To find its magnitude,
we take the 2’s complement of 1001.

4. 1’s complement of 1001 is 0110. Add 1 to get 0111y (which is 7 in decimal).

5. Therefore, the answer is —7. (In computer memory, the binary string 1001 itself directly represents —7 in a
4-bit 2’s complement system).

\. J

Key Concept

Concept Why Computers Prefer 2’s Complement

The 2’s complement notation maps positive and negative numbers seamlessly onto standard addition hardware.
By simply inverting the bits of the second operand and artificially injecting a carry-in of ’1’ into the adder circuit,
the ALU performs an addition that mathematically yields a subtraction. There is no need for an extra addition
cycle to process an end-around carry, which translates to faster and more efficient computational performance.

A

r

In summary, binary arithmetic constitutes the core operations processed by digital logic. While basic addition,
subtraction, multiplication, and division conceptually mirror decimal math, modern computer systems optimize these
operations, especially subtraction, by utilizing complement arithmetic. The 2’s complement method, in particular,
fundamentally underpins integer arithmetic in nearly all contemporary processors.

In Component 61 Out

Figure 5.19: TikZ Block Diagram 61
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5.13 Codes

5.13.1 Introduction to Digital Codes

In the realm of digital electronics and computer architecture, information processing relies entirely on the manipulation
of binary numbers—sequences composed strictly of 1s and 0s. While binary arithmetic is highly efficient for machine-level
computation, it is often unintuitive for human interaction. Humans natively understand decimal numbers, alphabets,
punctuation, and various specialized symbols. Consequently, there must be a translation mechanism to bridge the gap
between human-readable information and machine-processable data. This translation is achieved through the use of
digital codes.

A code establishes a formal set of rules that uniquely maps a set of symbols (such as the decimal digits 0-9, the
English alphabet, or control signals) to specific sequences of binary digits (bits). The process of converting familiar
symbols into binary formats is known as encoding, while the reverse process is termed decoding.

Digital Code A digital code is a systematic assignment of a unique combination of bits to each distinct element
of a predefined set of information. This enables digital systems to accurately represent, process, transmit, and
display non-binary data forms such as decimal numbers, text, and physical positions.

Codes are broadly categorized into numeric codes (used to represent numbers) and alphanumeric codes (used to
represent text and symbols). Furthermore, codes can be classified as weighted or unweighted. In a weighted code, every
bit position in the binary sequence carries a specific mathematical value or weight, making it possible to determine the
overall value by summing the weights of the positions containing a '1’. In an unweighted code, bit positions do not
correspond to fixed mathematical weights; instead, the sequences are structured to provide specific logical or physical
advantages.

In Component 60 Out

Figure 5.20: TikZ Block Diagram 60

5.13.2 Binary-Coded Decimal (BCD)

The Binary-Coded Decimal (BCD) code is one of the most fundamental numeric codes used in digital systems. Its
primary purpose is to simplify the representation of decimal numbers in binary format, making it exceptionally useful
for systems that require frequent input and output in decimal form, such as digital clocks, calculators, and voltmeters.

In BCD encoding, each individual digit of a decimal number is translated into a fixed-length binary sequence,
typically comprising four bits.

Key Concept

Weighted Codes The most prevalent form of BCD is the 8421 BCD code. It is a weighted code where the four
bit positions from left to right have the weights 23,22, 2, and 2°, or 8, 4, 2, and 1, respectively. The decimal value
of a BCD digit is simply the sum of these positional weights where a logic ’1’ is present.

Characteristics of 8421 BCD

Because a 4-bit binary sequence can represent a total of 2¢ = 16 distinct combinations (from 0000 to 1111), and the
decimal system only utilizes 10 digits (0 through 9), the 8421 BCD code only uses the first 10 binary combinations.
The remaining six binary combinations—1010 (10), 1011 (11), 1100 (12), 1101 (13), 1110 (14), and 1111 (15)—are
considered invalid or forbidden states in standard BCD. If a digital circuit operating in BCD encounters one of these
states, it typically indicates an error condition.

Converting Decimal to BCD Convert the decimal number 497, to its BCD equivalent.
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Solution: To convert, we replace each decimal digit with its corresponding 4-bit 8421 BCD representation
independently:

e 430 = 0100cD
e 910 = 1001scp
e 7190 =0111gcp

Concatenating these groups yields the final answer: 4979 = (0100 1001 0111)pcp.

\. /

Important / Warning

BCD vs. Pure Binary A common mistake is confusing BCD conversion with pure binary conversion. They are
fundamentally different. For instance, the decimal number 25 in pure binary is obtained through repeated division
by 2, resulting in 110015 (which requires 5 bits). In contrast, converting 25 to BCD requires representing '2” and
'5” separately, resulting in 0010 0101gcp (which requires 8 bits). BCD always requires more bits than pure binary
for numbers greater than 9.

BCD Arithmetic and Packed BCD

While BCD is highly advantageous for interfacing with humans, performing arithmetic operations using BCD is slightly
more complex than pure binary arithmetic. When adding two BCD numbers, conventional binary addition is performed
on each 4-bit group. However, if the sum of any group exceeds 9 (i.e., enters an invalid state from 1010 to 1111) or
generates a carry into the next higher group, a correction factor must be applied. The correction involves adding 619
(01102) to the invalid sum, effectively skipping the six forbidden states and generating the correct decimal carry.

In computer systems, BCD data can be stored in two formats:

o Unpacked BCD: Each 4-bit BCD digit is stored in a separate 8-bit byte, usually occupying the lower nibble,
while the upper nibble is filled with zeros.

o Packed BCD: Two 4-bit BCD digits are packed into a single 8-bit byte. This is far more memory-efficient and
is commonly used in microprocessors and financial systems where exact decimal precision is critical, preventing
floating-point rounding errors.

5.13.3 Gray Code

While BCD is optimized for decimal representation, Gray code is engineered to solve physical and logical transition
problems. Gray code is the most famous example of an unweighted, minimum-change code.

Gray Code Gray code, also known as reflected binary code, is a binary numeral system where two successive
values differ in exactly one bit position. This property holds true regardless of the length of the code sequence.

In standard binary, incrementing a number can cause multiple bits to flip simultaneously. For example, changing
from 319 (0112) to 419 (1002) requires all three bits to change state. In electro-mechanical systems or asynchronous
digital circuits, it is practically impossible to guarantee that all bits will flip at the exact same picosecond. Consequently,
the system might momentarily pass through erroneous intermediate states (such as 0102 or 1115). Gray code completely
eliminates this hazard by ensuring only one bit transitions at a time.

Construction: The Reflection Method

The term "reflected binary code" originates from the algorithmic method used to generate sequences of Gray code for
an arbitrary number of bits.

To construct an n-bit Gray code from an (n — 1)-bit Gray code: 1. Write down the (n — 1)-bit Gray code sequence.
2. Draw a horizontal reflection line (a mirror) below the last entry. 3. Reflect (copy in reverse order) the sequence
below the line. 4. Append a ’'0’ to the MSB position of all entries above the mirror line. 5. Append a ’1’ to the MSB
position of all entries below the mirror line.
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Binary to Gray and Gray to Binary Conversion

Instead of generating the entire sequence, individual binary numbers can be mathematically converted to Gray code
using the XOR (exclusive-OR) operation.

Binary to Gray Code Conversion: Let the binary number be B, B,_1 ... B1 By and the corresponding Gray
code be G,,Gp—1 ... G1Gy.

1. The Most Significant Bit (MSB) remains unchanged: G,, = B,.

2. For all subsequent bits, XOR the adjacent binary bits: G; = B; 11 & B;.
Gray Code to Binary Conversion:

1. The MSB remains unchanged: B, = G,,.

2. For all subsequent bits, XOR the current Gray bit with the previously calculated binary bit: B; = B;+1 @ G;.

Gray Code Conversion Task A: Convert Binary 1101, to Gray Code.

e Go=B3®B,=11=0
e G1=By¢B1=140=1
e Gy=B1®PBy=0p1=1

Result: 1011Gray
Task B: Convert Gray Code 1011g;ay back to Binary.

By=B3®Ga=100=1

Bi=B,®dG1=1®1=0

BOZBl@GQZO@lzl

Result: 11015

Applications of Gray Code

Because Gray code prevents spurious transition states, it is extensively used in the physical world.

« Rotary and Linear Encoders: Optical and mechanical position sensors use Gray code disks to determine the
exact angular or linear position of physical components, entirely eliminating read errors at position boundaries.

o Karnaugh Maps (K-maps): In digital logic design, K-map axes are labeled using Gray code (e.g., 00, 01, 11,
10). This ensures that logically adjacent cells differ by only one variable, a fundamental geometric requirement
for grouping terms to simplify Boolean expressions.

o Digital Communication and Error Correction: Gray code is used in modulation schemes like Quadrature
Amplitude Modulation (QAM) to map digital data to signal constellations. If noise corrupts a signal, moving it
to an adjacent constellation point, a Gray code mapping ensures that only a single bit error occurs, which is
easier for Forward Error Correction (FEC) algorithms to fix.

5.13.4 Alphanumeric Codes: ASCII

While numeric codes facilitate calculations and logical transitions, computers are overwhelmingly used for textual
communication. Documents, source code, and messages consist of letters, punctuation marks, numbers, and formatting
commands. Alphanumeric codes are developed to assign a unique binary sequence to each printable and non-printable
character. The most universally recognized alphanumeric code is ASCII.
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ASCII ASCII (American Standard Code for Information Interchange) is a comprehensive character encoding
standard utilized for electronic communication. It defines a standard mapping between a specific 7-bit binary
sequence and 128 distinct characters, encompassing the English alphabet, numeric digits, standard punctuation,

and essential control characters.

The Structure of ASCII

Standard ASCII utilizes 7 bits per character, offering 27 = 128 distinct encodings. These 128 positions are methodically
structured into two main categories:

1. Control Characters (0-31 and 127): The first 32 characters in the ASCII table are non-printable control
codes originally designed to operate teletype machines and manage data streams. Although hardware has evolved,
many of these codes remain crucial today. For example:

« 0 (00000002): NUL (Null) - Used as a string terminator in languages like C.

e 10 (00010102): LF (Line Feed) - Moves the cursor down to the next line.

« 13 (00011012): CR (Carriage Return) - Moves the cursor to the beginning of the line.

e 27 (00110112): ESC (Escape) - Used to signal the start of a special command sequence.

2. Printable Characters (32-126): These are the visible symbols found on a standard keyboard. The ASCII
assignment for printable characters is highly logical to simplify sorting and conversion.

o Space: Assigned the value 32 (01000002).

o Numbers: The digits 0’ through ’9” are assigned values 48 (01100002) through 57 (01110013). Notice that the
lower four bits correspond exactly to the BCD value of the digit.

« Uppercase Letters: 'A’ through ’Z’ span from 65 (10000012) to 90 (10110102).

« Lowercase Letters: 'a’ through 'z’ span from 97 (11000012) to 122 (11110102).

Key Concept

ASCII Case Conversion A brilliant design feature of ASCII is that the uppercase and lowercase versions of a letter
differ by exactly 3219. In binary, this corresponds to a single bit: the 6'® bit from the right (weight 2°). For
instance:

e "A’is 6519 — 10000015
e ’a’ is 9719 — 1100001,

A computer program can instantly convert uppercase to lowercase simply by setting the 6™ bit to 1’ using a
bitwise OR operation, or convert lowercase to uppercase by clearing the bit using a bitwise AND operation.

\\ v

ASCII String Representation Determine the binary ASCII representation of the word "Dig".
Solution: Look up the decimal ASCII values, then convert to 7-bit binary.

e ’D’: Decimal 68 — 1000100,
e ’i’: Decimal 105 — 11010019

e g’ Decimal 103 — 1100111,

The complete ASCII bitstream is: 1000100 1101001 1100111.
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Extended ASCII and Modern Encoding

Because computer memory is fundamentally organized into 8-bit bytes, storing a 7-bit ASCII character inherently
leaves one bit (the Most Significant Bit, or MSB) unused. In early systems, this 8" bit was frequently utilized as
a parity bit to detect transmission errors. If "even parity" was configured, the transmitter would dynamically set
the MSB to '0’ or 1’ to ensure the total number of '1’s in the byte was even. The receiver would check this parity,
requesting retransmission if an error occurred.

As transmission reliability improved, the parity bit was repurposed to extend the character set. By utilizing all
8 bits, Extended ASCII could represent 28 = 256 characters. The additional 128 characters (128-255) were used
to encode accented foreign language letters, mathematical symbols, and line-drawing characters for early graphical
interfaces. However, Extended ASCII lacked standardization, leading to various conflicting "code pages" (like ISO
8859-1 for Western European or CP437 for DOS).

Today, while the original 7-bit ASCII remains universally supported, it has been largely superseded by Unicode
(specifically UTF-8). Unicode is a vast, extensible standard capable of representing millions of characters, accommodating
virtually every language and writing system on Earth. Notably, UTF-8 is fully backwards compatible with ASCII; the
first 128 characters of UTF-8 are completely identical to the standard ASCII definitions.

5.13.5 Summary of Digital Codes

In conclusion, digital codes are foundational to computer science and telecommunications, translating real-world
information into binary formats suitable for electronic processing. BCD maintains the structural integrity of decimal
numbers, making it indispensable for human-interfacing financial and display systems. Gray code eliminates physical
transition errors and simplifies logical minimization by ensuring minimal bit-changes. Finally, ASCII standardizes
textual representation, acting as the primary medium for human-to-computer communication. Mastery of these
encoding paradigms is critical for any engineer involved in the design, diagnostics, or programming of modern digital
systems.

In Component 59 Out

Figure 5.21: TikZ Block Diagram 59
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5.14 Boolean algebra and logic gates
5.15 Digital Logic Gates

Concept Logic gates are the fundamental building blocks of digital electronic circuits. They are microscopic
hardware devices that perform basic logical functions, serving as the foundation of complex computational systems
such as microprocessors, microcontrollers, and modern computer networks. Every digital operation, from basic
addition to advanced algorithmic processing, relies on the combined action of these gates.

In Component 58 Out

Figure 5.22: TikZ Block Diagram 58

5.15.1 Introduction to Digital Logic

In the realm of digital electronics, a logic gate typically has one or more input terminals and a single output terminal.
The relationship between the input signals and the output signal is strictly governed by specific logic operations based
on Boolean algebra. Logic gates primarily operate on two discrete voltage levels corresponding to two logical states:
HIGH (typically represented as Logic 1, True, or +5V in classic TTL circuits) and LOW (represented as Logic 0, False,
or 0V).

By combining various logic gates in intricate networks, engineers can design digital circuits that perform complex
arithmetic computations, data routing, memory storage, and automated control operations. The transition from
continuous analog signals to discrete digital signals provides significant advantages, including higher immunity to noise,
precise signal regeneration, and ease of mass integration on silicon wafers.

Logic gates are broadly classified into three categories based on their functionality and versatility:

1. Basic Logic Gates: These include the AND, OR, and NOT gates. They directly implement the three
fundamental operations of Boolean algebra.

2. Universal Logic Gates: These include the NAND and NOR gates. They are unique because any digital circuit
can be constructed entirely using just one of these gate types.

3. Special Purpose Logic Gates: These include the Exclusive-OR (EX-OR) and Exclusive-NOR (EX-NOR)
gates. They perform specialized arithmetic and parity-checking operations that would otherwise require multiple
basic gates to implement.

In this comprehensive section, we will systematically explore the symbol, standard operation, Boolean expression,
and truth table for each of these seven logic gates in detail.

5.15.2 Basic Logic Gates

Basic logic gates represent the primary operations of Boolean algebra: logical conjunction (AND), logical disjunction
(OR), and logical negation (NOT). They form the simplest building blocks for expressing logic functions.

AND Gate

Box The AND gate is a basic logic circuit that implements logical conjunction. It evaluates all its inputs and
produces a HIGH output (1) if and only if all of its inputs are simultaneously HIGH (1). If any single input, or
multiple inputs, are LOW (0), the output immediately becomes LOW (0).

Operation and Boolean Expression: The logical operation of an AND gate is mathematically analogous to
ordinary multiplication, hence it is often referred to as a logical product. For a two-input AND gate with inputs
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denoted as A and B, the output Y is expressed algebraically as Y = A - B or simply Y = AB. This operation can be
extended to three or more inputs; for example, a four-input AND gate would have the expression Y = ABCD.

An intuitive everyday analogy for the AND gate is a circuit comprising a power source, a light bulb, and two
simple mechanical switches connected in series. The electrical current can only reach the light bulb if both Switch
A AND Switch B are closed simultaneously. If either switch is left open, the series circuit is broken, no current
flows, and the light bulb remains off. This perfectly mimics the 0 and 1 states of the digital AND gate.

Logic Symbol: The standard graphical symbol for a two-input AND gate features a flat vertical line on the input
side and a curved, semi-circular shape on the output side. The input lines enter the flat side, and a single output line
emerges from the center of the curved side. In schematic diagrams, popular AND gate integrated circuits (ICs) like the
7408 Quad 2-input AND gate are frequently utilized.

Truth Table: A truth table is a tabular representation that systematically enumerates all possible combinations of
input variables and their corresponding outputs. For an n-input gate, there are 2™ possible input combinations. The
truth table for a 2-input AND gate is given below:

Input A | Input B | Output Y = A - B
0 0 0
0 1 0
1 0 0
1 1 1

Table 5.6: Truth Table for 2-input AND Gate

OR Gate

Box The OR gate is a basic logic circuit that implements logical disjunction. It produces a HIGH output (1) if at

least one of its inputs is HIGH (1). The output is LOW (0) strictly when all of its inputs are simultaneously LOW

(0).

Operation and Boolean Expression: The logical operation of an OR gate corresponds to logical addition in
Boolean algebra. It is not equivalent to arithmetic addition (since 1 + 1 does not yield 2 in boolean logic, but rather
1, indicating 'True’). For a two-input OR gate with inputs A and B, the output Y is mathematically written as
Y=A+B.

Consider two mechanical switches connected in parallel to control a single light bulb. The light bulb will successfully
turn on if Switch A is closed, OR if Switch B is closed, or if both are closed. The only scenario where the light
bulb remains dark is if both switches are completely open. This parallel circuit effectively demonstrates the logical
OR operation.

Logic Symbol: The logic symbol for a two-input OR gate is uniquely characterized by a concave curved line on the
input side and a convex, sharply pointed shape on the output side. This distinct shield-like shape easily differentiates it
from the AND gate. A widely used commercial IC for this gate is the 7432 Quad 2-input OR gate.

Truth Table: The truth table below illustrates that any presence of a Logic 1 at the inputs dictates a Logic 1 at
the output.

Input A | Input B | Output Y = A + B
0 0 0
0 1 1
1 0 1
1 1 1

Table 5.7: Truth Table for 2-input OR Gate
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NOT Gate (Inverter)

Box The NOT gate, commonly referred to as an inverter, is a fundamental single-input logic gate that performs

logical negation or complementation. It reverses the logic state of its input. If the input is HIGH, the output is
LOW; if the input is LOW, the output is HIGH.

Operation and Boolean Expression: The NOT gate is unique because it strictly operates with one input and
one output. It mathematically complements the Boolean variable. For a given input A, the output Y is expressed as
Y = A (read as "A bar") or Y = A'.

Important / Warning

Do not confuse the NOT gate with a simple passive wire. While a wire transfers the same electrical signal from
one node to another, a NOT gate actively drives its output to the opposite logic level. It is an active electronic
component composed of transistors that require a continuous power supply (Vce and Ground) to source or sink
current to pull the output to the desired state.

Logic Symbol: The standardized symbol for a NOT gate is a triangle pointing to the right, indicating the direction
of signal flow, followed by a small circle (often called an inversion bubble) at its output tip. The bubble is the crucial
element that explicitly indicates the inversion process. The 7404 Hex Inverter is a classic IC containing six independent
NOT gates.

Truth Table: Because there is only one input, the truth table only contains 2! = 2 rows.

Input A | Output Y = A
0 1
1 0

Table 5.8: Truth Table for NOT Gate

5.15.3 Universal Logic Gates

The NAND and NOR gates fall under the special classification of universal gates. They earn this title because any
logic gate—and consequently any complex digital circuit, including microprocessors and memory modules—can be
physically implemented using combinations of only NAND gates or only NOR gates.

Concept The property of functional completeness (universality) is tremendously beneficial in Integrated Circuit
(IC) manufacturing. Mass-producing a silicon wafer populated by a uniform grid of millions of identical NAND
gates is significantly cheaper, simpler, and less prone to fabrication errors than producing a complex layout
featuring an assortment of AND, OR, and NOT gates.

NAND Gate

Box The NAND gate (short for NOT-AND) is a universal logic gate that produces a LOW output (0) strictly

when all of its inputs are simultaneously HIGH (1). For any other combination of inputs, the output is firmly
HIGH (1).

Operation and Boolean Expression: Logically, a NAND gate behaves as if an AND gate has been cascaded
into a NOT gate. The Boolean expression for a two-input NAND gate is derived by taking the logical product of inputs
A and B, and then complementing the result. Thus, the equation is Y = A - B. According to De Morgan’s Laws, this
is also mathematically equivalent to Y = A+ B (an OR gate with inverted inputs).

Logic Symbol: The symbol for a NAND gate seamlessly combines the flat-backed, semi-circular shape of the AND
gate with the small inversion bubble characteristic of the NOT gate positioned at its output. The commonly utilized
IC for this is the 7400 Quad 2-input NAND gate.

Truth Table: Notice how the output column is the exact opposite (inverse) of the AND gate’s output.
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Input A | Input B | Qutput Y = A-B
0 0 1
0 1 1
1 0 1
1 1 0

Table 5.9: Truth Table for 2-input NAND Gate

NOR Gate

Box The NOR gate (short for NOT-OR) is a universal logic gate that produces a HIGH output (1) exclusively
when all its inputs are LOW (0). If any single input is HIGH (1), the output is forced LOW (0).

Operation and Boolean Expression: The internal operation of a NOR gate is equivalent to passing the output
of an OR gate through a NOT gate. For a two-input NOR gate with inputs A and B, the output is expressed as
Y = A+ B. By applying De Morgan’s theorem, this expression translates to Y = A - B (an AND gate with inverted
inputs).

Logic Symbol: The logic symbol for a NOR gate is the standard curved, pointed shield of the OR gate equipped
with an inversion bubble at the output terminal. The 7402 IC provides quad 2-input NOR gates.

Truth Table: The output is HIGH only when the system is completely inactive (inputs are all 0).

Input A | Input B | Output Y = A+ B
0 0 1
0 1 0
1 0 0
1 1 0

Table 5.10: Truth Table for 2-input NOR Gate

5.15.4 Special Purpose Logic Gates

Beyond basic arithmetic and Boolean manipulation, specific digital tasks such as binary addition, subtraction, data
comparison, and error detection require complex gate arrangements. The Exclusive-OR (EX-OR) and Exclusive-NOR
(EX-NOR) gates are composite gates designed specifically to streamline these common operations.

EX-OR (Exclusive-OR) Gate

Box The Exclusive-OR (EX-OR) gate produces a HIGH output (1) only when its two inputs are at different
logical states. If the inputs are identical (both HIGH or both LOW), the output evaluates to LOW (0).

Operation and Boolean Expression: The EX-OR gate is frequently dubbed the "inequality gate" because it
serves as an excellent digital comparator, flagging when two signals mismatch. It is also called an "odd-parity gate"
since it outputs HIGH when there is an odd number of HIGH inputs. The Boolean expression for an EX-OR gate is
compactly written using a circled plus sign: Y = A @& B. When expanded using basic logic operations, this equates to
Y =AB+ AB.

A practical manifestation of the EX-OR logic in residential wiring is the "two-way lighting circuit," typically found
on staircases. There are two switches—one at the top, one at the bottom—controlling the same stairwell light.
Flipping either switch changes the state of the light regardless of the other switch’s position. The light turns on
when the positions of the switches disagree, faithfully replicating the EX-OR truth table.

Logic Symbol: The visual symbol for an EX-OR gate closely resembles an OR gate but features a distinctive
double-curved line at the input interface, emphasizing its exclusive nature. The 7486 IC is standard for quad 2-input
EX-OR logic.



https://milav.in

Truth Table:

Input A | Input B | Output Y = A & B
0 0 0
0 1 1
1 0 1
1 1 0

Table 5.11: Truth Table for 2-input EX-OR Gate

EX-NOR (Exclusive-NOR) Gate

Box The Exclusive-NOR (EX-NOR) gate produces a HIGH output (1) strictly when its two inputs are at the
exact same logical state. If the inputs differ in their states, the output goes LOW (0).

Operation and Boolean Expression: Because it actively detects identical inputs, the EX-NOR, gate is also
known as the "equality gate" or "coincidence gate." It is essentially an EX-OR gate followed by an inverter. The Boolean
equation is represented using a circled dot: Y = A ® B. In its expanded sum-of-products form, thisis Y = AB + AB.

Important / Warning

When designing complex telecommunication circuits involving parity generation and error checking, designers
must pay close attention to the gate selection. While EX-OR gates are traditionally implemented for generating
odd parity and executing raw binary addition without carry handling, EX-NOR, gates are the component of choice
for equality comparators and detecting even parity in data transmission streams.

Logic Symbol: The schematic symbol for an EX-NOR gate takes the EX-OR gate symbol and simply appends a
small inversion bubble to the output tip.

Truth Table:
Input A | Input B | Output Y = A © B
0 0 1
0 1 0
1 0 0
1 1 1

Table 5.12: Truth Table for 2-input EX-NOR Gate

Al Image Placeholder 57: A conceptual visualization.

Figure 5.23: Conceptual Visualization 57

5.15.5 Summary of Digital Logic Gates

Understanding the operational characteristics, mathematical representations, and practical applications of these seven
primary logic gates is crucial for the successful analysis and design of any digital system.

+ Basic Gates (AND, OR, NOT): They are straightforward implementations of fundamental Boolean algebra
theorems and form the conceptual core of digital logic.

o Universal Gates (NAND, NOR): These gates dominate commercial digital hardware design. Their universal
nature simplifies the semiconductor fabrication process, allowing entire central processing units (CPUs) and Solid
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State Drives (SSDs) to be manufactured from monolithic arrays of thousands, or even millions, of interconnected
NAND or NOR elements.

» Special Purpose Gates (EX-OR, EX-NOR): These gates significantly optimize and streamline the physical
design of digital arithmetic modules. They are irreplaceable in the construction of Half Adders, Full Adders,
subtractors, and parity-checking algorithms employed in reliable networking hardware.

By systematically interconnecting these distinct logical units, engineers synthesize highly sophisticated combinational
circuits, where outputs directly depend on present input states, as well as sequential circuits, where memory elements
introduce dependency on historical states. This interconnected web of digital logic stands as the bedrock of modern
electronics and global computing infrastructure.

AI Image Placeholder 56: A conceptual visualization.

Figure 5.24: Conceptual Visualization 56

5.16 Basic Theorems and Properties of Boolean Algebra

Boolean algebra, named after the English mathematician George Boole, is the branch of algebra in which the values of
the variables are the truth values true and false, usually denoted 1 and 0, respectively. Instead of elementary algebra
where the values of the variables are numbers and the prime operations are addition and multiplication, the main
operations of Boolean algebra are the conjunction (AND denoted as -), the disjunction (OR denoted as +), and the
negation (NOT denoted as ' or A).

This algebraic system is fundamental to the design and analysis of digital circuits and systems. By applying the
postulates and theorems of Boolean algebra, complex logical expressions can be simplified, resulting in more efficient
and cost-effective hardware implementations.

Concept Boolean Algebra Variables and Operators
Boolean variables can only take on one of two possible values: 0 (logic low/false) or 1 (logic high/true). The
fundamental operations are:

e OR (4): Logical addition. A+ B=1if A=1or B=1.
e« AND (-): Logical multiplication. A- B =1 if and only if A =1 and B = 1.

e« NOT (’ or): Logical inversion. If A =1, then A’ = 0.

In Component 55 Out

Figure 5.25: TikZ Block Diagram 55

5.16.1 Huntington Postulates

The foundation of Boolean algebra is built upon a set of postulates (or axioms) known as Huntington Postulates,
proposed by Edward V. Huntington in 1904. These are self-evident truths that do not require proof and serve as the
building blocks for all subsequent theorems.
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Box Postulate 1: Closure

o Closure with respect to the OR operator (+): For any Boolean variables A and B, the result of A + B is
also a Boolean variable.

o Closure with respect to the AND operator (-): For any Boolean variables A and B, the result of A - B is also
a Boolean variable.

Postulate 2: Identity Elements
e The identity element for the OR operation is 0: A+ 0= A.
e The identity element for the AND operation is 1: A-1 = A.

Postulate 3: Commutative Laws The order in which variables are ORed or ANDed does not affect the final
result.

¢ Commutative law of OR: A+ B=B+ A
e Commutative law of AND: A-B=B-A

Postulate 4: Distributive Laws Boolean algebra features unique distributive laws where each operator distributes
over the other.

o Distributive law of AND over OR: A- (B+C)=(A-B)+ (A-C)
o Distributive law of OR over AND: A+ (B-C)=(A+B)-(A+C)

Important / Warning

Distributive Law Difference

Note that the second distributive law (A+ B-C = (A+ B) - (A + C)) is unique to Boolean algebra and does
not hold true in ordinary algebra. This is a common point of confusion for students transitioning from standard
mathematics to digital logic.

Postulate 5: Complement For every Boolean variable A, there exists a unique complement variable A’ (or A)
such that:

e« A+ A =1
e A-A =0

In Component 54 Out

Figure 5.26: TikZ Block Diagram 54

5.16.2 The Principle of Duality

Before diving into the derived theorems of Boolean algebra, it is crucial to understand the Principle of Duality, a
remarkable characteristic of this algebraic structure.

Key Concept

Concept Principle of Duality
The principle of duality states that every algebraic expression deducible from the postulates of Boolean algebra
remains valid if the operators and identity elements are interchanged. Specifically, to find the dual of an expression:

1. Interchange the OR (+4) and AND (-) operators.

2. Interchange the identity elements 0 and 1.
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Variables and their complements are left unchanged.

For example, the dual of the identity law A+ 0= A is A-1 = A, which is precisely the other half of the identity
postulate. Because of this principle, Boolean theorems always come in pairs. If you prove one theorem, its dual is
automatically true.

In Component 53 Out

Figure 5.27: TikZ Block Diagram 53

5.16.3 Basic Theorems of Boolean Algebra

Building upon the Huntington postulates, several theorems can be derived to aid in the simplification of Boolean
expressions. We will state the theorems in dual pairs.

1. Idempotent Law

The idempotent law states that combining a variable with itself, using either the OR or AND operation, results in the
variable itself. This reflects the non-additive and non-multiplicative nature of logic states.

e Theorem la: A+ A=A
e Theorem 1b: A- A=A

Proof of A+ A= A:

A+A=(A+4)-1 (Identity Element)
=(A+A)-(A+A4A) (Complement Postulate)
=A+(A-A) (Distributive Law)
=A+0 (Complement Postulate)
=A (Identity Element)

2. Involution Law (Double Inversion Law)
The involution law simply states that the complement of a complement restores the original variable.
o Theorem 2: (A') = A

Applying an inverter twice in a digital circuit results in the original signal, albeit possibly with a slight propagation
delay.

3. Null Elements (Properties of 0 and 1)

These theorems show the result of combining a variable with the limits of Boolean values.
o Theorem 3a (Dominance of 1 in OR): A+1=1
o Theorem 3b (Dominance of 0 in AND): A-0=0

These properties are incredibly useful for eliminating terms during simplification. If any input to an OR gate is 1, the
output is necessarily 1. Conversely, if any input to an AND gate is 0, the output is necessarily 0.

4. Absorption Law

The absorption law enables a reduction in the number of variables in an expression by "absorbing" a redundant variable.
o Theorem 4a: A+ (A-B)=A
o Theorem 4b: A-(A+ B)=A
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Proof of A+ A-B = A:

A+A-B=(A-1)+(A-B) (Identity Element)
=A-(1+B) (Distributive Law)
=A-(1) (Null Element: 1+ B =1)
=A (Identity Element)

A useful variation of the absorption law often encountered is:
. A(A' + B ) = AB

This rule implies that if a variable is ORed with the AND product of its complement and another variable, the
complement drops out.

5. Associative Law

The associative law indicates that the grouping of variables does not matter when the same operation is applied
successively. While not explicitly a Huntington postulate, it is a fundamental theorem of Boolean algebra.

e Theorem 5a: A+ (B+C)=(A+B)+C=A+B+C
e Theorem 5b: A-(B-C)=(A-B)-C=A-B-C

This allows logic gates to be cascaded or expanded to multiple inputs seamlessly.

6. Consensus Theorem

The consensus theorem is a powerful simplification tool that is often overlooked. It helps identify and eliminate
redundant product or sum terms.

e Theorem 6a: AB+ A'C + BC = AB+ A'C
e Theorem 6b: (A+ B)(A'+C)(B+C)=(A+B)(A +C)

In the first equation, the term BC' is called the consensus term. The consensus term is formed by taking the
variables that are associated with a variable and its complement in the other two terms (here, B is with A, and C is
with A’). The consensus term is redundant and can be dropped from the expression.

Proof of the Consensus Theorem (AB + A'C' + BC = AB + A'C):
AB+ A'C+ BC =AB+ A'C+ BC(1)
=AB+ A'C+BC(A+ A4") (Complement Postulate)
=AB+ A'C+ ABC + A'BC (Distributive Law)
=AB(1+C)+ A'C(1+ B) (Rearranging and Factoring)
=AB(1)+ A'C(1) (Null Element: 1+ X =1)
=AB+ A'C

In Out

Component 52

Figure 5.28: TikZ Block Diagram 52
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5.16.4 De Morgan’s Theorems

Augustus De Morgan, a 19th-century mathematician, formulated two of the most important theorems in Boolean
algebra. These theorems provide mathematical verification for the equivalency of NAND and negative-OR gates, as
well as NOR and negative-AND gates. De Morgan’s theorems are widely used to simplify expressions and implement
circuits using universal logic gates.

Definition

Box De Morgan’s First Theorem
The complement of a logical sum (OR) equals the logical product (AND) of the complements.

(A+B) =A"-B (5.1)

In hardware terms, this theorem states that a NOR, gate is logically equivalent to an AND gate with inverted
inputs (bubbled AND).

Definition

~
\

Box De Morgan’s Second Theorem
The complement of a logical product (AND) equals the logical sum (OR) of the complements.

(A-B) =A"+DB (5.2)

In hardware terms, this theorem implies that a NAND gate is logically equivalent to an OR gate with inverted
inputs (bubbled OR).

r
\

Key Concept

Concept Applying De Morgan’s Theorems (Break the Line, Change the Sign)
A simple mnemonic for applying De Morgan’s theorem to complex expressions is: "Break the line, change the
sign."

1. Break the overline (complement) covering multiple variables.

2. Change the operation directly underneath the break: replace AND () with OR (+), and replace OR (+)
with AND (-).

Example

r
| \

Simplification using De Morgan’s Theorems:
Simplify the Boolean expression F = ((A+ B’) - C)".
Applying De Morgan’s second theorem to the outermost complement:

F=(A+B)Y+C
Now, applying De Morgan’s first theorem to the first term:
F=(A-(B))+C

Applying the Involution Law ((B’) = B):
F=A-B+(C

De Morgan’s theorems can be extended to any number of variables. For instance, (A+ B+C+...) =A"-B'-C"...
and (A-B-C...))=A+B+C"+....

5.16.5 Summary of Boolean Theorems

The ability to manipulate and simplify logic equations is an essential skill for digital logic design. The basic laws and
theorems are summarized below for quick reference:

o Identity: A+0=A4 | A-1=A
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e Null Elements: A+1=1 | A-0=0

o Idempotent: A+ A=A | A-A=A

o Involution: (A) = A

o Complement: A+ A'=1 | A-A=0

o Commutative: A+B=B+A | A-B=B-A

o Associative: A+ (B+C)=(A+B)+C | A(BC)=(AB)C

o Distributive: A(B+C)=AB+AC | A+ BC=(A+B)(A+C)
o Absorption: A+ AB=A | A(A+B)=A4

o De Morgan’s: (A+B) =A'B" | (AB)=A"+B

Through diligent application of these axioms and theorems, virtually any complex logical relationship can be
reduced to its minimal form, minimizing hardware overhead and propagation delay in physical circuits.

5.17 AND-OR-Invert (AOI) Implementations of Boolean Functions

In the study of digital logic design, circuits are initially conceptualized using fundamental logic gates such as AND,
OR, and NOT. While this modular, gate-level approach is intuitive for understanding Boolean algebra and basic circuit
functionality, it does not always lead to the most optimal physical implementation, particularly in modern integrated
circuit (IC) design. When realizing logic functions on silicon using Complementary Metal-Oxide-Semiconductor (CMOS)
technology, it is often much more efficient to combine multiple logic operations into a single, complex gate structure.
One of the most prevalent and critical structures in digital microelectronics is the AND-OR-Invert (AOI) gate.

AND-OR-Invert (AOI) Logic AND-OR-Invert (AOI) logic is a two-level logic structure that internally computes

the logical AND of several sets of input signals, performs a logical OR on these intermediate products, and finally
inverts the result. Mathematically, it directly implements the complement of a Sum-of-Products (SOP) Boolean
expression in a single gate delay stage.

5.17.1 Structure and Nomenclature of AOI Gates

The structure of an AOT gate can be visualized as one or more AND gates whose outputs are fed into a single NOR gate.
Because the NOR gate inherently performs an OR operation followed by an inversion (NOT), the resulting cascaded
logic performs an AND-OR-Invert sequence.

In standard cell libraries used for VLSI design, AOI gates are identified using a specific naming convention that
indicates the number of inputs for each primary AND gate in the first stage. The naming format is typically “AOI”
followed by a sequence of digits. Each digit represents a separate AND term, and the value of the digit specifies the
number of inputs to that specific AND term.

For example:

e AOI21: This gate consists of one 2-input AND gate and one 1-input direct connection, both feeding into a NOR
gate. The Boolean function is F' = (A - B) + C.

e« AOI22: This gate consists of two 2-input AND gates feeding into a NOR gate. Its Boolean expression is
F=(A-B)+ (C-D).

e AOI321: This complex gate features a 3-input AND gate, a 2-input AND gate, and a single direct input, all
converging into a NOR gate. The expressionis F = (A-B-C)+ (D-E)+ F.

This modular nomenclature allows logic designers and automated synthesis tools to easily match specific Boolean
functions to pre-characterized gates in a logic library.
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AI Image Placeholder 51: A conceptual visualization.

Figure 5.29: Conceptual Visualization 51

5.17.2 CMOS Realization and Efficiency

The primary reason AOI gates are heavily utilized in digital electronics lies in their CMOS realization. To appreciate
this, one must look at transistor-level design.

In CMOS logic, constructing an inverting gate (such as NAND or NOR) is inherently simpler, faster, and more
area-efficient than constructing a non-inverting gate (such as AND or OR). An AND gate, for instance, is actually
built by first creating a NAND gate and then appending a separate NOT gate (inverter) to its output. Therefore, an
expression like ' = (A - B) + (C - D) built from discrete standard gates would require:

o Two AND gates (each requiring 6 transistors: 4 for NAND, 2 for Inverter = 12 transistors)
o One OR gate (requiring 6 transistors: 4 for NOR, 2 for Inverter = 6 transistors)

This results in a total of 18 transistors and entails up to three gate delays from input to output.
Conversely, a single AOI22 gate realizes the inverse of this entire function (F' = (A- B) + (C' - D)) in just one
cohesive CMOS stage.

Transistor Efficiency of AOI Gates In CMOS design, an AOI22 gate requires exactly 8 transistors (4 NMOS and 4
PMOS). The NMOS pull-down network is created by placing two series pairs in parallel, while the PMOS pull-up
network is created by placing two parallel pairs in series. By executing the AND, OR, and Invert operations
simultaneously within a single transistor network, an AOI gate drastically reduces transistor count, parasitic
capacitance, silicon area, and propagation delay compared to a cascaded network of basic logic gates.

5.17.3 Converting Boolean Functions to AOI Form

Because the output of an AOI gate is inherently inverted, we cannot directly map a standard Sum-of-Products (SOP)
expression to an AOI gate if we want the non-inverted result. Instead, we must manipulate our target Boolean function
to leverage the built-in inversion of the AOI structure.

To implement a desired Boolean function F' using an AOI gate, we need to express the function in the form
F =P + P>+ -+ P,, where each P; represents a product (AND) term.

By applying basic Boolean algebra, we recognize that if F' = P; + P> + --- + Py, then taking the complement of
both sides gives F' = P; + Py + --- + P,. This reveals a crucial principle: To design an AOI implementation
for a function F', we must first determine the simplified Sum-of-Products (SOP) expression for its
complement, F.

Important / Warning

Grouping 1s vs. Grouping 0s When using Karnaugh maps (K-maps) to simplify functions for AOI implementation,
a common mistake is to group the 1s to find the expression for F', and then artificially attach an inverter to the
output. While logically correct, this wastes hardware. Instead, you should explicitly group the Os on the K-map.
Grouping the 0Os directly yields the optimized SOP expression for F', which seamlessly matches the intrinsic logic
of an AOI gate without requiring an extra external inverter.
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Figure 5.30: TikZ Block Diagram 50

5.17.4 Design Procedure Using Karnaugh Maps
Designing a digital circuit for an AOI implementation using a K-map involves a straightforward, systematic procedure:

1. Map the Function: Construct a Karnaugh map for the given Boolean function F' and plot the minterms (place
1s in the corresponding cells). All remaining empty cells represent Os.

2. Group the Zeros: Instead of looping the 1s as done in standard SOP design, identify and group the adjacent Os
to form the largest possible rectangular groups (pairs, quads, octets).

3. Extract the Complement Expression: Write down the logical sum of the product terms for these grouped Os.
The resulting Boolean expression will be the minimized Sum-of-Products for the complement function, F'.

4. Invert to Obtain F: Place a large inversion bar over the entire F' expression. This yields the final equation
F = Term; + Termsy + ..., which is exactly the format required by an AOI gate.

5. Map to Hardware: Assign the variables of each product term to the inputs of the corresponding AND stages
of the chosen AOI logic gate.

5.17.5 Examples of AOI Implementations

To solidify this concept, let us explore two practical examples of translating standard logic requirements into optimized
AOI circuits.

Example 1: AOI Implementation of an XOR Gate Problem: Implement the Exclusive-OR (XOR) function
F =A@ B using an AOI gate.
Solution: 1. The standard SOP expression for XOR is F' = AB + AB. The truth table yields 1s for minterms
m1, mg and 0s for minterms mg, ms. 2. To use an AOI gate, we must group the Os on the Karnaugh map. The 0s
are located at A =0, B = 0 (which is AB) and A = 1, B = 1 (which is AB). 3. The simplified SOP expression for
the 0s gives us the complement function:

F=AB+ AB

(Note: This is the XNOR function). 4. To find F, we invert the entire expression:
F=AB+ AB

5. This expression perfectly matches the architecture of an AOI22 gate. The first AND gate will receive inputs A
and B, and the second AND gate will receive inputs A and B. The internal NOR operation of the AOI gate will
combine and invert them, yielding the desired XOR output.

Example 2: Complex Four-Variable Function Problem: Implement the Boolean function given by the minterm
list F(A,B,C,D) =%m(0,1,2,4,5,8,9,10) using AOI logic.

Solution: 1. Draw a 4-variable K-map and place 1s in cells 0, 1, 2, 4, 5, 8, 9, 10. 2. The 0s will be located in the
remaining cells: 3, 6, 7, 11, 12, 13, 14, 15. 3. Group the 0s on the K-map:

e The quad containing cells 12, 13, 14, 15 simplifies to the term AB.
e The quad containing cells 3, 7, 11, 15 simplifies to the term C'D.
e The quad containing cells 6, 7, 14, 15 simplifies to the term BC.

4. Therefore, the simplified SOP expression for the complement function is:

F=AB+BC+CD
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5. Inverting this expression provides the AOI form:

F=AB+BC+CD

6. This equation represents an AQI222 gate configuration. It requires three 2-input AND terms that feed into a
final NOR structure. The inputs to the AND stages will be (4, B), (B, C), and (C, D) respectively.

Al Image Placeholder 49: A conceptual visualization.

Figure 5.31: Conceptual Visualization 49

5.17.6 Advantages and Practical Applications of AOI Logic

The adoption of AND-OR-Invert logic is ubiquitous in modern digital systems due to several compelling advantages:

1. Reduced Silicon Area: As demonstrated earlier, AOI gates require significantly fewer transistors than
equivalent circuits built from discrete basic gates. Fewer transistors translate to a smaller physical footprint on the
silicon die, allowing for higher density and more complex microprocessors and ASICs (Application-Specific Integrated
Circuits).

2. Higher Switching Speed: In discrete logic arrays, a signal must propagate through an AND gate and then
subsequently through a NOR gate, encountering multiple gate delays. An AOI gate is synthesized as a single complex
CMOS stage. A signal passing from the input to the output of an AOI gate only passes through one set of transistors
(one pull-down or pull-up network), significantly reducing the propagation delay and allowing the overall clock frequency
of the processor to be increased.

3. Lower Power Consumption: Every switching transistor and interconnecting wire in an IC possesses parasitic
capacitance. Charging and discharging these capacitances consumes dynamic power. By combining functions into a
single AOI gate, intermediate electrical nodes (such as the wire between an AND gate and a NOR gate) are eliminated
entirely. Fewer nodes and fewer transistors mean less capacitance to switch, leading to directly lower dynamic power
consumption.

4. Application in Multiplexers and Adders: AOI gates are uniquely suited for implementing multiplexers.
An inverting 2-to-1 multiplexer selects between two inputs (I, I1) based on a select line (S). The Boolean equation
F =S8 I+ S Iy is exactly an AOI22 structure. Additionally, the carry-out generation logic in fast adder circuits
(like Carry Look-Ahead Adders) frequently relies on AOI and its dual, OR-AND-Invert (OAI), to rapidly compute
carry propagation without incurring multi-stage delay penalties.

5. Standard Cell Library Optimization: Modern logic synthesis tools (such as those from Synopsys or Cadence)
are algorithmically programmed to actively hunt for opportunities to map RTL (Register-Transfer Level) code into
AOI and OAT gates. These complex gates form the backbone of highly optimized standard cell libraries, serving as the
unsung heroes of high-performance digital logic design. By abstracting the logic directly into these efficient, single-stage
inverted components, engineers can achieve tight timing closures and power constraints that would be impossible with
fundamental discrete gates alone.

5.18 Universal Gates

In the realm of digital electronics, a logic gate is a basic building block of any digital circuit. While there are several
basic logic gates like AND, OR, and NOT, which form the fundamental operations of Boolean algebra, there exists
a special category of logic gates known as Universal Gates. A universal gate is a logic gate that can be used to
implement any Boolean function without the need to use any other type of logic gate.

Universal Gate A Universal Gate is a logic gate that can implement any Boolean function or logic operation on
its own. By combining multiple universal gates, one can construct the fundamental logic gates (AND, OR, NOT)
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as well as more complex combinational and sequential digital circuits. The two primary universal gates are the
NAND gate and the NOR gate.

Key Concept

Why use Universal Gates? In practical hardware design and manufacturing, it is more economical and efficient to
fabricate a single type of gate rather than a mixture of basic gates. Using universal gates like NAND or NOR
allows an entire digital system to be built using a single type of integrated circuit (IC) fabrication technology (like
CMOS or TTL). This uniformity simplifies the manufacturing process, reduces the overall cost, minimizes the
required integrated circuit area, and makes inventory management simpler.

\ .

5.18.1 The NAND Gate

The term NAND is derived from NOT-AND. It is essentially an AND gate followed by a NOT gate (inverter). The
output of a NAND gate is false (logic 0) only if all of its inputs are true (logic 1); otherwise, the output is true (logic 1).
Logic Symbol and Boolean Expression

The standard logic symbol for a 2-input NAND gate is similar to an AND gate but features a small "bubble" or circle
at the output, indicating the logical inversion.
For a 2-input NAND gate with inputs A and B, and output Y, the Boolean expression is given by:

Y=AB
This can also be read as "Y equals NOT (A AND B)."

Truth Table

The operation of a 2-input NAND gate can be easily understood from its truth table.

Input A | Input B | Output Y = A- B
0 0 1
0 1 1
1 0 1
1 1 0

As seen from the truth table, the NAND gate produces a LOW (0) output strictly when both inputs A and B are
HIGH (1).

Important / Warning

Active-LOW Output A NAND gate is often considered to have an active-LOW output. This means it provides a
logical 0 to signify the occurrence of the condition it detects (both inputs being 1). When constructing complex
logic, understanding the inverted nature of the NAND output is crucial to avoid logical errors.

Universality of the NAND Gate

To prove that the NAND gate is universal, we must demonstrate that we can create the basic logic functions—NOT,
AND, and OR—using only NAND gates.

1. Implementing NOT Gate using NAND: A NOT gate (inverter) has only one input and one output. Its
function is to invert the input signal. To create a NOT gate using a NAND gate, we simply tie all inputs of the NAND
gate together. If we connect both inputs A and B to the same signal A, the Boolean expression becomes:

Y=A4-A
By Boolean algebra identity A - A = A, this simplifies to:
Yy=A

Thus, a single NAND gate with tied inputs acts as a NOT gate.
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2. Implementing AND Gate using NAND: An AND gate can be realized by taking a NAND gate and simply
inverting its output. We need two NAND gates: the first acts as the normal NAND, and the second acts as an inverter
(as demonstrated above). Let inputs be A and B. The output of the first NAND gate is Y1 = A - B. Passing Y] through
the second NAND gate configured as a NOT gate gives:

Y=Y1=A-B=AB

This represents the standard AND function.

3. Implementing OR Gate using NAND: To implement an OR gate, we must invert both inputs before feeding
them into a NAND gate. This requires three NAND gates: two configured as NOT gates (inverting inputs A and B),

and one to combine their outputs. Let Y7 = A (first NOT gate) and Y2 = B (second NOT gate). Feeding Y7 and Y5
into the third NAND gate gives:

Y=Y Yo=A-B

By applying De Morgan’s Theorem (X - Y = X +Y), we get:

0Q

|
I
oS
+
®

Y =4+

This perfectly demonstrates the OR logic function.

Realizing NOR logic using NAND gates If we can realize an OR gate, we can also realize a NOR gate using only
NAND gates. The NOR function is the inversion of the OR function (Y = A 4+ B). Steps: 1. Implement the OR
gate using three NAND gates (as seen above), giving output A + B. 2. Feed the result into a fourth NAND gate

configured as a NOT gate. The final output is A + B, which requires a total of 4 NAND gates.

5.18.2 The NOR Gate

The NOR gate stands for NOT-OR. It is composed of an OR gate followed by a NOT gate. The output of a NOR gate
is true (logic 1) only if all of its inputs are false (logic 0). If any input is true, the output is false.

Logic Symbol and Boolean Expression

The standard logic symbol for a NOR gate resembles an OR gate but includes an inversion bubble at the output
terminal.
For a 2-input NOR gate with inputs A and B, the Boolean expression is:

Y=A+1B
This is read as "Y equals NOT (A OR B)."

Truth Table

The logical operation of a 2-input NOR gate is captured in its truth table:

Input A | Input B | Output Y = A+ B
0 0 1
0 1 0
1 0 0
1 1 0

The truth table clearly indicates that a NOR gate produces a HIGH (1) output only when both of its inputs are
LOW (0).
Universality of the NOR Gate

Just like the NAND gate, the NOR gate is universal. We can verify this by implementing the three basic gates—NOT,
OR, and AND—using exclusively NOR gates.
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1. Implementing NOT Gate using NOR: To design a NOT gate using a NOR gate, we connect all inputs of the
NOR gate together to a single input variable A. The Boolean expression becomes:

Y=A+A4
According to the idempotent law of Boolean algebra (A + A = A), we get:
Y=A4
Hence, a single NOR gate with inputs tied acts perfectly as an inverter.

2. Implementing OR Gate using NOR: An OR gate can be created from NOR gates by merely inverting the
output of a standard NOR gate. This involves two NOR, gates: the first generates the NOR function, and the second
acts as a NOT gate. The first NOR gate gives Y1 = A + B. The second NOR gate inverts Y7:

Y=Y ,=A+B=A+B

This represents the fundamental OR logic.

3. Implementing AND Gate using NOR: To create an AND gate, we must invert both input signals before
passing them into a NOR gate. This requires a total of three NOR gates. Two NOR gates act as inverters to yield
Y, = A and Y = B. When Y; and Y3 are applied to the inputs of the third NOR gate, the output is:

Y=Y +Y,=A+B

Using De Morgan’s Theorem (X +Y = X - Y), this evaluates to:

This is the standard AND gate function.

Realizing NAND logic using NOR gates To implement the NAND logic (Y = A - B) using NOR gates, follow these
steps: 1. Construct the AND logic using three NOR gates (as discussed above), obtaining output A - B. 2. Feed
this output into a fourth NOR gate configured as a NOT gate. The resulting expression is A - B. Thus, it takes
four NOR gates to build one NAND gate.

5.18.3 Practical Design Methodologies using Universal Gates

When designing digital circuits, engineers often simplify Boolean expressions using Karnaugh Maps (K-Maps) or
Boolean algebra into a Sum-of-Products (SOP) or Product-of-Sums (POS) form.

o SOP Implementation: A digital circuit represented in the Sum-of-Products (SOP) format (e.g., Y = AB+CD)
is typically implemented using AND gates followed by an OR gate (AND-OR logic). Due to the properties of De
Morgan’s theorems, any AND-OR network can be directly converted into an all-NAND network (NAND-NAND
logic) simply by replacing all the AND and OR gates with NAND gates.

o POS Implementation: A circuit described in Product-of-Sums (POS) format (e.g., Y = (A+ B)(C + D)) relies
on OR gates feeding into an AND gate (OR-AND logic). This configuration translates smoothly into an all-NOR
network (NOR-NOR logic), achieved by replacing the OR and AND gates entirely with NOR gates.

Key Concept

CMOS Manufacturing Preference While both NAND and NOR are universal, the NAND gate is overwhelmingly
preferred in modern IC fabrication, especially in Complementary Metal-Oxide-Semiconductor (CMOS) technology.
This preference exists because the CMOS implementation of a NAND gate uses PMOS transistors in parallel
and NMOS transistors in series, which inherently occupies less silicon area, exhibits lower propagation delay, and
offers better performance compared to the equivalent CMOS NOR gate configuration. As a result, commercial
standard-cell libraries typically center around NAND-based logic implementation.
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5.18.4 Summary of Gate Replacements

For quick reference, the minimum number of universal gates required to implement the various logic functions is
summarized below:

Basic Gate Equivalent | Number of NAND Gates Required | Number of NOR Gates Required
NOT 1
AND
OR
NAND
NOR
XOR
XNOR

Designing an XOR gate using NAND gates An Exclusive-OR (XOR) gate performs the operation Y = A@® B =
AB + AB. To implement this using a minimum number of NAND gates (which is four): 1. Connect inputs A and
B to the first NAND gate. Its output is Y7 = A - B. 2. The second NAND gate takes inputs A and Y;. Its output
is Yo = A-Y7. 3. The third NAND gate takes inputs B and Y;. Its output is Y3 = B - Y;. 4. The fourth NAND
gate takes Yo and Y3 as inputs. Its output is Yy = Y5 - Y3. By expanding the Boolean expression:

TU s = W N
O = e N W

=

=(A-AB)-(B-AB)

Y4=(A- B) + (B-AB)
= A(A+ B)+ B(A+ B)
Y, = (A_+A§) (BA+ BB)

Since AA =0 and BB = 0:
Y,=AB+AB=A®B

This brilliantly confirms that a complete XOR gate relies efficiently on just four universal NAND gates.

In summary, universal gates present a robust and systematic methodology for building entire combinational
and sequential digital systems out of a singular elemental component, showcasing incredible elegance and practical
manufacturing convenience.

In Component 48 Out

Figure 5.32: TikZ Block Diagram 48

5.19 Algebraic Simplification of Boolean Expressions

The simplification of Boolean expressions is a crucial, fundamental step in digital logic design. A Boolean expression
dictates the logic gates required to implement a specific digital circuit. A simpler Boolean expression translates to
a circuit with fewer logic gates, which consequently means lower cost, smaller physical printed circuit board (PCB)
footprint, reduced power consumption, and improved signal propagation delay. When designing complex digital systems,
finding the most minimal representation of a logic function is absolutely essential.

Key Concept

The Goal of Simplification The primary objective of algebraic simplification is to reduce a given Boolean expression
to its minimal equivalent form. A minimal form typically refers to an expression containing the fewest possible
terms and the lowest number of literals (variables or their complements) within those terms. Typically, this target
minimum is expressed as either a minimal Sum of Products (SOP) or a minimal Product of Sums (POS) form.
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AI Image Placeholder 47: A conceptual visualization.

Figure 5.33: Conceptual Visualization 47

5.19.1 Why Simplify Boolean Expressions?

In practical circuit design, engineers extract initial Boolean expressions from truth tables or written specifications.
Directly mapping a raw, unsimplified Boolean equation into hardware often results in an overly complex and highly
inefficient circuit design.

Literal In Boolean algebra, a literal is a single variable or its logical complement appearing within a term. For
example, the product term A - B’ - C contains three distinct literals: A, B’, and C.

When an expression is minimized, we aim to reduce both the total number of terms and the number of literals
per term. Minimizing the number of terms directly reduces the total number of primary logic gates required (e.g.,
fewer AND gates in an SOP expression). Minimizing the number of literals reduces the number of inputs required per
gate, which simplifies the physical wiring, mitigates fan-in constraints of the logic gates, and significantly reduces the
probability of circuit failure.

In Component 46 Out

Figure 5.34: TikZ Block Diagram 46

5.19.2 Key Rules for Simplification

Algebraic simplification relies heavily on the basic postulates and theorems of Boolean algebra. While these theorems
provide established mathematical rules, applying them effectively requires intuition, pattern recognition, and practice.
Here is a review of the most frequently used algebraic rules specifically tailored for simplifying logic expressions:

e Idempotent Law: A+ A= A and A- A= A. This rule allows us to eliminate duplicate terms or duplicate
variables within a term.

e Identity Law: A+0=A, A+1=1,A-1=A, and A-0 = 0. These are vital for resolving operations involving
constants.

o Complement Law: A+ A’ =1 and A- A’ = 0. Pairing a variable with its complement is a primary strategy for
eliminating variables.

o De Morgan’s Theorems: (A+ B) = A’- B’ and (A - B)' = A’ + B’. These theorems are absolutely essential
for breaking down long negation bars over complex terms.

« Distributive Law: A-(B+C)=A-B4+A-Cand A+ (B-C) = (A+ B)-(A+C). The second distributive law
(addition distributed over multiplication) is unique to Boolean algebra and is a highly powerful tool for factoring
complex sums.

Beyond these standard foundational laws, two specific theorems are considered the "workhorses" of algebraic
simplification: the Absorption Theorem and the Consensus Theorem. Mastery of these two theorems is critical.
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The Absorption Theorem

The absorption theorem states that a Boolean term that is entirely "contained" or subsumed by another adjacent term
can be absorbed and thus mathematically eliminated. Recognizing absorption patterns quickly reduces expression
length.

Key Concept

Absorption Laws The fundamental forms of the absorption theorem are:
1. A+A-B=A
2. A-(A+B)=A
3. A+A-B=A+B
4. A-(A+B)=A-B

\ .

Let us rigorously prove rule 3: A+A’-B = A+B. By applying the second distributive law (X+Y Z = (X4Y)(X+2)),
we can expand the left side of the equation:

A+ A -B=(A+A)-(A+B)

= (1)- (A+ B) (Applying the Complement Law: A+ A" =1)
= A+ B (Applying the Identity Law)

Important / Warning

A Common Pitfall in Absorption Students often misapply the absorption law when complements are involved.
Remember that A + A’ - B simplifies to A + B, but A’ + A - B simplifies to A’ + B. The isolated single variable
maintains its state, and only the complemented form of that specific variable within the adjacent product term
disappears.

The Consensus Theorem

The Consensus Theorem is perhaps the most difficult theorem to intuitively spot within a long, chaotic expression, but
identifying it allows you to instantly drop redundant terms.

Key Concept
Consensus Theorem The Consensus Theorem states that:
A-B+A.-C+B-C=A-B+A.C

The term B - C' is formally called the consensus term and is logically redundant, allowing it to be safely removed
from the expression.

To actively identify a consensus term in a Sum of Products (SOP) expression, look for the following three strict
conditions:

1. There are exactly three product terms being summed.

2. Two of the terms contain a specific variable and its exact complement (e.g., variable A in the first term, variable
A’ in the second term).

3. The third term (the candidate consensus term) is formed exactly by the product of the remaining variables from
the first two terms (i.e., B from the first term and C' from the second term, resulting in B - C).

If all three conditions are met, the third term is entirely redundant and can be immediately dropped. Let us prove
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the Consensus Theorem algebraically to demonstrate why this works:

F=A-B+A"-C+B-C

=A-B4+A-C+B-C-(1) (Identity Law)
=A-B+A-C+B-C-(A+A") (Since A+ A =1)
=A-B+A-C+A-B-C+A"-B-C (Distributive Law)
=A-B-(1+C)+A"-C-(1+ B) (Factoring out A-B and A"-C)
=A-B-(1)+A-C-(1) (Sincel+ X =1)

=A-B+A-C

AI Image Placeholder 45: A conceptual visualization.

Figure 5.35: Conceptual Visualization 45

5.19.3 General Strategies for Algebraic Simplification

While there is no rigid algorithmic procedure for algebraic simplification (unlike tabular methods), utilizing the following
heuristic strategies will systematically guide you toward a minimal solution:

1.

Multiply out completely: Expand the expression into a standard Sum of Products (SOP) form if it involves
nested parenthesis. This flattens the equation and makes it vastly easier to spot common terms.

. Apply De Morgan’s Theorem aggressively: Break large complement bars down to single variables early in

the process.

. Look for common terms to factor: Try to pair up terms that differ by exactly one variable. For example,

A-B-C+A-B-C'=A-B-(C+C")=A-B-(1)=A-B.

. Hunt for Absorption patterns: Scan the expression for terms that can absorb other larger terms (e.g., looking

for A+ AB = A).

Check for the Consensus Theorem: Search for three terms that fit the AB + A'C + BC structure and
ruthlessly drop the consensus term.

Duplicate terms if helpful: Because X + X = X, you can duplicate a term and use the identical copies to
pair with different parts of the overall expression for simultaneous simplification.

5.19.4 Step-by-Step Practical Examples

Let us rigorously apply these strategies to simplify various Boolean expressions. Carefully follow the justification for
each step.

Example 1: Basic Simplification via Expansion Simplify the Boolean expression: Y = A-B+A-(B+C)+B-(B+C)
Solution: Step 1: Multiply out (distribute) to expand the expression into SOP form.

Step 2: Apply the Idempotent Law (A- A = A and A+ A = A). Here, B- B becomes B, and A- B+ A-B
becomes just A - B.

Step 3: Rearrange the terms to group the B components and apply the Absorption Law (B + B - C = B).

Y=A-B+A-B+A-C+B-B+B-C

Y=A-B+A-C+B+B-C

Y=A-B+A-C+B
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Step 4: Rearrange again to spot another absorption opportunity.
Y=B+A-B+A-C
Step 5: Apply the Absorption Law a second time (B + A- B = B).
Y=B+A.-C

The final minimized expressionis Y = B+ A - C.

\_ /

Example 2: The Power of the Second Distributive Law Simplify the Boolean expression: ' = (X +Y')- (X +Y)-
(X'+2)

Solution: Step 1: Focus purely on the first two binomial terms. Apply the second distributive law mathematically
backwards: (A+ B)(A+C)=A+B-C.Let A=X,B=Y',and C =Y.

(X4+Y) (X+Y)=X+ (YY)

Step 2: Apply the Complement Law (Y’ -Y = 0).

X+0=X
Step 3: Substitute this greatly reduced result back into the original complete expression.

F=X-(X'"+2)
Step 4: Distribute the X into the remaining parenthesis.
F=X-X'+X-Z
Step 5: Apply the Complement Law once more (X - X’ = 0).
F=0+X-Z7

F=X-Z
The final simplified expression is simply F' = X - Z.

Example 3: Applying De Morgan’s and Absorption Simplify the complex inverse expression: G =
(A-B)+ (A+C)+A-B-C

Solution: Step 1: Focus primarily on the large, encompassing inverted term first. Let us define X = A - B and
Y = A+ C. The entire left term is structured as X + Y. Step 2: Apply De Morgan’s Theorem to break the top
bar: X +Y =X.Y.

G=(A-B-A+C)+A-B-C

Step 3: Double negations perfectly cancel each other out (? =27).
G=(A-B)-(A+C)+A-B-C

Step 4: Distribute A - B fully into the (A 4+ C) parenthesis.

G=(A-B-A)+(A-B-C)+A-B-C

Step 5: Apply the Idempotent Law to organize the variables (A- A = A).
G=A-B+A-B-C+A-B-C

Step 6: Apply the Idempotent Law again on the exactly repeated A - B - C terms.

G=A-B+A-B-C
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Step 7: Finally, apply the standard Absorption Law (X + X - Y = X, where X = A- B and Y = C).
G=A-B

Despite the initial complexity, the final simplified expression is remarkably clean: G = A - B.

Example 4: The Redundant Term Trick Sometimes, an expression stubbornly resists simplification until you
deliberately add a redundant term to help with factoring. Because X + X = X, you can duplicate any existing
term at will. Duplicating a term allows it to be logically paired with multiple other distinct terms.

Simplify the expression: F =A"-B'-C+A-B'-C+ A" -B-C

Solution: Step 1: Notice that the first term (A’ - B’ - C') can combine with the second term because they only
differ by the variable A. It can ALSO combine with the third term because they only differ by the variable B. If
we combine it with the second term, it gets mathematically "used up," leaving the third term stranded with no
pairing options. Step 2: Duplicate the first term! Since X + X = X, we can legally rewrite F' by writing the first
term twice:

F=A".B .C+A . B.C+A-B.C+A -B-C
Step 3: Group the first two terms together, and group the last two terms together.

F=(A-B - C+A-B-C)+(A-B-C+A"-B-0)
Step 4: Factor out the common variables from each defined group.
F=B.C-(A+A)+A4.C-(B +B)
Step 5: Apply the Complement Law (X’ 4+ X = 1) to eliminate the terms inside parentheses.
F=B.-C-(1)+4-C-(1)
F=B.-C+A.-C
Step 6: Optionally, factor out the common variable C' to reach a final minimized format.
F=C-(A+B)

By cleverly duplicating a single term, we successfully paired it off twice, leading to a much simpler final hardware
expression.

Al Image Placeholder 44: A conceptual visualization.

Figure 5.36: Conceptual Visualization 44

5.19.5 Limitations of Algebraic Simplification

While algebraic simplification is mathematically rigorous, undeniable, and extremely powerful for small equations, it
comes with several severe practical limitations as the complexity of the Boolean expressions increases.

1. Lack of a systematic, guaranteed procedure: Unlike tabular or graphical methods, there is no rigid,
step-by-step algorithm to follow that absolutely guarantees you will reach the mathematically minimal expression.
It requires high pattern recognition, deep intuition, and frequent trial and error.

2. Difficulty in verifying minimality: It is notoriously difficult to definitively determine when an expression is
truly in its simplest possible form just by looking at it. A designer might reach a somewhat simplified expression
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and stop early, completely missing a tricky application of the Consensus Theorem or a factoring opportunity that
could simplify it further.

3. Intense complexity with multiple variables: For expressions involving more than three or four distinct vari-
ables, algebraic manipulation rapidly becomes tedious, highly error-prone, and visually overwhelming. Managing
long strings of literals algebraically is inefficient for humans.

Because of these inherent limitations, digital design engineers typically rely on algebraic manipulation only for
quick, small-scale reductions, theorem-proving, or when manipulating logic within a specific target architecture. For
systematic, reliable minimization of standard expressions containing up to four or five variables, graphical visual
techniques like the Karnaugh Map (K-map) are universally preferred. For massive expressions with a large number
of variables found in modern processors, computational algorithms such as the Quine-McCluskey tabular method or
advanced heuristic approaches like the Espresso heuristic logic minimizer are strictly utilized by computer-aided design
(CAD) software.

However, a robust, foundational grasp of algebraic simplification remains absolutely vital. The fundamental intuitive
understanding gained by manually and algebraically reducing logic equations translates directly into better engineering
reasoning. This intuition is crucial when writing hardware description languages (HDL) like Verilog or VHDL, where
understanding the underlying boolean math can allow a designer to structure their code for optimal synthesizer
performance.

5.20 Sum of Product (SOP) Simplification using Karnaugh Map (K-Map) upto
4-Variables

While Boolean algebra provides a systematic mathematical way to simplify logic expressions, it lacks a visual, step-by-
step procedure, making it prone to human error, especially for complex and lengthy expressions. The Karnaugh Map
(K-map), developed by telecommunications engineer Maurice Karnaugh in 1953, is a graphical tool that facilitates the
simplification of Boolean expressions without the need for extensive algebraic manipulation.

Karnaugh Map (K-Map) A Karnaugh map is a two-dimensional pictorial representation of a truth table, consisting

of a grid of cells. Each cell corresponds to a specific minterm (for Sum of Products) or maxterm (for Product of
Sums) of the Boolean function. The arrangement of cells ensures that physically adjacent cells differ by only one
variable state, leveraging the Boolean theorem A + A = 1 for rapid visual simplification.

5.20.1 Sum of Products (SOP) Form and Minterms

Before diving into the mechanics of the K-map, it is essential to understand the Sum of Products (SOP) form.
An SOP expression consists of two or more AND terms (products) that are ORed (summed) together. For example,
F(A,B,C) = AB + AC + BC is an SOP expression. When implemented in hardware, an SOP expression naturally
translates to a two-level logic circuit: a layer of AND gates followed by a single OR. gate.

When an SOP expression includes all possible variables (either complemented or uncomplemented) in each of its
product terms, it is known as the Standard or Canonical SOP form. Each complete product term in a standard
SOP expression is called a minterm. For an n-variable function, there are exactly 2" possible minterms. In K-map
simplification for the SOP form, we place a ’1’ in the cells corresponding to the minterms where the logic function
evaluates to true (1).

5.20.2 Structure of Karnaugh Maps

A K-map contains exactly 2™ cells, where n is the number of input variables in the Boolean expression. The rows and
columns are labeled using a Gray code sequence (e.g., 00, 01, 11, 10). Gray code is an unweighted binary code where
two successive values differ in only one bit. This ensures that any two adjacent cells in the K-map represent minterms
that vary by exactly one Boolean variable, forming the foundation of the K-map’s simplification power.

2-Variable K-Map

A 2-variable K-map (typically using variables A and B) contains 22 = 4 cells.
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A\B | 0 (B) 1 (B)

0 (A) mo (AB) mi (ZB)
1 (A) | ms (AB) | ms (AB)

For example, if the function is true for minterms my and mg, we place 1s in those cells and group them. Since A
varies from 0 to 1 between these two cells while B remains 1, A is eliminated, and the simplified term is simply B.

3-Variable K-Map

A 3-variable K-map (variables A, B, and C) contains 22 = 8 cells. The variables can be split with one variable
representing the rows (A) and two representing the columns (BC). Notice the strict Gray code sequence (00, 01, 11, 10)
across the top for the columns.

A\BC | 00 (BC) | 01 (BC) | 11 (BC) | 10 (BC)

0 (Z) mo mq m3 ma

1 (A) My ms my me

Important / Warning

The Importance of Gray Code Ordering A common mistake among beginners is labeling the rows or columns
using standard binary counting (00, 01, 10, 11). K-maps must strictly use Gray code (00, 01, 11, 10) so that
geometrically adjacent columns or rows differ by only one variable bit. If standard binary is used, the visual
grouping property of the K-map is completely destroyed, and simplification will fail.

4-Variable K-Map

A 4-variable K-map (variables A, B, C, and D) is the largest commonly used manual map, containing 2* = 16 cells. It is
symmetrically labeled with two variables for the rows and two for the columns, both following the Gray code sequence.

AB\CD | 00 | 01 11 10
00 mo | M1 ms | mo
01 my | M5 | My | Mg
11 miz | M13 | M15 | M4
10 mg | Mg | mi1 | Mo

Key Concept

The Wrapping Property (Toroidal Shape) A critical, highly useful feature of K-maps is that they seamlessly wrap
around their edges. The top row is considered adjacent to the bottom row, and the leftmost column is adjacent to
the rightmost column. Imagine rolling the flat 2D K-map into a cylinder, and then connecting the ends of the
cylinder to form a torus (donut shape). Therefore, in a 4-variable K-map, minterm my is directly adjacent to ms
(wrapping left to right), mg (wrapping top to bottom), and myo (diagonal wrap). This allows grouping of 1s that
reside on opposite edges of the map.

5.20.3 Grouping Rules for SOP Simplification

To simplify a Boolean expression using a K-map, place a 1’ in the cells corresponding to the minterms present in the
SOP expression, and place a '0’ (or simply leave blank) in the remaining cells. The primary objective is to enclose all
the 1s into the fewest and largest possible groups.

The rules for forming valid groups are strict:

1. Size of Groups (Powers of 2): Groups must contain exactly 2¥ cells, where k = 0,1,2,3,... This means a
valid group can only have 1, 2, 4, 8, or 16 adjacent 1s.

2. Orthogonal Adjacency: Only cells containing a ’1’ that are horizontally or vertically adjacent can be grouped.
Diagonal grouping is strictly prohibited.
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3. Maximize Group Size: You must always aim to form the largest possible group. A group of 8 (an octet)
eliminates 3 variables and is vastly preferred over a group of 4 (a quad, eliminating 2 variables), which in turn is
preferred over a pair (eliminating 1 variable).

4. Minimize Number of Groups: Strive to make as few total groups as possible to cover every single '1’ in the
K-map. Fewer groups mean fewer AND gates in the final logic circuit.

5. Overlapping is Encouraged: A single cell containing a '1’ can (and often should) be part of multiple different
groups if it facilitates the creation of larger groups. Overlapping does not duplicate logic; it simply optimizes it.

6. Wrap-around Groups: Fully utilize the toroidal nature of the K-map. Form groups by wrapping around the
top/bottom edges and left/right edges. Corner cells can often be combined into a single quad.

In Component 43 Out

Figure 5.37: TikZ Block Diagram 43

5.20.4 Prime Implicants and Essential Prime Implicants

When simplifying complex 4-variable K-maps, arbitrarily drawing loops can lead to suboptimal results. Understanding
the formal terminology of implicants prevents the creation of redundant terms.

e Implicant: Any single "1’ or valid geometric group of 1s in a K-map. Every valid loop you draw is an implicant.

o Prime Implicant (PI): A group of 1s that is as large as possible. If a group cannot be expanded to a larger
valid size (e.g., a pair that is blocked from becoming a quad by 0s), it is a Prime Implicant.

o Essential Prime Implicant (EPI): A Prime Implicant that contains at least one 1’ that is not covered by any
other Prime Implicant. EPIs are the non-negotiable building blocks of the minimized expression—they must be
included in the final answer.

Optimal Simplification Strategy:
1. Identify and select all Essential Prime Implicants first.
2. Check if any 1s are left uncovered.

3. If uncovered 1s remain, select the minimum number of remaining non-essential Prime Implicants needed to cover
them.

Important / Warning

Avoiding Redundant Groups If you form a group, and you later realize that all the 1s inside that group are already
thoroughly covered by other chosen Prime Implicants, that group is completely redundant. Including a redundant
group will result in a logically correct but non-minimal expression, which defeats the entire purpose of performing
K-map simplification.

In Component 42 Out

Figure 5.38: TikZ Block Diagram 42
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5.20.5 Extracting the Simplified SOP Expression

Once all 1s are successfully grouped following the rules and utilizing EPIs, the final step is translating these visual
groups back into a Boolean SOP expression.
For every distinct group formed on the K-map:

o Analyze the logic variables that correspond to the rows and columns covered by that specific group.

o If a variable remains completely constant (either always evaluating to 0 or always evaluating to 1) across the
entire span of the group, it is retained in the resulting product term.

o If a variable changes its state (from 0 to 1, or from 1 to 0) anywhere within the group, it is entirely eliminated
from that term.

e For the variables that are retained: if the variable’s constant value is 1, write it in its true, uncomplemented form
(e.g., A). If its constant value is 0, write it in its inverted, complemented form (e.g., A).

Finally, logically OR (sum) the resulting individual product terms from all groups to form the minimized global SOP
expression.

Example 1: Simplification of a 3-Variable K-Map Problem: Simplify the Boolean function F(A,B,C) =
> m(1,3,4,5,6,7) using a 3-variable Karnaugh map.
Solution: First, plot the 1s in the corresponding minterm cells.

A\BC | 00 01 11 10

0 0 1 (mq) | 1 (m3) 0

1 1 (m4) 1 (m5) 1 (m7) 1 (mﬁ)

Now, group the 1s looking for the largest possible configurations:

1. Group 1 (Quad): The entire bottom row (my, ms, m7, mg) forms a complete quad. Examining the variables:
the row variable A remains constantly ’1’ for this entire group. The column variables B and C' cycle through
all possible combinations (00, 01, 11, 10), meaning they change states and are eliminated. The resulting
product term for this group is simply A.

2. Group 2 (Quad): The middle two columns (mi, ms, ms, m7) can form a square quad overlapping with the
first group. Here, the row variable A changes from 0 to 1 (top to bottom), so it is eliminated. Looking at
the columns (01 and 11), B changes from 0 to 1, so it is also eliminated. However, C' remains constantly ’1’
across all four cells. The resulting product term is C.

Every ’1’ in the map is now covered by at least one group. The final simplified SOP expression is the sum of these
extracted terms:
Fsimplified =A+C

Example 2: Simplification of a 4-Variable K-Map with Edge Wrapping Problem: Minimize the four-variable
logic function Y(A, B,C, D) =Y m(0,2,8,10,12, 14).
Solution: Populate the 4-variable K-map with 1s at the given minterm positions.

AB\CD 00 01 | 11 10
00 | 1(mo) | 0| 0 | 1(mo)
01 0 0 0 0
11 1(mi2) | 0| 0 |1 (ma)
10 1(mg) | 0 | 0 |1(mip)

Grouping strategically using K-map properties:



https://milav.in

1. Group 1 (Four Corners Quad): Leveraging the toroidal wrap-around property both horizontally and
vertically, the four corner cells (mg, ma, mg, mig) form a valid quad.
o Analyzing rows (00 and 10): A changes (0 to 1), but B remains a constant 0. We retain B.
e Analyzing columns (00 and 10): C changes (0 to 1), but D remains a constant 0. We retain D.
e The minimized term is BD.
2. Group 2 (Split Quad): Cells mj2, m14,mg, myg form another quad by wrapping around the right and left
edges of the bottom two rows.
o Analyzing rows (11 and 10): A remains constantly 1, while B changes. Retain A.
e Analyzing columns (00 and 10): C changes, but D remains constantly 0. Retain D.
e The minimized term is AD.
Both groups are Essential Prime Implicants, and all 1s are successfully covered. The final minimal SOP expression

1S:

Y =BD+ AD

\

5.20.6 Summary of K-Map SOP Simplification

The Karnaugh map offers an elegant, visual alternative to tedious Boolean algebraic manipulation for simplifying logic
circuits. By translating truth table minterms onto a Gray-coded grid and methodically clustering adjacent 1s into powers-
of-two groups, engineers can rapidly and accurately deduce the most minimal Sum of Products expression. Whether
dealing with a 2, 3, or 4-variable function, strict adherence to the grouping rules—maximizing group size, exploiting
the toroidal wrapping property, and identifying Essential Prime Implicants—guarantees the most hardware-efficient
logic gate implementation.

5.21 Don’t Care Condition in K-Map

Al Image Placeholder 41: A conceptual visualization.

Figure 5.39: Conceptual Visualization 41

5.21.1 Introduction to Don’t Care Conditions

In the realm of digital logic design, truth tables serve as the foundational blueprint for defining the behavior of a logic
circuit. They exhaustively list every possible combination of input variables and specify the corresponding desired
output. For an n-variable function, there are exactly 2" unique input combinations, each corresponding to a specific
minterm or maxterm in Boolean algebra.

However, in many practical and real-world digital systems, not all 2" input combinations are actually possible or
relevant. Certain input states may be physically impossible due to the nature of the mechanical sensors or preceding
digital stages providing the inputs. In other scenarios, the specific output generated by the circuit for certain input
combinations is strictly irrelevant to the overall system’s function, perhaps because the system simply ignores the
output during those states. These specific, inconsequential input combinations are defined as Don’t Care conditions.

Don’t Care Condition A Don’t Care condition in a digital logic system refers to an input combination for which

the output state (whether it is a logical ’0” or a logical '1’) does not matter for the correct operation of the circuit.
In truth tables and Karnaugh Maps, these conditions provide designers with the flexibility to arbitrarily assign
either a ’0’ or a ’1’ to the output in order to achieve the most simplified and optimized logic expression.
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Understanding and utilizing Don’t Care conditions is a critical skill for any digital designer, as it often makes the
difference between a bulky, expensive circuit and a streamlined, cost-effective one.

In Component 40 Out

Figure 5.40: TikZ Block Diagram 40

5.21.2 Representation of Don’t Care Conditions

To distinguish Don’t Care conditions from actual required logical 1s and 0Os, standard notations are employed across
truth tables, Boolean equations, and Karnaugh Maps.

In a truth table, when an input combination results in a Don’t Care output, instead of writing a ’0’ or a ’1’ in the
output column, an X’ or a ’d’ (or sometimes the Greek letter ®) is written.

When expressing a Boolean function algebraically, Don’t Care minterms are often listed separately from the main
minterms or maxterms. For example, a function F' with variables A, B, C, D might be expressed as:

F(A,B,C,D) => m(1,3,5,7) + d(0,2,8,10)

Here, > m denotes the standard minterms (where the output must be 1), and d denotes the Don’t Care minterms
(where the output can be either 0 or 1).

When transitioning from the truth table or Boolean equation to a Karnaugh Map, these X’ markers are placed
directly into the corresponding cells of the K-map.

BCD to 7-Segment Decoder A classic illustration of Don’t Care conditions is the Binary-Coded Decimal (BCD)
system. A standard 4-bit binary input can represent 24 = 16 distinct states, ranging from 0000 to 1111 (decimal 0
to 15).

However, the BCD system is designed to only encode the decimal digits 0 through 9, utilizing the binary states
0000 through 1001. The remaining six binary states—1010, 1011, 1100, 1101, 1110, and 1111 (decimal 10 through
15)—are considered invalid. In a properly functioning BCD system, these six input combinations will never occur.
Therefore, when designing a circuit that processes BCD inputs (such as a BCD to 7-segment display decoder), the
outputs for these six invalid states are strictly irrelevant. The designer can treat them as Don’t Care conditions,
filling the corresponding six cells in the K-map with "X’s. This leads to massive simplifications in the logic required
to drive the display segments.

\ J

5.21.3 Significance in Logic Minimization

The primary objective of using a Karnaugh Map is to systematically obtain the most simplified Boolean expression
possible. A simpler expression directly translates to a digital circuit that requires fewer logic gates, less physical area
on a silicon chip or circuit board, lower power consumption, and reduced propagation delay (meaning a faster circuit).

Don’t Care conditions act as a powerful catalyst in this optimization process. Because a Don’t Care cell can be
interpreted as either a logical ’0’ or a logical ’1’, designers are granted the freedom to dynamically assign it a value that
maximizes the size of the groupings in the K-map.

In K-map simplification, the rule of thumb is that larger groups (pairs, quads, octets) result in product terms (in
SOP) or sum terms (in POS) with fewer literal variables. By strategically incorporating 'X’ cells into groups of actual
1s (or 0s), designers can form larger groups than would be possible otherwise, effectively eliminating more variables
from the final equation.

Strategic Value Assignment of Don’t Cares The true power of a Don’t Care condition lies entirely in its flexibility.
It has no inherent value until the designer assigns it one based on the context of the K-map.

o When optimizing for Sum of Products (SOP): Treat an "X’ as a logical "1’ only if it helps form a
larger group of actual 1s (e.g., turning a pair into a quad). If an 'X’ does not contribute to enlarging a group
of 1s, it must be treated as a logical 0’ and left ungrouped.

e When optimizing for Product of Sums (POS): Treat an 'X’ as a logical '0’ only if it helps form a
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larger group of actual 0s. If an ’X’ does not contribute to enlarging a group of 0s, it must be treated as a
logical ’1’ and left ungrouped.

5.21.4 Rules for Grouping with Don’t Cares

To effectively and correctly utilize Don’t Care conditions without introducing logical errors or unnecessary complexity,
the following strict rules must be observed during the K-map grouping phase:

1. Optional Inclusion, Not Mandatory Coverage: The most critical rule is that you are not obligated to

group every Don’t Care condition. An "X’ is merely a tool. It should only be included in a group if its inclusion
significantly increases the size of the group, thereby simplifying the resulting algebraic term further.

. Prioritize Essential Prime Implicants First: The grouping process should always begin by identifying and

covering the actual required logic states (the 1s for SOP, or the 0s for POS). Focus on isolating the essential prime
implicants first. Only look to incorporate neighboring "X’ cells when they facilitate expanding these essential
groups into larger rectangular blocks.

. Ignore Leftover Don’t Cares: Once all the actual 1s (in an SOP map) or actual 0s (in a POS map) have been

completely covered by one or more valid groups, the grouping process is finished. Any remaining X’ cells on the
map must be strictly ignored.

. Never Group Only Don’t Cares: You must never form a group consisting entirely of X’ cells. A group

must contain at least one actual logical state (a 1 for SOP, or a 0 for POS) that needs to be covered. Forming a
group of only Don’t Cares would add an entirely unnecessary and redundant term to the final Boolean equation,
defeating the purpose of minimization.

Important / Warning

\.

Avoid the Unnecessary Grouping Trap A very common mistake made by novice digital designers is treating Don’t
Care conditions exactly like mandatory 1s (in SOP) and feeling compelled to ensure every single 'X’ is enclosed
within a group. This is fundamentally incorrect and leads to suboptimal, bloated circuits. Remember: an "X’ that
does not help enlarge a group of actual 1s is useless and should be completely ignored (effectively treating it as a
0).

5.21.5 Step-by-Step Example: SOP Minimization with Don’t Cares

To solidify these concepts, let us walk through the minimization of a Boolean function F(A, B,C, D) given in standard

Sum of Minterms form, along with specified Don’t Care conditions.

Suppose we are given the function:
F(A,B,C,D) =Y m(1,3,7,11,15) + d(0,2,5)

Step 1: Plotting the Karnaugh Map First, we construct a standard 4-variable K-map.

e We place a 1’ in the cells corresponding to the minterms: 1, 3, 7, 11, and 15. These are the states where the

output must be high.

e We place an X’ in the cells corresponding to the Don’t Care minterms: 0, 2, and 5. These are the flexible states.

e All other unmentioned cells are assumed to be ’0’.

Step 2: Identifying and Grouping the Cells Now, we systematically look for the largest possible rectangular

groups of 1s, utilizing the "X’ cells if they prove advantageous.

o Group 1 (The obvious quad): Looking at the map, minterms 3, 7, 11, and 15 form a vertical column, which
is a quad (a group of 4). This quad covers the variable combinations where C' =1 and D = 1. No Don’t Cares

are needed for this group. The resulting simplified product term is C'D.

e Group 2 (Utilizing the Don’t Care): We still have an uncovered ’1’ sitting at minterm 1. We must cover it.

We could simply group it with the ’1’ at minterm 3 to form a pair. This would yield the term ABD.

e However, let us look at the Don’t Cares. We have an "X’ at cell 5. Notice that the cells 1, 3, 5, and 7 form a
2 x 2 square block. Cell 1 is our target '1’, cells 3 and 7 are already covered '1’s (which we can reuse), and cell 5

is an "X’
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o By choosing to treat the "X’ at cell 5 as a logical ’1’, we can form this powerful quad. Grouping (1, 3, 5, 7)
simplifies to the term AD. This is a superior simplification compared to the pair ABD because it eliminates one
more variable (B).

« Handling remaining ’X’s: We still have 'X’s remaining at cells 0 and 2. Because all of our actual required 1s
(at 1, 3, 7, 11, 15) have now been covered by our two quads, we must completely ignore the 'X’s at 0 and 2. We
treat them as Os.

Step 3: Formulating the Final Expression Combining the simplified terms from our two optimal groups, the
final minimized Sum of Products expression is:

F=CD+ AD

Let’s consider what would have happened if we had ignored the Don’t Care condition at cell 5. We would have
been forced to settle for the pair (1, 3), resulting in the expression F' = CD + ABD. By strategically utilizing just
one Don’t Care condition, we removed an entire literal from the equation, resulting in a simpler, cheaper logic gate
implementation.

In Component 39 Out

Figure 5.41: TikZ Block Diagram 39

5.21.6 Step-by-Step Example: POS Minimization with Don’t Cares

Don’t Care conditions are equally applicable and just as powerful when simplifying expressions into the Product of
Sums (POS) form. In POS minimization, our focus shifts to grouping the zeros (Maxterms), and we treat advantageous
"X’s as 0s.

Suppose we are given a function:

FW,X,Y,Z) =[] M(4,5,6,7,12,13,14) - d(9, 11, 15)
Step 1: Plotting the Karnaugh Map We construct a 4-variable K-map for variables W, X, Y, Z.
e We place a ’0’ in the cells for the specified Maxterms: 4, 5, 6, 7, 12, 13, and 14.
e We place an X’ in the cells for the Don’t Cares: 9, 11, and 15.

Step 2: Grouping the Cells We aim to form the largest possible groups of 0s, looking to "X’s to help expand
them.

o Analyzing the map: We see a solid block of 0s in the second row (cells 4, 5, 6, 7). In the fourth row, we have
Os at 12, 13, and 14, but an X’ at cell 15.

o Forming an Octet: If we treat the X’ at cell 15 as a logical '0’, suddenly the entire bottom half of the K-map
(the second and fourth rows) can be grouped together.

o Cells (4, 5, 6,7, 12, 13, 14, 15) form a massive octet (a block of 8). This entire block corresponds to the region
where variable X = 1.

e In POS, a ’1’ for an input variable corresponds to its complemented form in the sum term. Therefore, this massive

octet simplifies drastically to just the single literal (X).

o Handling remaining ’X’s: All the actual required Os have been covered by this single octet. The remaining
Don’t Cares at cells 9 and 11 are ignored and treated as 1s.

Step 3: Final Expression The simplified POS expression is a single literal:
F=X

This example highlights the dramatic impact Don’t Cares can have. Without utilizing the "X’ at cell 15, we
could not have formed the octet. We would have had to form a quad for (4, 5, 6, 7) yielding (W + X), and perhaps
another quad overlapping the edges or multiple pairs to cover 12, 13, 14, resulting in a significantly more complex and
hardware-intensive final equation.
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5.21.7 Practical Applications of Don’t Cares in Digital Design

Don’t care conditions are not merely theoretical textbook concepts; they are ubiquitous and essential in practical
digital logic design across various applications.

Decoder and Display Driver Design

As discussed in the earlier BCD example, any system that processes encoded data where certain bit combinations are
defined as invalid heavily relies on Don’t Cares. Display drivers, ASCII converters, and memory address decoders often
have "gaps' in their valid input space that designers exploit to simplify the driving logic.

Finite State Machine (FSM) Design

In sequential logic design, finite state machines often have unused states. For example, if a control system requires 5
distinct operating states, the designer must use at least 3 flip-flops (since 22 = 4 is not enough, and 23 = 8 provides
enough states). This leaves 3 remaining unused states (out of the 8 possible combinations). In the state transition
table, the "next state" and "output" entries for these 3 unused states become Don’t Care conditions. When deriving the
combinational logic required to drive the inputs of the flip-flops, these Don’t Cares allow the designer to significantly
minimize the required gates.

Fault Tolerance and Safe-State Design Considerations

While minimizing logic is the primary use of Don’t Cares, in certain high-reliability systems (such as aerospace, medical
devices, or automotive control), designers must be careful. If there is a risk that a transient hardware fault, noise, or
cosmic radiation could cause a bit flip and push the system into one of those "impossible" unused states, treating them
blindly as Don’t Cares could lead to unpredictable and dangerous behavior. In such mission-critical designs, "Don’t
Cares" are sometimes deliberately assigned specific, deterministic values to force the system to transition safely to a
known reset or error-handling state if an invalid input occurs. However, for standard commercial logic minimization
focused on minimizing cost, silicon area, and maximizing speed, Don’t Care conditions remain a highly exploited
optimization tool.

AI Image Placeholder 38: A conceptual visualization.

Figure 5.42: Conceptual Visualization 38
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5.22 Combinational logic circuits

5.23 Arithmetic Circuits

Arithmetic circuits are fundamental combinational logic circuits used in digital electronics to perform basic mathematical
operations such as addition, subtraction, multiplication, and division. In the central processing unit (CPU) of any
computer, the Arithmetic Logic Unit (ALU) extensively relies on these circuits to execute instructions. Since computers
operate using the binary number system, these circuits are designed to manipulate binary digits (bits) effectively.

In this section, we will delve into the essential arithmetic circuits: adders and subtractors. We will start with
circuits handling single bits and then explore how these can be cascaded to operate on multiple bits simultaneously.

5.23.1 Half Adder

The most basic arithmetic operation in digital systems is the addition of two single-bit binary numbers. A combinational
circuit that performs this operation is called a Half Adder.

Box[Half Adder] A Half Adder is a combinational logic circuit with two input variables and two output variables.
The inputs represent the two single bits to be added, while the outputs are the Sum and the Carry generated by
the addition.

Let us denote the two input bits as A and B, and the two output bits as S (Sum) and C (Carry). The arithmetic
rules for adding two binary bits are:

e 0+0=0 (Sum = 0, Carry = 0)
e 0+1=1(Sum =1, Carry = 0)
e 1+0=1 (Sum = 1, Carry = 0)
e 1+1=10 (Sum = 0, Carry = 1)

From these rules, we can construct the truth table for the Half Adder:

Inputs Outputs

A| B | S (Sum) | C (Carry)
0] 0 0 0

0| 1 1 0
110 1 0

1 1 0 1

Table 5.13: Truth Table of a Half Adder

By analyzing the truth table, we can derive the Boolean expressions for the Sum and Carry outputs. The Sum
output S is high (1) when the inputs are different, which matches the characteristic of an Exclusive-OR (XOR) gate.
The Carry output C' is high only when both inputs are high (1), which perfectly corresponds to an AND gate.

e Sum Expression: S=A® B = AB + AB

e Carry Expression: C =A-B

Concept A Half Adder is constructed using one XOR gate for the sum and one AND gate for the carry. It is called
a “half” adder because it cannot accept a carry-in from a previous lower-order addition, making it inadequate for
multi-bit addition on its own.

5.23.2 Full Adder

To add binary numbers with more than one bit, we need a circuit capable of adding three bits: the two bits being
added directly and a carry bit from the previous less significant position. This circuit is called a Full Adder.
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Box[Full Adder] A Full Adder is a combinational logic circuit that performs the arithmetic sum of three input

bits. It consists of three inputs and two outputs. Two of the input variables, denoted by A and B, represent the
two significant bits to be added. The third input, C;, (Carry-In), represents the carry from the previous lower
significant position. The two outputs are S (Sum) and Cy,; (Carry-Out).

The truth table for a Full Adder explores all eight possible combinations of the three inputs:

Inputs Outputs
A| B | Ciy | S(Sum) | Cpy (Carry)
01]0 0 0 0
01]0 1 1 0
0] 1 0 1 0
011 1 0 1
110 0 1 0
110 1 0 1
1)1 0 0 1
1] 1 1 1 1

Table 5.14: Truth Table of a Full Adder

To derive the Boolean logic expressions for S and C,y,, we can use Karnaugh Maps (K-maps) or algebraic
simplification based on the truth table.
For the Sum (S):
S = ABCyy, + ABCyy + ABCyy, + ABCiy

This simplifies neatly using the XOR operation:
S=A ¢ Ba Cm

For the Carry-Out (Coyt): B ) )
Cout - ABCzn + ABCzn + ABCzn + ABCzn

Using K-map simplification, the expression minimizes to:
Cout = AB + BCy,, + ACy,,
Alternatively, manipulating the expression logically reveals a structure directly utilizing Half Adders:

Cout = AB + C,m(A D B)

Implementing a Full Adder using Half Adders

A single Full Adder can be constructed by combining two Half Adders and an OR gate. 1. The first Half Adder
adds the initial inputs A and B, producing a partial sum (A @ B) and a partial carry (AB). 2. The second
Half Adder takes the partial sum and adds the carry-in bit Cj,, producing the final sum S = (A® B) ® Cyy,
and a second partial carry Cy,(A @ B). 3. An OR gate combines the two partial carries to generate the final
Cout = AB+ Cin(A @ B).

\. J

5.23.3 Half Subtractor

Similar to addition, the most basic subtraction operation involves two single-bit binary numbers. The circuit imple-
menting this is a Half Subtractor.

Box[Half Subtractor| A Half Subtractor is a combinational circuit that subtracts one single-bit binary number

from another single-bit binary number. It has two inputs representing the minuend (A) and subtrahend (B), and
two outputs corresponding to the Difference (D) and the Borrow (Boyt).

The arithmetic rules for binary subtraction are:
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e 0—0=0 (Difference = 0, Borrow = 0)

e 0—1=1 (Difference = 1, Borrow = 1) Here, we borrow 1 from the next higher order bit.
o 1—0=1 (Difference = 1, Borrow = 0)

o 1—1=0 (Difference = 0, Borrow = 0)

This yields the following truth table:

Inputs Outputs

A | B | D (Difference) | By, (Borrow)
0] 0 0 0

0 1 1 1

1] 0 1 0

1 1 0 0

Table 5.15: Truth Table of a Half Subtractor

Deriving the logic expressions from the truth table: The Difference output D is exactly the same as the Sum output
in the Half Adder, giving a high output when the inputs are unequal.

D=A®B=AB+ AB
The Borrow output By, is high only when we try to subtract 1 from 0 (i.e., A=0 and B = 1).

Bout:A'B

Limitation of Half Subtractors

Just like the Half Adder, a Half Subtractor cannot take a borrow-in from a lower order stage. Therefore, it cannot
be reliably used on its own to perform multi-bit subtractions, except for the least significant bit position.

In Component 37 Out

Figure 5.43: TikZ Block Diagram 37

5.23.4 Full Subtractor

To perform subtraction between multi-bit binary numbers, we must account for the borrow that may have been
generated by a lower significant bit column. A Full Subtractor addresses this necessity.

Box[Full Subtractor] A Full Subtractor is a combinational logic circuit designed to perform subtraction involving

three bits: the minuend (A), the subtrahend (B), and the borrow-in (B;,) from the previous stage. It produces
two outputs: Difference (D) and Borrow-out (Boy:).

The truth table encompasses all combinations of the three inputs:
Solving for the Boolean expressions, we observe that the Difference (D) function behaves identically to the Sum
function of a Full Adder. It represents an odd-parity check.

D=A&B&® B;,
For the Borrow-out (Byyt) expression, evaluating the minterms from the truth table yields:
out AB + Aan + BBm

This can also be expressed using XOR, logic, analogous to the Full Adder carry expression, which is helpful if we
construct a Full Subtractor using Half Subtractors:

By = AB + Bin(A® B)
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Inputs Outputs
A | B | Bin | D (Difference) | Boy: (Borrow)
00| O 0 0
010 1 1 1
0|1 0 1 1
0] 1 1 0 1
1101] 0 1 0
110 1 0 0
1|1 0 0 0
111 1 1 1

Table 5.16: Truth Table of a Full Subtractor

Concept Notice the striking similarity between the expressions of Adders and Subtractors. The Sum/Difference
outputs are identical operations (A @ B @ C'). The carry and borrow expressions only differ by the inversion of the
A input.

AI Image Placeholder 36: A conceptual visualization.

Figure 5.44: Conceptual Visualization 36

5.23.5 Block Diagram of Parallel Adder using Full Adder Block

While Full Adders can add individual bits considering carry-in, practical digital systems manipulate data in multiple
bits concurrently, such as 4-bit, 8-bit, 16-bit, or 64-bit words. To add two n-bit binary numbers, we use an n-bit
Parallel Adder.

A parallel adder is constructed by cascading multiple Full Adder (FA) blocks. The carry-out of one stage is
connected directly to the carry-in of the next higher significant stage. Because the carry propagates from the Least
Significant Bit (LSB) to the Most Significant Bit (MSB) much like a ripple in water, this configuration is also called a
Ripple Carry Adder.

4-Bit Parallel Adder Architecture

Let’s consider adding two 4-bit binary numbers: Word A: A3 As A1 Ag Word B: BsBs B1 By Where subscript 0 represents
the LSB, and 3 represents the MSB.

To add these together, we require four Full Adder blocks.

The block diagram visualizing this interconnected structure consists of four rectangular blocks, each representing a
single Full Adder.

o The input bits A and B are fed in parallel, meaning all bits (A ... As and By ... Bs) are applied to their respective
FA blocks simultaneously.

o The carry signals are connected sequentially. The C,,; terminal of the rightmost block (FA0) is wired to the Cj,
terminal of the adjacent block to its left (FA1), and so on.

o The final outputs are the individual sum bits (S ... S3) coming from the bottom of each block, and the final
carry out (Cy) from the leftmost block (FA3).

Specifically, the connections flow as follows:

o Stage 0 (LSB): The first FA block (FA0) adds Ap and By. Since this is the initial stage, there is no previous
carry, so the initial carry-in Cj is usually tied to logic 0. It outputs the first sum bit Sy and generates a carry-out
Ch.
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o Stage 1: The second FA block (FA1) takes inputs Ay, Bj, and the carry C} propagated from Stage 0. It outputs
the sum bit S; and generates carry-out Cj.

o Stage 2: The third FA block (FA2) adds Aa, Bs, and the carry Cs. It produces sum bit Sy and carry-out Cs.

« Stage 3 (MSB): The final FA block (FA3) takes As, B3, and carry Cs. It generates the final sum bit S3 and a
final carry-out Cy.

The total output is a 5-bit number formed by the final carry and the sum bits: C4555951.50.

4-Bit Addition Process

Let’s trace the addition of A = 10115 (Decimal 11) and B = 00113 (Decimal 3).

e Initial conditions: A3 = 1,4, = 0,41 =1,A0=1. B3 =0,By =0,B; = 1,By = 1. Initial carry-in
Cop = 0.

e FAO: Adds Ag(1) + By(1) + Cy(0). Result: Sy =0, Cq = 1.

e FA2: Adds A5(0) + Bo(0) + C5(1

(1) (1) + Co(0).
o FA1: Adds A;(1) + Bi(1) + Ci(1). Result: S; =1, Cy = 1.
(0) (0) (1). Result: So =1, C3 =0.
(0) + C3(0).

o FA3: Adds As(1) + B3(0) + C5(0). Result: S3 =1, Cy = 0.

Final Result: (453595159 = 011102, which corresponds to Decimal 14. This accurately reflects the addition
operation 11 + 3 = 14.

Ripple Carry Delay

The primary drawback of the standard parallel ripple carry adder is the propagation delay. The final sum bit Ss
and carry-out Cy cannot be determined until the carry has successfully “rippled” through FAO, FA1, and FA2
sequentially. In larger adders (e.g., 32-bit or 64-bit), this cumulative delay significantly limits the processing speed.
Modern CPUs employ more complex architectures, such as Look-Ahead Carry Adders, to mitigate this delay by
predicting the carry bits rather than waiting for them to propagate.

~

J

By effectively combining these fundamental logic blocks—Half Adders, Full Adders, and their Subtractor counter-
parts—engineers are able to design the robust arithmetic cores that drive all modern digital computation.

AI Image Placeholder 85: A conceptual visualization.

Figure 5.45: Conceptual Visualization 35

5.24 Encoders and Decoders

In digital electronics, data routing and information translation are fundamental operations that allow complex systems
to process and communicate information efficiently. Data typically originates from various discrete sources, such as
human interface devices or peripheral sensors, and must be compacted, transmitted across buses, and then precisely
distributed to specific memory locations or processing units. Encoders and decoders are the essential combinational
logic circuits designed to perform these exact tasks. While an encoder compresses multiple input lines into a smaller
number of output lines, a decoder does the reverse, expanding a compressed digital code into a specific set of active
output lines.
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Figure 5.46: TikZ Block Diagram 34

5.24.1 Encoders

An encoder is a combinational digital circuit that performs the inverse operation of a decoder. It accepts a set of active
input signals and converts them into a coded output format, such as binary or Binary Coded Decimal (BCD). In many
digital systems, it is necessary to convert a physical action or an unencoded digital signal into a standard binary format
that a microprocessor or digital signal processor can easily interpret.

Encoder An encoder is a combinational circuit that has a maximum of 2" input lines and exactly n output lines.
It generates an n-bit output code corresponding to the specific input line that is currently active (HIGH).

Concept The core function of an encoder is data compression. By taking up to 2" unique individual states and
representing them with an n-bit binary word, the system drastically reduces the number of physical wires required
to transmit the state information from one part of a circuit to another.

It is important to note that in a standard encoder, only one input line should be active at any given time. If
multiple inputs are active simultaneously, the output will be a logical combination of the respective codes, which usually
leads to an invalid or ambiguous output.

Important / Warning

A standard encoder suffers from an ambiguity issue when multiple inputs are HIGH simultaneously, or when
no input is HIGH at all. For instance, if Y7 and Y5 are HIGH together, the OR gates will blend their codes,
resulting in an erroneous output state. To resolve these issues, modern systems almost exclusively use a Priority
Encoder. A priority encoder assigns a strict hierarchy to the inputs. If multiple inputs are active, the output code
corresponds to the active input with the highest priority. Priority encoders also typically include an additional
"Valid" (V) output bit to distinguish between the "zero input" state and an actual "zero" code.

Let us examine two common types of standard encoders in detail: the 4:2 encoder and the 8:3 encoder.

4:2 Encoder

A 4-t0-2 (4:2) encoder has four input lines (Yp, Y7, Y2, Y3) and two output lines (Ag, 41). Depending on which of the
four input lines is driven HIGH, the encoder generates a distinct 2-bit binary code on the output lines.

Truth Table
The operation of a 4:2 encoder can be concisely represented using a truth table. Assuming only one input is allowed to
be HIGH at any given time, we have four valid input states.

Inputs Outputs

Y3 | Yo | Yy | Yo | Al | Ao
0O|0|0]|1]0 0
00| 1]0]| O 1
0|1]0]0]1 0
1101 0]0]1 1

Logic Expressions
To design the physical circuit, we derive the Boolean expressions for the outputs A; and Ay by observing when they
are logic HIGH (1) in the truth table. Because each row corresponds to exactly one HIGH input, we simply sum (using
logical OR) the input conditions that produce a '1’ on the output.
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e Output Ap is HIGH when input Y7 is HIGH or when input Y3 is HIGH. Thus, the Boolean expression is:
A=Y +Y5.

e Output A; is HIGH when input Y5 is HIGH or when input Y3 is HIGH. Thus, the Boolean expression is:
A =Y2 + V3.

Notice that Yy does not appear in the logic expressions. When Y is HIGH, both outputs are zero, meaning no logic
gates are triggered. This highlights the limitation of a standard encoder where a completely disconnected input state
(all zeroes) yields the exact same output as Yy being active.

Circuit Diagram
The logic circuit for a standard 4:2 encoder is remarkably simple. It requires only two 2-input OR gates.

e The first OR gate takes Y7 and Y3 as inputs and generates the Ay output.

e The second OR gate takes Y5 and Y3 as inputs and generates the A; output.

Keyboard Encoding Application Imagine a simple keypad with four buttons. Rather than sending four separate
wires to a microcontroller to detect which button was pressed, a 4:2 encoder can be placed physically close to
the keypad. When a user presses a specific button, the encoder translates that press into a 2-bit binary signal.
This reduces the required connection lines from four down to just two, thereby saving valuable General Purpose
Input/Output (GPIO) pins on the microcontroller.

8:3 Encoder (Octal to Binary Encoder)

An 8-to-3 (8:3) encoder, often referred to as an Octal-to-Binary encoder, has eight input lines (Y through Y7) and
three output lines (Ag, A1, A2). It encodes the eight possible active input lines into a corresponding 3-bit binary code.
This type of encoder is particularly useful when interfacing octal systems with binary microprocessor logic.

Truth Table
The truth table maps the single active input out of the eight lines to its binary equivalent.

Inputs Outputs

Yo | Yo | Y5 | Yy | Y3 | Yo | Y] | Yy | Ao | A | Ao
0O/ 0]0]O0O]O0O]O0]|O0]1 0 0 0
0 0 0 0 0 0 1 0 0 0 1
o/0j0]O0O]O|1T|O]0]|O 1 0
0 0 0 0 1 0 0 0 0 1 1
0 0 0 1 0 0 0] 0 1 0 0
0 0 1 0 0 0 0 0 1 0 1
0 1 0 0 0 0 0 0 1 1 0
17010 0]0|O0O]O0]|O 1 1 1

Logic Expressions
By examining the output columns, we can formulate Boolean equations using logical OR operations for the conditions
where each output bit evaluates to logic 1.

o Ag=Y1+ Y5+ Y5+ Y7 (Active for all odd subscripts)
e A1 =Y0+YV3+Ys+Yr
e A=Y +Y5+Ys+Y7

Similar to the 4:2 encoder, the Y} input is implicit; when it is the only active line, all outputs naturally fall to logic
0 without triggering any gates.

Circuit Diagram
The hardware realization of an 8:3 encoder involves three 4-input OR. gates.

o Gate 1 generates Ag by taking Y7, Y3, Y5, and Y7 as inputs.
o Gate 2 generates A; by taking Y5, Y3, Y, and Y7 as inputs.
o Gate 3 generates Ay by taking Yy, Ys, Y, and Y7 as inputs.

This setup is extremely useful in microprocessor interrupt controllers where up to 8 peripheral devices might request
attention, mapping the physical act of enabling a specific input line into a concise binary format.
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5.24.2 Decoders

While encoders compress data, decoders expand it. They act as the counterpart to encoders, taking a compressed
binary word and using it to assert a unique, specific output line. Decoders are universally found in memory system
designs, multiplexing applications, and instruction decoding units within Central Processing Units (CPUs).

Decoder A decoder is a combinational logic circuit that takes an n-bit binary input and converts it into a maximum
of 2™ unique output lines. For any given input combination, exactly one of the 2™ output lines will be asserted
(either HIGH or LOW, depending on the logic design), while all other output lines remain deactivated.

Concept Decoders are fundamentally used for addressing and spatial selection. Whenever a microprocessor needs
to communicate with a specific memory chip, register, or input/output device, it sends a binary address. A decoder
receives this binary address and activates the one specific wire connected to the chosen device.

Decoders often come with one or more Enable (E) inputs. When the enable pin is inactive, the decoder is disabled,
and all outputs are held in their default un-asserted state, completely ignoring the input code. When the enable pin is
active, the decoder functions normally. This enable feature makes it incredibly simple to cascade smaller decoders to
form larger decoding networks (e.g., combining two 3:8 decoders to build one 4:16 decoder).

2:4 Decoder

A 2-to-4 (2:4) decoder consists of two input lines (A, B), an Enable line (F), and four output lines (Dy, D1, D2, D3).
Based on the 2-bit input combination, exactly one of the four outputs becomes active.

Truth Table
Assuming the decoder uses active-HIGH outputs and an active-HIGH enable pin, the truth table maps out the behavior
clearly:

Enable | Inputs Outputs
E A| B | D3| Dy | Dy | Dy
0 X| X 0 0 0 0
1 0] O 0 0 0 1
1 0] 1 0 0 1 0
1 110 0 1 0 0
1 111 1 0 0 0

(Note: X’ signifies a "Don’t Care" condition; the logic state of inputs A and B is completely irrelevant when the
decoder is not enabled by F).

Logic Expressions
Each output corresponds to a specific minterm of the inputs, combined with the Enable signal via an AND operation.
When a specific minterm is true, the corresponding output line goes HIGH.

e Dy=FE-A-B (Active when inputs are 00)
e Dy =FE-A- B (Active when inputs are 01)
e Dy =FE-A- B (Active when inputs are 10)
e D3 =FE-A-B (Active when inputs are 11)

Circuit Diagram
The internal circuit of a 2:4 decoder typically utilizes two NOT gates to produce the inverted input signals (4 and B)
and four 3-input AND gates. Each AND gate is connected to the Enable line and the appropriate combination of the
regular and inverted input signals. When the 2-bit input changes, a different AND gate satisfies all its logic HIGH
conditions, driving exactly one output HIGH.
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Memory Address Decoding Suppose a microprocessor is connected to four different 1-Kilobyte memory chips.
Instead of using four separate select lines from the processor, the processor outputs a 2-bit binary address on its
address bus to designate the target chip. A 2:4 decoder receives this 2-bit address and activates only one output
line, selecting the exact memory chip required. By using the enable pin connected to a timing clock or read/write
control signal, the chip selection only occurs at precise timings, avoiding data corruption.

3:8 Decoder (Binary to Octal Decoder)

A 3-t0-8 (3:8) decoder receives three input variables (A, B,C') and activates one of its eight possible output lines (Dy
through D7). It is commonly referred to as a binary-to-octal decoder because it systematically translates a 3-bit binary
sequence directly into an octal positional representation.

Truth Table
Assuming an active-HIGH enable and active-HIGH outputs, the truth table is an expansion of the 2:4 concept.

Enable Inputs Outputs
E A| B |C | D;| Dg| Ds| Dy | D3| Dy | Dy | Dy
0 XX |X|0 0 0 0 0 0 0 0
1 0,001 O 0 0 0 0 0 0 1
1 0,0 11]0 0 0 0 0 0 1 0
1 0O/ 10| 0 0 0 0 0 1 0 0
1 o1 1] 0 0 0 0 1 0 0 0
1 11000 0 0 1 0 0 0 0
1 11010 0 1 0 0 0 0 0
1 1{1]0| 0 1 0 0 0 0 0 0
1 1111 0 0 0 0 0 0 0

Logic Expressions
As with the 2:4 decoder, each output is an explicitly unique minterm function. With three inputs, there are 23 =8
minterms.

e« Dy=E-A-B-C
e D1=E-A-B-C
e Dy=E-A-B-C
e Ds=E-A-B-C
e Dy=E-A-B-C
e Ds=E-A-B-C
e Dsg=FE-A-B-C
« D;=E-A-B-C

Circuit Diagram
The 3:8 decoder is constructed using three NOT gates (to create A, B,C) and eight 4-input AND gates. Every AND
gate takes the Enable signal and a distinct permutation of the regular and inverted variables.

Important / Warning

Active-LOW Logic: While we have modeled the decoders using active-HIGH logic for simplicity, many commercial
decoder integrated circuits (ICs), such as the popular 74138 logic chip, employ active-LOW outputs. In an
active-LOW decoder, all unselected outputs remain HIGH (Logic 1), and the single selected output goes LOW
(Logic 0). This design is often preferred in hardware because many memory devices and microcontrollers have
active-LOW chip select (C'S) pins, which simplifies overall hardware integration. Active-LOW decoders use NAND
gates instead of AND gates for their final output stages.
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Cascading Decoders

A significant advantage of the enable pin is that it allows for the cascading of smaller decoders to form a larger decoder
system. For example, a 4:16 decoder can be constructed using two 3:8 decoders. In this configuration, the three
lower-order bits (B, C, D) of the 4-bit input are connected to the parallel inputs of both 3:8 decoders. The most
significant bit (A) is used to manage the enable pins. It connects directly to the enable pin of one decoder (enabling it
when A = 1) and goes through an inverter before connecting to the enable pin of the other decoder (enabling it when
A =0). This effectively splits the 16 outputs across the two chips without requiring a custom-built 4:16 decoder IC.

AI Image Placeholder 33: A conceptual visualization.

Figure 5.47: Conceptual Visualization 33

5.24.3 Summary of Encoders and Decoders

Encoders and decoders serve as complementary foundational blocks that dictate the flow of digital information in
modern computing architectures. While an encoder is tasked with translating diverse input states into a compact,
machine-readable binary code, the decoder receives these codes and expands them to target specific hardware endpoints.
Encoders optimize data transmission across data buses, minimizing wiring and logic complexity. Conversely, decoders
provide the spatial precision required for addressing, allowing the processor to pick out one specific memory cell
or peripheral from potentially thousands of possibilities. Together, they form a crucial backbone for addressing,
multiplexing, and generalized data routing across digital ecosystems.

5.25 Multiplexers and Demultiplexers

Combinational Logic Data Routing In modern digital electronics, routing data accurately and efficiently from
multiple sources to various destinations is fundamental for computation and communication. Multiplexers (MUX)
and Demultiplexers (DEMUX) are essential combinational logic circuits that perform these precise switching
functions. A multiplexer functions as a many-to-one switch by selecting one of several inputs to forward to a single
output line. In contrast, a demultiplexer functions as a one-to-many switch, taking a single input and routing it to
one of multiple possible output lines.

In Component 32 Out

Figure 5.48: TikZ Block Diagram 32

5.25.1 Multiplexers (MUX)

Multiplexer A Multiplexer (often abbreviated as MUX) is a combinational logic circuit engineered to switch one
of several available input lines to a single common output line, dictated by the application of a digital control
signal. It is fundamentally a many-to-one data routing circuit, colloquially referred to as a "data selector."

The architecture of a standard multiplexer consists of 2" data input lines, n select (or control) lines, and exactly
one output line. The specific input that gets electrically routed to the output is strictly determined by the binary bit
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combination applied to the select lines. The general mathematical relationship between the number of select lines (n)
and the maximum number of data input lines (m) is given by m = 2".

Multiplexers are utilized universally across digital systems to drastically reduce the number of physical copper
connections on printed circuit boards (PCBs), route data internally between processing units (such as transferring
data from memory blocks to the CPU), and even implement arbitrary Boolean logic functions without the necessity of
individual standalone logic gates.

2-to-1 Multiplexer (2:1 MUX)

The most elementary and functional form of a multiplexer is the 2-to-1 multiplexer. As the name implies, it possesses
two distinct data input lines, a single select line, and one output line. Let us define the data inputs as Dg and Dy, the
active select line as Sp, and the final output as Y.

The fundamental operation of the 2:1 MUX is highly intuitive:

o When the select line is pulled low (Sp = 0), the internal circuitry connects input Dy to the output Y. Consequently,
Y = Dy.

o When the select line is pulled high (Sy = 1), the circuitry shifts and connects input D; to the output Y.
Consequently, Y = D;.

This behavioral logic can be concisely described by the following Boolean sum-of-products expression for the output:

Y = SoDo + SoDy

Practical Analogy for a 2:1 MUX Imagine a typical railway switch. Two distinct tracks (representing the inputs
Dy and D7) merge into a single main track (representing the output Y'). The mechanical lever that controls which
incoming track connects to the outgoing track acts precisely like the select line (Sp). Only one train can pass onto
the main track at any given time, dictated by the lever’s position.

The digital combinational logic implementation of a 2:1 MUX requires one NOT gate (to invert the Sy signal), two
2-input AND gates (to compute the product terms SoDg and SyD1), and one 2-input OR gate (to sum the valid terms
into the final output Y).

4-to-1 Multiplexer (4:1 MUX)

Scaling up from the 2:1 configuration, a 4-to-1 multiplexer selects one out of four possible data inputs to seamlessly
pass through to the single output. Because the system now handles four inputs (Dg, D1, D2, D3), two dedicated select
lines (S1, Sp) are strictly required, satisfying the relation 22 = 4.

The operational truth table for the 4:1 multiplexer illustrates precisely which input physically connects to the
output for each binary permutation of the select lines:

Select Inputs | Output
S1 So Y

0 0 Dy

0 1 Dy

1 0 Do

1 1 Ds

Derived directly from this operational behavior, the Boolean logic equation governing the output is:
Y = 5150D¢ + S1S0D1 + S1S0D2 + S150Ds

Constructing this logic circuit practically relies on four 3-input AND gates (each handling one data line and the
true/complement states of both select lines), two logical inverters for the select lines, and a single 4-input OR gate to
unite all the minterms. A prevalent real-world application of a 4:1 MUX is found within the architecture of Arithmetic
Logic Units (ALUs), where the processor must rapidly select among multiple internally calculated arithmetic results
(such as addition, subtraction, AND, XOR operations) to route to the destination register.
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8-to-1 Multiplexer (8:1 MUX)

As system complexity and bus widths scale, higher-order multiplexers become structurally mandatory. An 8-to-1
multiplexer functions by routing one out of eight available data inputs (Dy through D7) to a singular output Y. This
operation is strictly directed by three distinct select lines (Sa, 51, 5p), as 23 = 8.

The selection logic corresponds directly to the decimal value equivalent of the binary string represented by the
select lines. For instance, if the select lines are driven to hold the binary value 1013 (which evaluates to 519), then
Sy =1, .5 =0, and Sy = 1. Consequently, the internal logic gates enable input D5 to propagate to the output Y,
actively blocking the remaining seven inputs.

The comprehensive, expanded Boolean expression for an 8:1 MUX is detailed as:

Y = 595150D¢g + S25150D1 + 5725157()1)2 + 5725150D3 + 525150 D4 + SQSTS()D5 + SQSpST)DG + 525150 D7

Important / Warning

Multiplexer Tree Design While monolithic higher-order multiplexers (like 16:1, 32:1, or 64:1) can theoretically
be constructed using analogous logic expressions, building them directly from basic discrete logic gates results
in massive propagation delays and impossibly large fan-in requirements for the final terminating OR gate. To
mitigate these hardware limitations, engineers construct larger multiplexers by logically cascading smaller ones in
a hierarchical "tree" structure. For instance, an 8:1 MUX can be efficiently designed using two 4:1 MUXes followed
by one 2:1 MUX.

\

5.25.2 Demultiplexers (DEMUX)

Demultiplexer A Demultiplexer (commonly abbreviated as DEMUX) executes the precise inverse operation of a

multiplexer. It is a combinational logic switching circuit that receives a single data input line and dynamically
routes it to exactly one of 2™ possible output lines. The specific destination output line is exclusively chosen based
on the binary value present on the n select lines. This specialized device acts as a one-to-many data distributor.

In any canonical demultiplexer configuration, there is precisely one data input line, n routing select lines, and
exactly m = 2" output lines. Demultiplexers are absolutely indispensable in applications involving serial-to-parallel
data conversion, complex memory address decoding, and routing centralized data streams from a common transmission
medium to spatially distinct destinations. Interestingly, a standard logic decoder IC that features an active "Enable"
input functions identically to a demultiplexer, where the enable pin itself serves as the incoming data input line.

1-to-2 Demultiplexer (1:2 DEMUX)

The most elementary and foundational form of a demultiplexer is the 1-to-2 demultiplexer. It continuously accepts a
single data input stream (D) and actively switches it to one of two destination output lines (Y, Y7). This routing is
governed by a singular select control line (Sp).

The deterministic logic follows these strict rules:

o If the select line is low (Sy = 0), the input D is successfully routed to output Yy. The alternative output Y;
remains entirely inactive (forced to logic 0).

o If the select line is high (Sp = 1), the input D is successfully routed to output Y;. Conversely, output Yj remains
inactive.

The individual Boolean logic equations mapping the respective outputs are:
Yo = SoD
Y1 = 50D

This rudimentary circuit requires just one NOT gate (for the select signal) and two 2-input AND gates.

1-to-4 Demultiplexer (1:4 DEMUX)

Expanding the output fan-out, a 1-to-4 demultiplexer handles a single data input (D) and actively distributes it to one
of four parallel outputs (Y, Y1, Y2, ¥3). To uniquely and unambiguously address four separate outputs, two independent
select lines (S1,.S0) are mandatory.

The active output terminal directly matches the decimal equivalent of the binary address currently present on the
select lines. All non-selected outputs are inherently driven to a logical zero state.
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Select Inputs | Data Input Outputs

S1 So D Y | Yo | V1| Y
0 0 D 0| 0||0]|D
0 1 D 0|0 |D]J|O
1 0 D 0O | D|0]O
1 1 D D|0|0]O

The individual, discrete Boolean output expressions are mathematically derived from this specific table:

Yo = 515D
Vi = 5150D
Yy = $1.5,D
Ys = $180D

The underlying hardware logic circuit fundamentally contains four 3-input AND gates, with the principal data
input D connected uniformly in parallel across all four gates. The states of the select lines dictate which single AND
gate successfully evaluates the input signal, maintaining a highly robust one-to-many hardware communication link.

1-to-8 Demultiplexer (1:8 DEMUX)

For broader data distribution networks, the 1-to-8 demultiplexer acts to bridge one incoming data line to any of eight
dedicated output lines (Y; through Y7). Reliably addressing eight distinct physical outputs necessitates exactly three
select lines (.S, S1,S0).

For example, when the system drives the select bus to 595159 = 1102, the select logic immediately evaluates to
the decimal value 6. This internal logic routes the single continuous data input D directly to the Yg output terminal,
simultaneously restricting the remaining seven output terminals to logical 0.

The exhaustive expressions for the outputs exhibit a highly systematic mathematical pattern strictly governed by
the binary select combinations:

Yo = 525150D
Y, = 555,50D
Yy = 52515D
Y3 = 525150D
Yy = 52515D
Ys = 525150D
Ys = S25180D
Y7 = 525150D

Time-Division Multiplexing (TDM) An essential concept in digital data transmission revolves around employing a
multiplexer immediately followed by a demultiplexer across a communication link. For a communication channel
burdened with limited physical transmission wires (like a fiber optic cable or a radio frequency band), a multiplexer
situated at the transmission node combines multiple, parallel data sources onto a single, high-speed serial link.
This is accomplished by rapidly switching through the select lines. At the remote receiving node, a perfectly
synchronized demultiplexer captures the high-speed serial data from that single link and accurately redistributes it
back to the respective, separate parallel destination nodes. This technique, known as Time-Division Multiplexing
(TDM), drastically reduces cabling overhead and optimizes bandwidth utilization.
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AI Image Placeholder 81: A conceptual visualization.

Figure 5.49: Conceptual Visualization 31

5.25.3 Multiplexers as Universal Logic Implementers

Beyond their traditional roles in pure data routing and bus management, multiplexers offer a remarkably potent and
highly efficient methodology for implementing generalized Boolean logic functions directly. In modern logic design, a
standard 2™-to-1 multiplexer can be optimally utilized to natively implement any arbitrary Boolean function consisting
of up to n + 1 variables, effectively functioning as a localized lookup table (LUT).

For instance, consider an 8:1 MUX (which inherently features 3 dedicated select lines). This single integrated circuit
can effortlessly implement any 4-variable Boolean function without requiring an array of individual, discrete AND/OR
logic gates. The fundamental mechanism involves connecting n variables (three variables) directly to the multiplexer’s
select inputs. The remaining logic variables and constants are then strategically mapped. The 8 data inputs of the
multiplexer are individually hardwired to Logic 1 (Vo¢), Logic 0 (Ground), the remaining 4th variable, or its Boolean
complement.

This profound capability categorizes multiplexers as highly versatile universal logic elements. It is an approach
extensively leveraged within the architecture of Field Programmable Gate Arrays (FPGAs) and complex Application-
Specific Integrated Circuits (ASICs), where spatial optimization, reduced component counts, and uniform gate delays
are critical engineering metrics.
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Figure 5.50: TikZ Block Diagram 30

5.25.4 Summary of System Applications

Both Multiplexers and Demultiplexers act as the fundamental routing backbone of numerous modern electronic
infrastructures:

o Telecommunication Networks: Extensively deployed in time-division multiplexing (TDM) and frequency-
division multiplexing (FDM) backbones to seamlessly merge and subsequently segregate thousands of distinct
voice or data signals over common transcontinental fiber optic transmission media.

o Computer Memory and Bus Architecture: Central microprocessors leverage localized MUX/DEMUX logic
clusters to dynamically route high-speed data buses between internal caches, registers, Arithmetic Logic Units,
and external main memory architectures, avoiding physical wire collisions.

e Peripheral Data Routing: Hardware demultiplexers perform a role analogous to network switches; they
meticulously receive incoming packetized hardware data streams and physically distribute them to the precise
correct peripheral device strictly based on the encoded header addresses.

5.26 Code Converters

In the realm of digital electronics, data is often represented using various coding schemes, each tailored for specific
applications or hardware constraints. As a result, there arises a frequent need to translate data from one coding system
to another. This is where code converters come into play.
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Code Converter A code converter is a combinational logic circuit that translates data presented in one type of

binary code into another type of binary code. It essentially acts as a translator between different digital systems
or components that use distinct data representations.

Code converters are ubiquitous in digital systems. For instance, a system might process data in standard binary
form but need to display it on a decimal readout, requiring a Binary-to-BCD (Binary-Coded Decimal) converter.
Alternatively, an electromechanical sensor might output data in Gray code to prevent errors, which then must be
converted to standard binary for processing by a microprocessor.

In this section, we will delve deep into two of the most fundamental and widely used code conversion circuits: the
Binary to Gray code converter and the Gray to Binary code converter.

5.26.1 Understanding the Gray Code

Before exploring the conversion circuits, it is crucial to understand what Gray code is and why it is so valuable in
digital logic design.

The Gray Code Property Gray code, also known as reflected binary code, is an unweighted coding scheme where
two successive values differ in only one bit (binary digit). This property makes it fundamentally different from
standard binary, where sequential numbers can have multiple bits changing simultaneously.

To illustrate the difference, consider the transition from decimal 7 to 8. In standard 4-bit binary, 7 is 0111 and 8 is
1000. Notice that all four bits change state simultaneously (from 0 to 1, and three 1s to 0s). In physical electronic
circuits or mechanical sensors, it is virtually impossible for all switches or logic gates to change state at precisely the
same microsecond. This minute timing difference can lead to transient intermediate states (e.g., 1111 or 0000), causing
spurious outputs or “glitches.”

Important / Warning

The Danger of Multiple Bit Transitions In applications like mechanical shaft encoders or digital communication,
the simultaneous switching of multiple bits can introduce severe read errors. If a system reads the data during the
infinitesimal moment when some bits have transitioned but others haven’t, it will interpret a completely incorrect
value. Gray code eliminates this hazard entirely.

In Gray code, the transition from 7 to 8 might look like 0100 to 1100 (depending on the specific sequence used).
Only one bit changes, meaning no intermediate, incorrect states can be briefly generated. This property makes it
extremely reliable for translating analog or mechanical positions into digital data.

5.26.2 Binary to Gray Code Converter

A Binary to Gray code converter is a logic circuit that takes a standard binary input and generates the equivalent
Gray code output. We will design a 4-bit Binary to Gray code converter. Let the 4-bit binary input be represented by
B3B3y By By (where Bs is the Most Significant Bit, MSB) and the corresponding 4-bit Gray code output be G3G2G1Gy
(where G is the MSB).

Truth Table and Logic Design

To design this combinational circuit, we first construct a truth table mapping all 16 possible 4-bit binary combinations
to their corresponding Gray code values.
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Binary Input Gray Code Output
Bs By By By | Gs Gy Gy Go
o 0 0 o0 0 0 0 0
0o 0 0 1 0 0 0 1
0 0 1 0 0 0 1 1
0 0 1 1 0 0 1 0
0 1 0 0 0 1 1 0
0 1 0 1 0 1 1 1
0 1 1 0 0 1 0 1
0 1 1 1 0 1 0 0
1 0o 0 0 1 1 0 0
1 0 0 1 1 1 0 1
1 0 1 0 1 1 1 1
1 0 1 1 1 1 1 0
1 1 0 0 1 0 1 0
1 1 0 1 1 0 1 1
1 1 1 0 1 0 0 1
1 1 1 1 1 0 0 0

By analyzing the truth table, we can derive the Boolean expressions for each output bit using Karnaugh Maps
(K-maps) or by direct observation. Let’s look at the logical relationship:

1. For G3 (MSB): If we compare the B3 column and the G5 column, they are identical for all 16 rows.

Gs = By (5.3)

2. For Gg: The output G is 1 whenever Bs and Bj have different values (i.e., 01 or 10). It is 0 when they are the
same (00 or 11). This behavior perfectly describes the Exclusive-OR (XOR) logic operation.

Go = B3 ® By (54)

3. For (Gy: Similarly, observing the columns for By, By, and G reveals that Gy is 1 only when Bs and Bj differ.

Gi1=DBy® B, (55)

4. For Gy (LSB): The same pattern holds true for the least significant bits. G is the XOR of B; and By.

Go=B1 ® By (56)

The simplicity of these equations is remarkable. A 4-bit Binary to Gray code converter can be implemented using
merely three 2-input XOR gates. The most significant bit is passed straight through unchanged, and each subsequent
Gray code bit is generated by XORing the corresponding adjacent binary bits.

Converting Binary to Gray Code Let’s trace the conversion of the 4-bit binary number 1011 to Gray code using
the derived logic equations.

e Binary Input: B3 =1,B,=0,B;=1,By =1
o Step 1 (G3): Gs=Bs=1

o Step 2 (G2): Go=B3®By=100=1

o Step3 (G1): G1=B@&@B;=001=1

o Step 4 (Go): Go=B1®By=191=0

Thus, the binary number 1011 corresponds to the Gray code 1110. Notice how we can perform the XOR operations
seamlessly moving from left to right.
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AI Image Placeholder 29: A conceptual visualization.

Figure 5.51: Conceptual Visualization 29

5.26.3 Gray to Binary Code Converter

Conversely, systems that receive Gray code data from sensors must often convert it back into standard binary before
performing arithmetic operations or making logical comparisons. This is because Gray code is unweighted and entirely
unsuitable for direct arithmetic processing (for instance, adding two Gray code numbers directly yields a nonsensical
result). A Gray to Binary code converter reverses the process described above.

Let the 4-bit Gray code input be G3G2G1Go and the resulting 4-bit binary output be B3Bs B By.

Truth Table and Logic Design

We can use the exact same truth table from the previous section, but this time, the Gray code columns serve as the
independent input variables, and the standard binary columns serve as the dependent outputs.

By applying K-map simplification or algebraic manipulation on the truth table, we deduce the following logic
expressions:

1. For Bs (MSB): The most significant bits of both codes are always identical.

Bs =Gy (5.7)

2. For Bjy: The binary bit By is 1 if the newly generated binary bit Bs and the incoming Gray bit G are different.
It is an XOR operation, but notice that it depends on the previously computed binary bit, not just the Gray
inputs alone.

By = B3 @ Gy (58)

Since we know B3 = (3, this can also be written purely in terms of inputs as By = G3 @ G.

3. For Bj: Following the cascading pattern, B; is the XOR of the newly computed By and the input G;.
B =By ® Gy (5'9)
Expanded to purely input terms, this is By = G3 ® G @ G.

4. For By (LSB): Finally, By is generated by XORing B; and Gj.
By =B ® Gy (5.10)
Expanded, By = G3 ® G2 & G1 ® Gy.

The hardware implementation of the Gray to Binary converter is slightly different in its structure compared to the
Binary to Gray converter. While it also exclusively uses XOR gates, the gates are arranged in a cascading (daisy-chain)
fashion. The output of the first XOR gate (Bs) feeds directly into the input of the second XOR gate, and so forth.

This cascaded nature has an important timing implication: the propagation delay in a Gray-to-Binary converter
is generally higher than in a Binary-to-Gray converter. In the Binary-to-Gray circuit, all XOR operations occur in
parallel (since all binary inputs are available simultaneously). In the Gray-to-Binary circuit, the signals must ripple
through successive gates to calculate the least significant bits.

Converting Gray Code to Binary Let’s manually convert the Gray code 1010 back to binary to verify our cascading
XOR logic.

e Gray Input: G3=1,G2=0,G1 =1,Gy =0



https://milav.in

Step 1 (Bg): Bg = Gg =1

Step 2 (B2): By=B3®dGy=140=1

Step3(Bl): Bi=B,®G =141=0

Step 4 (B()): Bo=B1®Gy=090=0

The Gray code 1010 is successfully converted back to the binary number 1100 (which is the decimal number 12).

In Component 28 Out

Figure 5.52: TikZ Block Diagram 28

5.26.4 Practical Applications of Code Converters

The conversion between Binary and Gray codes is not merely a theoretical exercise; it has profound practical implications
in modern electronics and system design.

1. Absolute Encoders: In robotics and industrial automation, absolute rotary shaft encoders measure the
angular position of a motor or shaft. If these encoders used standard binary, a slight mechanical misalignment could
cause catastrophic misreadings at transition points (e.g., passing from position 0111 to 1000). By printing Gray code
patterns on the encoder disk, engineers guarantee that any transition between adjacent angular sectors results in only a
single bit changing. The microcontroller reading the sensor will then employ a Gray-to-Binary code converter (often
implemented in software or inside an FPGA) to calculate the actual angle for its control algorithms.

2. Asynchronous FIFOs and Clock Domain Crossing: In complex digital systems like microprocessors and
System-on-Chips (SoCs), different parts of the chip often operate at different clock speeds (clock domains). When
transferring a multi-bit counter value (such as a memory address) across these domains, there is a high risk that the
receiving domain samples the bits right in the middle of a transition. By passing the counter through a Binary-to-Gray
converter before crossing the domain, the design ensures that at most one bit is changing at any given time. This safely
avoids metastable states and data corruption. Once safely across, a Gray-to-Binary converter reconstructs the count.

3. Error Minimization in Communication: Digital communication over noisy channels can sometimes result
in bit flips. Because adjacent Gray code values differ by only one bit, an error in reading a single bit will usually result
in the decoded analog value being off by exactly one adjacent step. In standard binary, a single bit error in the Most
Significant Bit can cause the decoded value to swing wildly across the entire measurement range. Therefore, Gray
codes inherently provide a form of error mitigation in signal transmission and Analog-to-Digital converters.

In summary, the Binary-to-Gray and Gray-to-Binary code converters represent fundamental combinational logic
blocks. Their elegant implementation using simple XOR, gates belies their critical importance in ensuring the reliability,
safety, and accuracy of a vast array of digital and electromechanical systems. Understanding how to design and apply
these converters is a foundational skill for any digital logic designer.

AI Image Placeholder 27: A conceptual visualization.

Figure 5.53: Conceptual Visualization 27
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5.27 Sequential logic circuits

5.28 Flip-Flops

In the realm of digital electronics, combinational logic circuits such as adders, multiplexers, and encoders are indispens-
able. However, they possess a significant limitation: they have no memory. Their outputs depend entirely and solely on
the current state of their inputs. For many practical computing and processing applications, we need systems that
can "remember"' past events, states, or data values. Sequential logic circuits fulfill this critical requirement, and the
fundamental building block of any sequential logic circuit is the flip-flop.

A flip-flop is a bistable multivibrator. The term "bistable" means that the circuit has exactly two stable states
(Logic 0 and Logic 1). It will remain indefinitely in one of these states until an external trigger forces it to change to
the other state. Because it can hold a single state, a single flip-flop can be used to store one bit of binary information.
By combining multiple flip-flops, we can construct registers, counters, and vast memory arrays.

Concept Latch vs. Flip-Flop: While both latches and flip-flops serve as basic memory elements, the primary
difference lies in how they are controlled by a clock or enable signal. A latch is level-sensitive, meaning its output
can continuously change state as long as its enable signal is held at the active logic level. In contrast, a flip-flop is
strictly edge-triggered. Its output can only change state precisely at the momentary rising or falling edge of a
synchronizing clock signal. This edge-triggering characteristic makes flip-flops essential for synchronizing complex,
multi-stage operations in digital systems without data racing ahead uncontrollably.

5.28.1 Triggering Methods

In synchronous sequential circuits, the timing of state changes is strictly governed by a periodic square-wave signal
called a clock (CLK). The clock dictates precisely when a flip-flop is permitted to sample its inputs and change its
output state. The process of making a flip-flop respond to input variations in synchronization with the clock is called
triggering.

To ensure reliable operation, digital designers must pay close attention to two critical timing parameters associated
with triggering: setup time (tsetup), which is the minimum time the input data must be stable before the clock edge
arrives, and hold time (tpo1q), the minimum time the input data must remain stable after the clock edge has passed.

Triggering methods are broadly classified into two categories:

e Level Triggering: The memory element responds to inputs and alters its output state continuously as long as
the clock signal is maintained at a specific logic level.
— Positive-Level Triggering: The circuit is active when the clock is High (Logic 1).

— Negative-Level Triggering: The circuit is active when the clock is Low (Logic 0).
(Note: Components that are level-triggered are conventionally referred to as latches rather than true flip-flops).

o Edge Triggering: The flip-flop samples its inputs and responds only during the infinitesimal transition period
of the clock signal, locking out any further changes until the next active edge.

— Positive Edge Triggering (Rising Edge): The state change occurs exactly when the clock signal transitions
from Low to High (0 to 1). This is often denoted by a small triangle on the clock input of a logic symbol.

— Negative Edge Triggering (Falling Edge): The state change occurs exactly when the clock signal transitions
from High to Low (1 to 0). This is usually denoted by a small circle (bubble) followed by a triangle on the
clock input.

Important / Warning

Design Implication: Level-triggered circuits can cause severe synchronization issues in feedback systems. If
the inputs to a level-triggered latch change multiple times while the clock pulse is active, the output will also
fluctuate, leading to unpredictable final states. Edge-triggered flip-flops resolve this by sampling the input during
a highly localized timeframe (the edge), guaranteeing stable and predictable step-by-step state progression.
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AI Image Placeholder 26: A conceptual visualization.

Figure 5.54: Conceptual Visualization 26

5.28.2 SR Flip-Flop

The Set-Reset (SR) flip-flop is historically one of the earliest and most basic edge-triggered memory elements. It is
conceptually derived from an active-high or active-low SR latch by adding an edge-detecting clock pulse control circuit.
It has two main data inputs: S (Set) and R (Reset), along with a clock input. The SR flip-flop also inherently has two
complementary outputs, typically labeled @ (normal output) and @ (inverted output).

Box SR Flip-Flop Operation: The behavior of the SR flip-flop at the arrival of an active clock edge is defined
as follows:

o Memory State (S =0, R = 0): Both set and reset signals are inactive. The flip-flop retains its previous
state (Qn+1 = Qn)-

o Set State (S =1, R = 0): The set signal is active. The flip-flop is forced into the set state (Qn+1 = 1),
regardless of its previous state.

o Reset State (S =0, R = 1): The reset signal is active. The flip-flop is forced into the reset state (Q,+1 = 0),
clearing any stored data.

o Invalid State (S =1, R = 1): Both inputs are active simultaneously. The circuit attempts to set and reset
at the same time. This leads to a logical contradiction, forcing both @ and @’ to the same value (depending
on the internal gate structure, often both 0 or both 1), which violates the fundamental rule that outputs
must be complementary. This state is strictly forbidden in digital design.

J

The characteristic equation, which defines the next state (11 in terms of the current state @, and the inputs, is:

Qn—i—l =5+ R/Qn

This equation is only valid under the strict operational constraint that S - R =0 (S and R are never simultaneously 1).
Digital designers also use an Excitation Table to design sequential circuits. The excitation table tells us what
inputs are required to transition from a specific current state (@) to a desired next state (Qn+1):

o To transition 0 — 0: § =0, R =X (Don’t care)
e To transition 0 - 1: S=1, R=0
e To transition 1 - 0: S=0, R=1
o To transition 1 — 1: S = X (Don’t care), R =0

While rarely used as standalone ICs today due to the invalid state vulnerability, an unclocked version of the SR
circuit is frequently used in hardware to create switch debouncers, which clean up the noisy electrical signals generated
by mechanical pushbuttons.

AT Image Placeholder 25: A conceptual visualization.

Figure 5.55: Conceptual Visualization 25
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5.28.3 D Flip-Flop

To eliminate the problematic invalid state of the SR flip-flop, the D (Data or Delay) flip-flop was engineered. The
underlying concept is to guarantee that the Set and Reset inputs can never receive the same logic value simultaneously.
This is elegantly achieved by using a single data input (D). Internally, the D input is connected directly to the S input,
and routed through an inverter to the R input.

As a result, an active clock edge will always encounter either (S = 1, R =0) or (S =0,R =1). The D flip-flop
transfers whatever binary value is present at the D input directly to the output Q precisely at the clock edge.

The characteristic equation for the D flip-flop is exceptionally simple:

Qn—i—l =D

The excitation table is similarly straightforward:
e To transition to next state 0: D =0

e To transition to next state 1: D =1

Application of D Flip-Flops: D flip-flops are the most widely used flip-flops in contemporary digital design.
They are the primary building blocks of shift registers (used for serial-to-parallel data conversion) and memory
registers in microprocessors (used to hold working data). Because the output @) simply follows the input D delayed
by one clock cycle, a D flip-flop acts as a one-cycle delay element. By cascading millions of D flip-flops, engineers
create the multi-stage instruction pipelines found in modern CPUs.

Al Image Placeholder 24: A conceptual visualization.

Figure 5.56: Conceptual Visualization 24

5.28.4 JK Flip-Flop

The JK flip-flop is widely regarded as the "universal" flip-flop. It resolves the indeterminate state flaw of the SR flip-flop
while ingeniously combining the functionalities of both the SR flip-flop and the T (Toggle) flip-flop. It features two
inputs, J and K, which correspond functionally to the Set and Reset inputs of the SR flip-flop.

The structural brilliance of the JK flip-flop lies in its internal feedback loops. The outputs @ and @’ are cross-coupled
back to the input gating logic. This feedback dynamically modifies the behavior of the inputs based on the current
state, completely preventing the invalid condition.

The truth table for the JK flip-flop behaves as follows:

e J=0,K =0: Memory. No change (Qn+1 = Qn).
o J=0,K =1: Reset. The output is cleared (Qn+1 = 0).
o J=1,K =0: Set. The output is set (Qn+1 = 1).

e J=1,K =1: Toggle. Instead of an invalid state, the internal feedback causes the flip-flop to invert its current
state. If @ was 1, it becomes 0. If @ was 0, it becomes 1 (Qn+1 = Q),).

The characteristic equation for a JK flip-flop is:
Qn—l—l = JQ’:L + KIQn

The excitation table for the JK flip-flop provides significant flexibility in circuit design due to the abundance of "don’t
care" conditions:

« 050 J=0K=X



https://milav.in

e 0>1:J=1,K=X
e 150 J=X,K=1

e 1L J=XK=0

Important / Warning

Race Around Condition: While the JK logic inherently solves the 1,1 invalid state, a severe timing issue arises
if a basic JK flip-flop is constructed using level-triggering and the clock pulse duration (t,) is longer than the
internal propagation delay (At) of the logic gates. When J =1 and K = 1, the output will continuously toggle
back and forth between 0 and 1 as long as the clock remains high. Because the clock pulse is long, the output may
toggle multiple times before the clock goes low, leaving the final resting state completely unpredictable. This
chaotic phenomenon is known as the race around condition. To prevent this, t, must be less than At, which is
practically difficult. Therefore, true edge-triggered designs or Master-Slave configurations are mandatory.

In Component 23 Out

Figure 5.57: TikZ Block Diagram 23

5.28.5 T Flip-Flop

The T (Toggle) flip-flop is a specialized, single-input version of the JK flip-flop. It is constructed simply by tying the J
and K inputs together so they continuously receive the identical logic signal (J = K =T).
The operational behavior of the T flip-flop is strictly limited to holding data or toggling data:

o fT=0(J=0,K =0), the output remains in its current memory state.
o If T=1(J=1,K =1), the output toggles (complements) its state upon the arrival of the active clock edge.

The characteristic equation for the T flip-flop evaluates to an exclusive-OR (XOR) operation between the T input
and the current state:

Qn+1 =T S¥ Qn - TQ;L + T/Qn

The excitation table is:
e 0—=0:T=0
e 01:T=1
e 150:T=1

e 1 1:T=0

Frequency Division and Counters: If a T flip-flop’s input is permanently tied to a High voltage (Logic 1), it
will flip its state on every single active clock edge. Because it takes two consecutive clock edges (e.g., two rising
edges) to complete one full output cycle (transitioning from 0 to 1 and then back to 0), the frequency of the
resulting output signal @ is exactly half the frequency of the input clock signal. Consequently, cascading multiple
T flip-flops in series creates a binary ripple counter, which serves as a highly efficient frequency divider circuit
utilized extensively in digital clocks, watch timers, and baud rate generators.

\. J

5.28.6 JK Master-Slave Flip-Flop

To robustly and completely eliminate the race around condition inherent in basic level-triggered JK flip-flops without
relying on extremely tight clock pulse timing constraints, the Master-Slave configuration was invented. A JK Master-
Slave flip-flop is essentially a composite circuit constructed from two separate level-triggered latches connected in series:
the first latch is designated as the "Master" and the second latch as the "Slave."

The genius of this architecture lies in the strategic routing of the clock signal:
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1. The Master latch is driven by the regular (non-inverted) clock pulse.
2. The Slave latch is driven by the inverted version of that exact same clock pulse.

Working Principle Details: Let’s analyze a complete clock cycle, assuming the Master is active-high (positive-level
sensitive) and the Slave is active-low (negative-level sensitive). This arrangement functionally creates a negative-edge
triggered device.

e When Clock = 1 (High Level): The Master latch is enabled and actively accepts data from the external
J and K inputs. Crucially, the Slave latch is disabled because its clock input receives an inverted 0. As the
Master evaluates the J and K inputs, its intermediate outputs may change. However, these changes are blocked
from propagating to the final outputs because the Slave acts as a closed gate. Thus, the final output ) remains
absolutely stable, isolating the external circuit from any intermediate transitions.

o When Clock Transitions from 1 to 0 (Falling Edge): As the clock falls, the Master latch becomes disabled,
instantly locking in its current state and ignoring any further changes on J and K. A fraction of a nanosecond later,
the Slave latch becomes enabled (since the inverted clock it receives is now rising to 1). The Slave immediately

opens its gate and copies the locked state from the Master’s intermediate outputs to the final flip-flop outputs @
and Q'.

Because the Master and Slave latches are strictly mutually exclusive—they are never enabled simultaneously—the
feedback loop from the final output back to the input gating logic is effectively severed during the exact time the
external inputs are being sampled. Even if J = 1 and K = 1, the intermediate Master output can only toggle once
during the High clock phase, and this single change is only passed to the final output on the falling edge. This one-way,
two-step data transfer completely eradicates the possibility of continuous toggling, thereby solving the race around
condition permanently.

Concept The Legacy of Master-Slave Design: The Master-Slave arrangement was historically a monumental
breakthrough for building reliable counters and shift registers before the modern era of compact, transistor-level
true edge-triggered flip-flop designs. While contemporary digital ICs frequently utilize true edge-triggered internal
architectures (which use fewer transistors than a full dual-latch master-slave setup), the underlying theoretical
concept—decoupling the input sampling phase from the output assertion phase—remains a fundamental paradigm
in advanced digital system design, pipelining, and synchronous logic timing analysis.

In Component 22 Out

Figure 5.58: TikZ Block Diagram 22

5.29 Shift Registers

In digital electronics, data often needs to be stored temporarily or transferred from one part of a system to another.
While individual flip-flops can store a single bit of information (a 0 or a 1), real-world data processing systems
manipulate multiple bits simultaneously. To handle multi-bit digital data, we use groups of flip-flops interconnected in
a specific configuration. Such a circuit is called a register. When a register is designed such that the stored data can
be shifted left or right upon the application of a clock signal, it is known as a shift register.

Shift Register A shift register is a sequential logic circuit composed of a linear array of flip-flops connected such
that the output of one flip-flop becomes the input to the next. It is primarily used for the storage and transfer of
digital data.

Shift registers are indispensable components in modern digital systems, finding widespread use in applications
ranging from basic arithmetic operations (like multiplication and division, which intrinsically involve shifting bits) to
complex data communication protocols (converting serial streams of data into parallel bytes, and vice versa). They
also play critical roles in delay lines, sequence generators, and memory expansion elements.
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The basic building block of a shift register is the D-type (Data) flip-flop, although SR (Set-Reset) or JK flip-flops
can also be used if configured properly. The D flip-flop is preferred because its output directly reflects the input data
at the arrival of the clock edge, which simplifies the design and analysis of the shift register circuit. All flip-flops in a
shift register share a common clock signal, making the circuit synchronous.

The Role of the Clock Signal In a shift register, the movement of data is strictly governed by the clock signal.
Each clock pulse shifts the data by exactly one bit position. Therefore, to shift an N-bit word into or out of a
serial register, exactly N clock pulses are required.

5.29.1 Classification of Shift Registers

Data can be entered into a shift register in a serial (one bit at a time) or parallel (all bits simultaneously) manner.
Similarly, data can be extracted from the shift register serially or in parallel. Based on these methods of data input
and output, shift registers are broadly classified into four primary categories:

1. Serial-In, Serial-Out (SISO): Data is loaded one bit at a time and retrieved one bit at a time.
2. Serial-In, Parallel-Out (SIPO): Data is loaded one bit at a time but retrieved all at once.
3. Parallel-In, Serial-Out (PISO): Data is loaded all at once but retrieved one bit at a time.

4. Parallel-In, Parallel-Out (PIPO): Data is loaded all at once and retrieved all at once.

In addition to the input/output configurations, shift registers can also be classified based on the direction of the
data shift:

e Right Shift Register: Data shifts from left to right.
o Left Shift Register: Data shifts from right to left.
o Bidirectional Shift Register: Data can shift in either direction based on a control signal.

e Universal Shift Register: A highly versatile register that supports bidirectional shifting as well as parallel
loading and retrieval.

In the following sections, we will explore the four primary configurations (SISO, SIPO, PISO, PIPO) in detail,
assuming a 4-bit configuration using D flip-flops for illustrative purposes.

5.29.2 Serial-In, Serial-Out (SISO) Shift Register

The Serial-In, Serial-Out (SISO) shift register is the simplest configuration. It accepts data serially—that is, one bit at
a time on a single data line. It also produces its output serially, meaning the stored data is read out one bit at a time.

In a 4-bit SISO shift register composed of four D flip-flops (F'Fy, FFy, FFy, and FF3), the external serial data is
applied to the D input of the first flip-flop (F'Fy). The Q output of F'Fy is connected directly to the D input of FF7,
the Q output of F'Fy is connected to the D input of F'F5, and so on. The final serial output is taken from the @ output
of the last flip-flop (F'F3). All flip-flops are driven by a single, common clock signal.

Operation

Let us assume the shift register is initially cleared, meaning all Q outputs are 0 (QoQ1Q2Q3 = 0000). We want to store
the 4-bit data word 1011 (with the rightmost bit, 1, entering first).

1. First Clock Pulse: The first bit of the data (1) is placed on the serial input line. When the clock edge arrives,
this 1 is loaded into F'Fy. The outputs become 1000.

2. Second Clock Pulse: The second bit (1) is placed on the serial input line. On the clock edge, the 1 in F'Fj
shifts to F'F7, and the new 1 is loaded into F'Fy. The outputs become 1100.

3. Third Clock Pulse: The third bit (0) is placed on the input line. On the clock edge, the data shifts right. The
outputs become 0110.

4. Fourth Clock Pulse: The fourth bit (1) is placed on the input line. After the clock edge, the outputs become
1011. The data word 1011 is now successfully stored in the register.
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To retrieve the data from the SISO register, we must continue applying clock pulses. With each additional clock
pulse, the bits shift out from FF3 one by one. To read the entire 4-bit word out of the register, four more clock pulses
are required.

An example of a classic SISO shift register IC is the CD4006, which contains an 18-stage shift register. Due to
their purely sequential nature, SISO shift registers are historically used to build digital delay lines for audio and signal
processing systems.

Data Transfer Delay in SISO Registers Suppose you have an 8-bit SISO shift register running at a clock frequency
of 1 MHz. Storing an 8-bit data word takes 8 clock cycles, and reading it out takes another 8 clock cycles. The
total time to shift data in and completely out is 16 clock cycles x 1us/cycle = 16us. Because data must pass
sequentially through every flip-flop, SISO registers introduce an inherent delay, making them excellent as delay
components in sequential circuits.

AI Image Placeholder 21: A conceptual visualization.

Figure 5.59: Conceptual Visualization 21

5.29.3 Serial-In, Parallel-Out (SIPO) Shift Register

In many data transmission systems, long-distance communication is performed serially to reduce the number of wires
required. However, the microprocessors or microcontrollers receiving the data process it in parallel. This is where the
Serial-In, Parallel-Out (SIPO) shift register becomes essential.

The SIPO shift register takes a serial stream of data on a single input line and converts it into a parallel format
available on multiple output lines simultaneously.

Structurally, a SIPO register is nearly identical to a SISO register. The serial data enters the D input of the first
flip-flop, and the Q output of each flip-flop is cascaded to the D input of the subsequent flip-flop. The crucial difference
is that the Q output of every flip-flop is made externally available as a parallel output pin.

Operation

Loading data into a 4-bit SIPO shift register is exactly the same as in a SISO register. It requires four clock pulses to
shift the 4-bit data word into the flip-flops. Once the fourth clock pulse has occurred and the entire data word is stored
across the four flip-flops, the data is immediately available on the four parallel output lines (Qo, @1, @2, Q3).

Unlike the SISO register, no additional clock pulses are required to read the data out. The parallel reading process
occurs instantaneously relative to the shifting process.

A widely used SIPO shift register IC is the 74HC595. The 74HC595 is an 8-bit SIPO shift register that includes
an output storage register (a PIPO latch) to solve the exact problem of transient output states discussed below.
Microcontrollers heavily utilize the 74HC595 to expand their limited number of output pins; by using just 3 pins (Data,
Clock, and Latch), a microcontroller can control 8, 16, or even more parallel outputs by cascading multiple 74HC595
1Cs.

Key Concept

Serial-to-Parallel Conversion The primary application of the SIPO shift register is serial-to-parallel data conversion.
This mechanism is the backbone of serial communication interfaces like UART (Universal Asynchronous Receiver-
Transmitter), SPI (Serial Peripheral Interface), and 12C, allowing microcontrollers to interpret incoming serial
bitstreams.
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Important / Warning

Transient Output States While data is being shifted serially into a bare STPO register, the parallel output lines
continuously change state on every clock edge. If these intermediate states are read by the receiving circuit before
the full data word is loaded, corrupted data will be processed. To prevent this, a STPO register is often paired
with a separate parallel latch to buffer the outputs.

In Component 20 Out

Figure 5.60: TikZ Block Diagram 20

5.29.4 Parallel-In, Serial-Out (PISO) Shift Register

The Parallel-In, Serial-Out (PISO) shift register performs the exact opposite function of the SIPO register: it converts
parallel data into a serial bitstream. This is necessary when a microprocessor or microcontroller wants to transmit a
parallel data word over a single communication line.

The structure of a PISO shift register is more complex than its SISO and SIPO counterparts. Since each flip-flop
must be able to accept data from two different sources—either from an external parallel input line (during data loading)
or from the preceding flip-flop (during serial shifting)—some form of combinational logic is required to multiplex these
inputs.

Operation and Control Logic

A typical PISO register utilizes a control signal known as Shift /Load (often denoted as Shift/Load). This signal
dictates the operating mode of the register.

o Load Mode (Shift/Load = 0): The combinational logic (usually implemented with AND/OR gates or
multiplexers) connects the D input of each flip-flop to its respective external parallel input line (Dg, D1, D, D3).
Upon the arrival of the next clock edge, all bits of the parallel data word are simultaneously loaded into the
flip-flops. This synchronous loading process takes exactly one clock cycle.

o Shift Mode (Shift/Load = 1): The control logic reconfigures the data paths. The parallel inputs are ignored,
and the D input of each flip-flop is now connected to the Q output of the preceding flip-flop, creating a standard
serial chain. With each subsequent clock pulse, the data shifts one position to the right, and the bits emerge
sequentially from the Q output of the final flip-flop.

For a 4-bit PISO register, it takes one clock cycle to load the 4-bit data in parallel and three additional clock cycles
to shift the remaining three bits out serially (since the first bit is already at the output immediately after loading).

A standard PISO shift register IC is the 74HC165. It is an 8-bit parallel-in, serial-out shift register that is frequently
used for input pin expansion on microcontrollers. By reading multiple buttons or switches in parallel and shifting the
state of all those inputs serially into the microcontroller, the system saves valuable GPIO pins.

PISO Application in Transmitters Consider a computer sending data to a printer over a USB cable. The computer’s
CPU processes data in 32-bit or 64-bit parallel chunks. The USB interface uses a PISO shift register to take these
parallel chunks and serialize them, sending them sequentially over the differential data lines of the USB cable.

5.29.5 Parallel-In, Parallel-Out (PIPO) Shift Register

The Parallel-In, Paralle]l-Out (PIPO) shift register is unique among the four types because it doesn’t actually "shift"
data internally in the traditional sense, unless it is specifically designed as a universal shift register with extra shifting
capabilities. In its simplest form, a PIPO register acts as a pure parallel data storage buffer.

In a 4-bit PIPO register, the four D flip-flops are completely independent of one another in terms of data flow.
There are no connections between the Q output of one flip-flop and the D input of the next. Instead, each flip-flop
receives its input directly from an external parallel data line (Dy, D1, D9, D3), and its output is directly available on a
parallel output line (Qo, Q1,Q2,Q3). The only shared connection among the flip-flops is the common clock signal.
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Operation

The operation of a PIPO register is extremely straightforward and remarkably fast.

1.
2.

3.

The parallel data word is applied to the input lines.
When the active clock edge occurs, all bits are simultaneously latched into their respective flip-flops.

The data immediately appears on the parallel output lines and remains there until the next clock edge captures a
new input word.

Both loading and retrieving data take zero clock cycles of delay beyond the single clock edge required to latch the
input. There is no serial shifting involved, which means a 4-bit PIPO register operates in the same amount of time as a
64-bit PIPO register.

Popular PIPO ICs include the 74HC373 (transparent latch) and the 74HC374 (edge-triggered register). These are
octal (8-bit) registers that are fundamental in computer architecture for connecting processors to memory buses.

Buffer Registers Because the PIPO register temporarily holds parallel data, it is most commonly referred to as a
buffer register or simply a data latch. They are heavily utilized in microprocessors to hold data operands
before feeding them into the Arithmetic Logic Unit (ALU), or to hold output data while the slower external

peripherals read it from the data bus.

Al Image Placeholder 19: A conceptual visualization.

Figure 5.61: Conceptual Visualization 19

5.29.6 Summary of Shift Register Classifications

To consolidate the operational differences between the four primary shift register classifications, we can compare the
number of clock pulses required to write and read an N-bit data word:

o SISO (Serial-In, Serial-Out): Requires N clock pulses to write data sequentially, and an additional N clock

pulses to read data out sequentially. This setup is the slowest but requires the fewest pins.

SIPO (Serial-In, Parallel-Out): Requires N clock pulses to write data sequentially. Once loaded, the
data is available in parallel simultaneously, requiring 0 clock pulses to read. It bridges the gap between serial
communication and parallel processing.

PISO (Parallel-In, Serial-Out): Requires 1 clock pulse to load data simultaneously. It then requires N — 1
clock pulses to shift the remaining data out sequentially. It bridges the gap between parallel processing and serial
communication.

PIPO (Parallel-In, Parallel-Out): Requires 1 clock pulse to load data simultaneously, and 0 clock pulses to
read it (available instantly). It acts as a fast temporary memory buffer without any inherent delay.

Understanding these distinct operational modes and their respective timing requirements is crucial for designing
and troubleshooting digital systems that involve data communication, memory addressing, and arithmetic processing.

5.30 Counters

In digital logic and computing, a counter is a sequential logic circuit whose primary function is to step through a
prescribed sequence of states upon the application of a clock pulse. Built from cascades of flip-flops, counters are
fundamental building blocks in modern digital electronics. They are ubiquitous in everyday applications and complex
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computational systems alike, used for tasks ranging from counting events and measuring physical time intervals, to
dividing clock frequencies, addressing memory, and generating complex timing sequences.

Depending on how the clock signal is routed to the individual flip-flops within the circuit, counters are broadly
categorized into two major families: asynchronous (or ripple) counters, and synchronous counters.

Key Concept

Concept A counter built using n flip-flops has the potential to represent a maximum of 2" distinct states. The
number of states a counter naturally goes through before repeating its sequence is referred to as the modulus (or
MOD number) of the counter. A counter that steps through N states is designated as a MOD-N counter.

5.30.1 4-bit Asynchronous (Ripple) Counter

Asynchronous Counter An asynchronous counter, commonly known as a ripple counter, is a type of digital counter
where the global clock signal is applied only to the first flip-flop in the chain. The clock input of every subsequent
flip-flop is driven by the output of the preceding flip-flop, creating a cascading or "rippling" effect.

A 4-bit asynchronous counter is typically constructed using four T (Toggle) or J-K flip-flops. To configure a J-K
flip-flop in toggle mode, both the J and K inputs are permanently tied to a logic HIGH (1). Since this specific counter
utilizes four flip-flops (n = 4), it can sequentially step through 2* = 16 distinct states. This means it counts upward
from binary 0000 to 1111 (which corresponds to decimal 0 through 15), classifying it naturally as a MOD-16 counter.

Let us examine the architecture of a ripple up-counter utilizing negative-edge triggered flip-flops:

o The external master clock signal is directly connected to the clock input of the least significant bit (LSB) flip-flop,
conventionally denoted as F'Fy.

o The true output (Q) of F'Fy does not connect to any external logic, but instead acts as the dedicated clock input
for the next flip-flop, F Fj.

e This pattern is repeated down the line: the output @1 drives the clock of F'F5, and the output ()2 drives the
clock of the most significant bit (MSB) flip-flop, F'F}.

o All flip-flops are permanently held in toggle mode (e.g., J = K = 1).

The operational dynamics are straightforward yet deeply sequential. When the external clock pulse transitions from
a HIGH voltage to a LOW voltage (a negative edge), F'Fy toggles its state. Whenever F'Fyy happens to transition from
HIGH to LOW (1 — 0), this specific change provides a negative edge that subsequently triggers F'F} to toggle. The
state change "ripples" through the series of flip-flops sequentially, rather than simultaneously.

Important / Warning

Propagation Delay in Ripple Counters Because the clock signal must physically ripple through each flip-flop one
after the other, the total propagation delay of the counter is the sum of the individual delays of all flip-flops. At
high clock frequencies, this cumulative delay can lead to the generation of transient, incorrect intermediate states
known as glitches. This inherent delay severely limits the maximum reliable operating frequency of asynchronous
counters.

\. J

Despite their speed limitations, ripple counters remain highly valuable for applications that do not demand strict
high-frequency synchronicity.

Frequency Division Ripple counters are exceptional frequency dividers. If the input clock to a 4-bit ripple counter
operates at a frequency of 16 MHz, the output of the first flip-flop (Qp) toggles at exactly half the rate, yielding
8 MHz. Consequently, (); will operate at 4 MHz, Q2 at 2 MHz, and the final MSB output Q)3 will produce a
1 MHz signal. Each successive stage rigorously divides the input frequency by a factor of two.
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5.30.2 4-bit Synchronous Up/Down Counter

Synchronous Counter A synchronous counter is an advanced counting circuit wherein the clock inputs of all
flip-flops are wired together to a single, common master clock signal. This parallel clocking architecture ensures
that all flip-flops update their states simultaneously, completely eliminating the cumulative propagation delay
characteristic of asynchronous designs.

A 4-bit synchronous up/down counter is a highly versatile and complex digital device capable of traversing a
counting sequence in either an ascending order (0000 — 1111) or a descending order (1111 — 0000), strictly dictated
by an external user-defined control signal.

To achieve this synchronous behavior, we can no longer rely on chaining clock signals. Instead, the clock drives all
flip-flops at once, and the toggle condition for each individual flip-flop is pre-calculated by combinatorial logic gates
prior to the arrival of the clock edge.

e Up Counting Logic: In an upward progression, a particular flip-flop should toggle its state only when all the
preceding, less significant flip-flops are currently residing in the '1’ state. For instance, F'F> must toggle when,
and only when, both Q9 =1 and @1 = 1.

e Down Counting Logic: Conversely, during a downward progression, a flip-flop should toggle only when all
preceding less significant flip-flops are precisely at the '0’ state. In digital logic, this translates to activating the

toggle condition when the complement outputs (@) of the preceding stages are 1.

An external Up/Down (U/D) Control Input is introduced to seamlessly switch between these two combinatorial
pathways using an array of AND, OR, and NOT gates. When the U/D line is held HIGH (1), the logic gates permit
the true outputs (Q) to feed into the J and K toggle inputs, facilitatigg up-counting. When the U/D line is pulled

LOW (0), the logic pathways swap, enabling the complement outputs (@) to drive the toggle inputs, thereby reversing
the counter into a down-count mode.

Concept Synchronous counters offer vastly superior speed and operational reliability compared to asynchronous
variants because every state transition is perfectly aligned with the master clock pulse. This precision makes them
the standard choice for complex, high-speed digital systems, such as computer processors and real-time control
units, where even minute timing discrepancies can lead to catastrophic system failures.

I
i Component 18 Out

Figure 5.62: TikZ Block Diagram 18

5.30.3 BCD / Decade Counter

Decade (BCD) Counter A Decade counter, frequently referred to as a BCD (Binary-Coded Decimal) counter, is a
specialized MOD-10 counter intentionally engineered to count through exactly ten unique states. It progresses
from binary 0000 to 1001 (representing decimal digits 0 through 9) and subsequently resets back to 0000 on the
following clock pulse.

While a standard 4-bit binary counter naturally possesses 16 states (0000 to 1111), human-centric numerical displays
and arithmetic logic units operate on base-10 decimal systems. Therefore, a decade counter must physically suppress or
skip the upper six natural states (from 1010 to 1111).

This truncation is most commonly accomplished by implementing a forced, asynchronous reset mechanism. Let’s
analyze this using an asynchronous counter architecture: When the counter inevitably reaches the binary state 1010
(which corresponds to decimal 10, characterized by Q3 = 1, Q2 = 0, @1 = 1, Qo = 0), we require an immediate
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intervention to force all flip-flops to 0. We can achieve this by employing a simple two-input NAND gate. The inputs
of this NAND gate are connected directly to the outputs Q3 and Q.

Throughout the normal 0-9 count, either @3 or @1 (or both) will be LOW, keeping the NAND gate output
securely HIGH. However, the exact moment the counter transitions to the state 1010, both 3 and Q1 become HIGH
simultaneously for the very first time. The NAND gate immediately detects this condition, driving its output LOW.
This sudden LOW signal is strategically wired to the asynchronous active-low CLR (Clear) inputs of all four flip-flops.
In a fraction of a microsecond, the counter is violently forced back to 0000, thus enforcing the MOD-10 sequence.

Digital Clock and Instrumentation Application BCD/Decade counters are the foundational logic behind almost
all digital numerical displays. For example, in a classic digital stopwatch tracking seconds from 00 to 59, two
independent counters are cascaded. The "units" digit utilizes a standard MOD-10 decade counter (cycling 0-9),
while the "tens" digit employs a specialized MOD-6 counter (cycling 0-5), perfectly mimicking the sexagesimal
structure of human timekeeping.
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Figure 5.63: TikZ Block Diagram 17

5.30.4 Ring Counter

Ring Counter A ring counter is a specialized synchronous shift register configuration in which the logical output

of the final flip-flop is physically routed back to the data input of the very first flip-flop, creating a closed-loop,
circular topology or 'ring."

Unlike binary counters that utilize combinations of bits to represent numeric values, a ring counter fundamentally
operates by endlessly circulating a single active bit (usually a ’1’) among a field of zeros. Because of this one-hot
encoding style, an n-bit ring counter acts strictly as a MOD-n counter, meaning a circuit containing four flip-flops will
only yield four unique states.

To visualize a 4-bit ring counter, imagine four D-type flip-flops cascaded together synchronously. The @ output of
the last flip-flop (F'F3) is wired backward to the D input of the first flip-flop (F'Fp). For the counter to function, it
must be forcefully initialized or preset into a specific starting state—most commonly 1000.

With the arrival of each successive clock pulse, the isolated 1’ is mathematically shifted exactly one position to the
right:

1. Clock 0: 10 0 0 (Initial State)
2. Clock1: 0100
3. Clock 2: 0010
4. Clock 3: 0001

Upon the fourth clock pulse, the "1’ residing at F'Fj3 is injected back into F'Fy through the feedback loop, flawlessly
returning the system to its initial state of 1000.

Important / Warning

Self-Starting and Lock-up Issues in Ring Counters A severe vulnerability of standard ring counters is that they
are rarely "self-starting." If environmental electromagnetic noise or a temporary power fluctuation forces the
counter into an unintended state (such as 1100 or a dead state of 0000), the closed-loop nature will trap it there,
circulating the invalid pattern indefinitely. To mitigate this, engineers must append corrective feedback logic
capable of detecting invalid states and forcibly injecting the correct starting pattern.
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Despite this vulnerability and their hardware inefficiency (requiring N flip-flops for N states compared to logy (V)
for binary), ring counters possess a massive advantage: they require absolutely zero decoding logic. Every single state
is explicitly represented by a single, unique physical output line being HIGH. This makes them extraordinarily elegant
and fast when designing stepper motor controllers or stepping through the execution phases within a microprocessor’s
central control unit.

5.30.5 Johnson Counter

Johnson Counter A Johnson counter, historically referred to as a twisted ring counter, creeping counter, or Moebius
counter, is a clever topological modification of the traditional ring counter. Instead of feeding the true output (Q)

of the final flip-flop back to the start, the Johnson counter feeds back the inverted or complemented output (Q).

This single inversion in the feedback loop dramatically transforms the behavior of the circuit. By feeding back the
complement, an n-bit Johnson counter effectively doubles the number of valid logical states it can generate compared
to a standard ring counter built from the exact same hardware. Consequently, an n-bit Johnson counter operates as a
MOD-2n counter. A 4-bit Johnson counter, therefore, provides a very efficient 8 distinct states.

Let’s trace the sequence of a 4-bit Johnson counter. Unlike the ring counter, the Johnson counter is typically
initialized to a blank slate of 0000. Because the inverted output of the last flip-flop (0) is a 1, a "1’ is fed into the first
flip-flop on the next clock edge.

1. 0000 (Initial State)

2. 1000 (The '1’ from Q4 enters)

3. 1100

4. 1110

5. 1111 (The counter is now full of 1s; Q5 becomes ’0’)
6. 0111 (The 0’ from Q5 begins entering)

7. 0011

8. 0001

On the 8th clock pulse, the final "1’ is pushed out, and the counter returns flawlessly to 0000. The sequence forms a
visual pattern where a wave of ones "creeps" across the register, followed immediately by a creeping wave of zeros.

Concept A defining, mathematically critical characteristic of the Johnson counter sequence is that only a single bit
changes its state during any given clock transition. This strict property mathematically eliminates the possibility
of hazardous intermediate glitch states, making the Johnson counter an incredibly robust choice for decoding
highly reliable timing sequences and managing critical mechanical controls.

While a Johnson counter does require a minimal amount of decoding logic to identify individual states (unlike a
pure ring counter), the required logic is drastically simpler than that of a standard binary counter. Every unique state
in an n-bit Johnson counter can be isolated using a simple two-input AND or NAND gate, regardless of how large the
counter scales, making it an excellent compromise between hardware efficiency and decoding simplicity.
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5.31 Introduction to Memories and logic families

5.32 Introduction and Types of Memory

5.32.1 Introduction to Memory Systems

Memory is a fundamental component of any digital computing or embedded system. In digital electronics and computer
architecture, memory refers to the physical devices used to store programs (sequences of instructions) or data (e.g.,
state information) on a temporary or permanent basis for use in a computer or other digital electronic device. The
central processing unit (CPU) requires memory to fetch instructions and read or write data rapidly.

Computer Memory Memory is a collection of storage cells together with associated circuits needed to transfer

information in and out of the storage. It acts as the electronic holding place for instructions and data that the
microprocessor needs to access quickly.

A memory unit stores binary information in groups of bits called words. Each word is assigned a unique spatial
location known as an address. By specifying an address, the system can selectively read data from or write data into

the memory.

Volatile vs. Non-Volatile Memory Volatile Memory: Requires continuous power to maintain the stored
information. If power is interrupted or turned off, the stored data is entirely lost.

Non-Volatile Memory: Retains its stored information even when the power is removed. It is crucial for storing
firmware, boot-up codes, and persistent data.

When discussing memory, several key parameters define its performance and application suitability:

o Capacity: The total amount of data the memory can store, usually expressed in bytes (e.g., Kilobytes, Megabytes,
Gigabytes).

e Access Time: The time delay between a memory request and when the data is available.
e Data Transfer Rate: The rate at which data can be transferred into or out of the memory unit.

e Density: The amount of data that can be stored per unit physical area of the memory chip.

AI Image Placeholder 16: A conceptual visualization.

Figure 5.64: Conceptual Visualization 16

5.32.2 5.1.1 Random Access Memory (RAM)

Random Access Memory (RAM) is the primary volatile memory of a digital system. The term "random access" signifies
that any location in the memory can be accessed in roughly the same amount of time, regardless of its physical position.
This contrasts with sequential access memory (like magnetic tapes), where accessing data requires physically moving
past preceding data.

RAM is primarily used as the main working memory of a computer, holding the operating system, running
applications, and data actively being processed. RAM allows both read and write operations, earning it the alternate
name "Read-Write Memory".
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Important / Warning

Data Loss in RAM Because RAM is fundamentally a volatile storage medium, any unsaved work held in RAM
will be permanently lost if a sudden power outage occurs or if the system crashes. Regular synchronization to
non-volatile secondary storage is essential.

Based on the underlying electronic mechanism used to store data, RAM is broadly categorized into two main types:
Static RAM (SRAM) and Dynamic RAM (DRAM).

Static RAM (SRAM)

Static RAM uses a matrix of flip-flop circuits (typically made of 4 to 6 cross-coupled transistors) to store each bit of
data. The term "static" indicates that as long as power is supplied, the memory cell will hold its value indefinitely
without needing to be periodically refreshed.

Characteristics of SRAM:

o Speed: SRAM is exceptionally fast. Because it relies on active transistor circuits (flip-flops) rather than charging
and discharging capacitors, its access times are minimal (typically in the range of a few nanoseconds).

o Density and Size: A single bit of SRAM requires multiple transistors (usually six, known as a 6T SRAM cell).
Consequently, SRAM cells consume more physical space on a silicon wafer compared to DRAM cells. This results
in lower storage density.

« Power Consumption: SRAM consumes more power continuously when actively accessed, although its standby
power can be very low.

o Cost: Due to the lower density (fewer bits per chip), the cost per bit of SRAM is significantly higher than that
of DRAM.

Application of SRAM Because of its extremely high speed and high cost, SRAM is almost exclusively used for
CPU Cache memory (L1, L2, and L3 caches). The CPU relies on the cache to store the most frequently accessed
instructions and data, reducing the time spent waiting for the slower main memory.

Dynamic RAM (DRAM)

Dynamic RAM takes a fundamentally different approach to storing bits. Instead of using flip-flops, a DRAM cell
consists of a single transistor and a tiny capacitor. The presence or absence of an electrical charge in the capacitor
represents a binary 1’ or 0’

Characteristics of DRAM:

o The Need for Refreshing: The term "dynamic" stems from the behavior of the capacitor. Because real-world
capacitors suffer from electrical leakage, the charge drains away very rapidly (in a matter of milliseconds). To
prevent data loss, the memory controller must periodically read the data and rewrite it, a process known as
refreshing. This refresh cycle occurs thousands of times per second.

o Density: Since a DRAM cell requires only one transistor and one capacitor (a 1T1C structure), it is physically
much smaller than an SRAM cell. This allows billions of bits to be packed into a single, affordable memory chip,
making high-capacity modules possible.

o Speed: DRAM is slower than SRAM. The process of reading a bit involves discharging the capacitor slightly,
checking the voltage, and then recharging it. Furthermore, a memory bank cannot be accessed while it is being
refreshed. Access times are typically in the tens of nanoseconds.

e Power Consumption: DRAM generally consumes less power per bit than SRAM during standby, but the
continuous refreshing circuitry also draws power.

Application of DRAM DRAM forms the bulk of a computer’s main memory (the physical RAM modules slotted
into a motherboard). When a computer specifies "16 GB of RAM," it is referring to DRAM. Its high density and
low cost make it ideal for storing the large volumes of data required by modern operating systems and software.
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Comparison of SRAM and DRAM

Understanding the trade-offs between SRAM and DRAM is crucial in computer architecture. A well-designed system
employs a hybrid approach: a small, expensive, fast SRAM cache backed by a large, cheaper, slower DRAM main
memory.

Parameter SRAM (Static RAM) DRAM (Dynamic RAM)
Storage Element | Flip-flops (multiple transistors) Capacitor and single transistor

Data Retention | Retains data as long as power is on | Requires continuous refreshing
Speed Very fast (low access time) Slower (due to capacitors and refresh)
Density Low (more space per bit) High (highly packed cells)

Cost High cost per bit Low cost per bit

Power High power consumption Low power consumption

Typical Use CPU Cache memory Main system memory

Table 5.17: Comparison between Static RAM and Dynamic RAM

Al Image Placeholder 15: A conceptual visualization.

Figure 5.65: Conceptual Visualization 15

5.32.3 5.1.2 Read-Only Memory (ROM)

Read-Only Memory (ROM) is a type of non-volatile memory used primarily to store firmware, system-level programs,
or permanent lookup tables that do not need to change frequently. Unlike RAM, data stored in ROM cannot be easily
modified or written to during normal system operation; its primary function is to be read by the microprocessor.

Because ROM is non-volatile, the data remains intact even when the system is completely powered down. This
makes it indispensable for storing the critical instructions required to initialize the hardware and boot the operating
system when the computer is turned on.

Firmware and Bootstrap Loader Firmware: Permanent software programmed into a read-only memory, providing
low-level control for a device’s specific hardware.

Bootstrap Loader: A small program residing in ROM that executes immediately upon system startup. Its job
is to initialize the hardware, perform power-on self-tests (POST), and load the main operating system from the
hard drive into RAM.

. J

Over the decades, ROM technology has evolved significantly. Early ROMs were strictly read-only and programmed
at the factory. However, the need for modifiable permanent storage led to the development of several programmable
variants.

Mask ROM (MROM)

Mask ROM is the earliest and most traditional form of read-only memory. The data on a Mask ROM is physically
encoded into the integrated circuit during the actual manufacturing process. The manufacturer uses a custom
photographic mask to define the interconnections representing 1’s and 0’s.

Once manufactured, the contents of a Mask ROM can never be changed. It is highly reliable and very inexpensive
when produced in massive quantities, but it completely lacks flexibility. If a bug is found in the software stored in a Mask
ROM, the entire batch of chips must be discarded and a new mask created, which is an expensive and time-consuming
process. Today, Mask ROM is rarely used except in extremely high-volume, low-cost consumer electronics where the
firmware is absolutely finalized.
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Programmable ROM (PROM)

To address the inflexibility of Mask ROM, Programmable Read-Only Memory (PROM) was invented. PROM chips
are manufactured entirely blank. The user (or equipment manufacturer) can program the data into the chip using a
specialized piece of equipment called a PROM programmer.

Internally, a blank PROM contains an array of tiny intact electrical fuses (representing 1’s). During
programming, the PROM programmer applies a higher-than-normal voltage to specific addresses,
which physically "blows" or burns out the fuses at those locations, permanently setting them to

0’s.

Important / Warning

One-Time Programmable (OTP) PROM is strictly "One-Time Programmable." Once a fuse is blown, the process
is irreversible. If an error is made during programming or if the firmware requires an update later, the PROM
chip becomes useless and must be physically replaced with a newly programmed chip.

Erasable Programmable ROM (EPROM)

The Erasable Programmable Read-Only Memory (EPROM) was developed to solve the single-use limitation of PROM.
EPROM allows the programmed data to be erased and the chip to be reprogrammed multiple times.

EPROM cells use floating-gate transistors. To program the chip, a higher voltage is applied, forcing electrons
into the floating gate, where they become trapped and alter the transistor’s threshold voltage. Because the gate
is surrounded by a high-quality insulator, the trapped electrons can remain there for decades, making the memory
non-volatile.

To erase an EPROM, the entire chip is exposed to strong Ultraviolet (UV) light for roughly 20 to 30 minutes.

EPROM Erasure via UV Light EPROM chips feature a distinct, transparent quartz window on the top of their
ceramic package. When high-energy UV light strikes the silicon die through this window, it imparts enough
energy to the trapped electrons in the floating gates to allow them to escape, returning all memory cells to their
unprogrammed ‘1’ state.

While reusable, EPROMSs are inconvenient because they must be physically removed from the circuit board and
placed in a dedicated UV eraser device. Furthermore, it is not possible to selectively erase individual bytes; the entire
chip is always wiped clean simultaneously.

Electrically Erasable Programmable ROM (EEPROM)

Electrically Erasable Programmable Read-Only Memory (EEPROM) represents a major leap forward in non-volatile
memory technology. As the name suggests, EEPROM can be both erased and reprogrammed entirely through electrical
signals, without the need for UV light or removal from the circuit board.

EEPROM operates on a similar floating-gate transistor principle as EPROM, but its cells feature a thinner insulating
oxide layer. This allows a process called Fowler-Nordheim tunneling, where an electrical field can pull the trapped
electrons back out of the floating gate, erasing the cell.

Advantages of EEPROM:

e In-Circuit Reprogrammability: EEPROM chips do not need to be removed from the system to be updated.
Firmware updates can be downloaded and installed electronically.

e Byte-Level Erasure: Unlike EPROM, which must be wiped completely, EEPROM allows for targeted erasure.
Individual bytes or words can be erased and rewritten independently, without affecting the rest of the data.

Disadvantages of EEPROM:
o Write Speed: While reading from EEPROM is fast, writing (programming/erasing) is significantly slower.

o Limited Endurance: The insulating layer gradually degrades with every erase/write cycle. Most EEPROMs
have a guaranteed lifespan of 100,000 to 1,000,000 write cycles before the cell fails to retain charge reliably.

« Complexity and Density: The ability to erase byte-by-byte requires complex internal circuitry, making
EEPROM cells large and keeping overall chip capacities relatively low.
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EEPROM Applications vs. Flash Memory True byte-erasable EEPROM is typically used for storing small amounts
of crucial configuration data that changes occasionally (e.g., BIOS settings, calibration data in sensors, or MAC
addresses in network cards).

Flash Memory is a specific, highly optimized subtype of EEPROM. While standard EEPROM erases data
byte-by-byte, Flash memory is designed to erase data in large "blocks" or "sectors." By sacrificing byte-level erasure,
Flash memory achieves vastly higher storage densities and faster bulk write speeds, making it the dominant
technology for USB drives, Solid-State Drives (SSDs), and smartphones.

Summary of ROM Technologies

The evolution of ROM reflects the industry’s continuous push toward greater flexibility and convenience without
sacrificing non-volatility.

ROM Type | Programmability Erasability Typical Use Case

Mask ROM | Factory only Cannot be erased Extremely high-volume, fixed firmware
PROM User (Once via programmer) | Cannot be erased Low-volume prototyping, permanent keys
EPROM User (Multiple times) UV Light (Whole chip) | Legacy systems, early prototyping
EEPROM User (In-circuit) Electrical (Byte-level) | Small configuration/settings storage
Flash User (In-circuit) Electrical (Block-level) | Modern BIOS, SSDs, mobile storage

Table 5.18: Comparison of Read-Only Memory Types

In modern digital system design, RAM and ROM (specifically Flash and EEPROM) work in tandem. ROM safely
stores the essential initialization instructions that wake the system up, after which control is handed over to the CPU,
which uses high-speed RAM to perform intensive computational tasks. Understanding the distinct roles, advantages,
and limitations of SRAM, DRAM, PROM, EPROM, and EEPROM is fundamental to effective digital electronics
engineering.

5.33 Overview of Different Logic Families

In the realm of digital electronics, a digital system is rarely constructed from isolated, disparate logic gates. Instead,
engineers rely on standardized collections of logic gates and integrated circuits (ICs) known as logic families. A logic
family is a set of digital logic ICs constructed using a specific circuit design technology and fabrication process. Because
all components within a single logic family share the same electronic characteristics, they can be directly connected to
one another without the need for complex interfacing circuitry.

Historically, several logic families have been developed to meet varying demands for speed, power consumption,
and integration density. The most prominent families include Transistor-Transistor Logic (TTL), Complementary
Metal-Oxide-Semiconductor (CMOS), and Emitter-Coupled Logic (ECL). TTL was the early industry standard, offering
robust performance and high speeds. CMOS eventually overtook TTL due to its remarkably low power consumption
and high density, making it the dominant technology in modern microprocessors and memory chips. ECL, while
consuming significant power, is utilized in niche applications requiring ultra-high-speed switching.

To effectively design, analyze, and compare digital systems across or within these varying technologies, it is
essential to understand the fundamental electrical and timing characteristics that define them. The performance
and compatibility of any logic family are governed by a specific set of parameters: Fan-in, Fan-out, Noise Margin,
Propagation Delay, Power Dissipation, and the Figure of Merit.

5.33.1 Fan-in

Fan-in Fan-in refers to the maximum number of input terminals that a single logic gate can accommodate without

compromising its operational speed or voltage levels. It represents the number of independent input signals the
gate is designed to handle.

From a hardware perspective, every input terminal of a logic gate is connected to internal components (such as the
base of a BJT or the gate of a MOSFET), which inherently possess a certain amount of parasitic capacitance. When a
gate has a high fan-in (for example, an 8-input NAND gate), the cumulative input capacitance increases.
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This increased capacitance has a direct impact on the dynamic performance of the circuit. Whenever the input
signal changes state, the driving circuit must charge or discharge this accumulated capacitance. Consequently, a higher
fan-in generally results in a slower response time for the gate. If a design requires a larger number of inputs than the
maximum fan-in of the available gates, designers must cascade multiple gates with lower fan-in to achieve the desired
logical operation. While cascading solves the physical input limitation, it introduces additional propagation delay into
the logic path.

5.33.2 Fan-out

Fan-out Fan-out is defined as the maximum number of identical logic gate inputs that a single logic gate’s output
can reliably drive without causing its output voltage levels to fall outside the specified, valid logic regions.

In any interconnected digital circuit, the output of one gate acts as the input to one or more subsequent gates. The
driving gate must be capable of supplying sufficient current (sourcing current) or absorbing sufficient current (sinking
current) to ensure that all connected inputs register the correct logic level (HIGH or LOW).

Fan-out is determined by examining the current specifications of the logic family:

o Ion (High-level Output Current): The maximum current the gate can source when its output is at a logic
HIGH.

o Iy (High-level Input Current): The current required by a receiving gate’s input when a logic HIGH is
applied.

o IoL (Low-level Output Current): The maximum current the gate can sink when its output is at a logic LOW.

o Iy, (Low-level Input Current): The current that flows out of a receiving gate’s input when a logic LOW is
applied.

The logical fan-out is calculated for both HIGH and LOW states, and the worst-case (lowest) value determines the
actual fan-out capability of the gate:

I I
Fan-out (HIGH) = =%, Fan-out (LOW) = =%
IH 1L

I 1
Standard Fan-out = min (OH OL)

Irg’ Inp

Calculating Fan-out Suppose a Standard TTL logic gate has the following current specifications: Iog = 400 A,
I =40 pA Iorp =16 mA, Iy, = 1.6 mA

Calculating the limits for both states: HIGH state fan-out = 400 pA/40 pA = 10 LOW state fan-out =
16 mA /1.6 mA = 10

The maximum fan-out for this TTL gate is 10. This means one standard TTL output can reliably drive up to 10
standard TTL inputs.

Important / Warning

Exceeding Fan-out Limits If a gate’s output is connected to more inputs than its specified fan-out allows, the gate
will be electrically overloaded. This will cause the output voltage to degrade (a HIGH level will drop too low, or a
LOW level will rise too high), leading to unpredictable logic behavior, increased propagation delay, and potential
thermal damage to the driving gate.

5.33.3 Noise Margin

In real-world environments, electrical signals are frequently subjected to unwanted electromagnetic interference, crosstalk,
and power supply variations, collectively referred to as noise. Noise margin is a critical parameter that dictates a logic
family’s resilience against these disturbances.
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Noise Margin Noise margin (or noise immunity) is the maximum amplitude of an external noise voltage that can

be superimposed on a digital signal without causing the receiving logic gate to misinterpret the signal’s logical
state.

To define noise margin accurately, four specific voltage parameters are established for every logic family:
* VIL(max): The maximum input voltage guaranteed to be recognized as a logic LOW.

* VIH(min): The minimum input voltage guaranteed to be recognized as a logic HIGH.

* VOL(max): The maximum output voltage when the gate is driving a logic LOW.

* VOH(min): The minimum output voltage when the gate is driving a logic HIGH.

The noise margin is evaluated separately for the logic HIGH state (N Mpr) and the logic LOW state (N Mp,):
NMpy = Vou(min) — Vit (min)

NMy, = ‘/IL(max) - VOL(maz)

The Importance of Noise Immunity A logic family with a high noise margin, such as CMOS (which typically
offers a noise margin of nearly half the supply voltage), is highly desirable for use in electrically noisy industrial
environments. Conversely, logic families with very small noise margins, like ECL, require strict circuit board layout
techniques and stable power supplies to prevent accidental logic state transitions triggered by minor voltage spikes.

5.33.4 Propagation Delay

Even though electronic signals travel at a significant fraction of the speed of light, transistors take a finite amount of
time to switch their states from fully ON to fully OFF, and vice versa.

Propagation Delay Propagation delay (t,q) is the time interval between the application of an input signal change

and the corresponding change in the output signal of a logic gate. It is essentially the time it takes for a logical
decision to "propagate" through the electronic components of the gate.

Because transistors behave differently when turning on compared to turning off, the delay is usually asymmetrical
and is specified in two forms:

e tpur: The propagation delay time when the output transitions from a HIGH state to a LOW state.
o tprma: The propagation delay time when the output transitions from a LOW state to a HIGH state.

These delays are typically measured between the 50% voltage levels of the input and output waveforms. To provide
a single metric for comparison, the average propagation delay is often calculated as:
_ lpaL +lpLH

tpd(cwg) 2

Propagation delay is a primary constraint on the maximum clock frequency of a digital system. In sequential circuits,
signals must propagate through complex webs of combinational logic within a single clock cycle. If the cumulative
propagation delay of the longest path (the critical path) exceeds the clock period, the system will fail to register
the correct data, resulting in timing violations. Therefore, lower propagation delay is always favored for high-speed
computing architectures.

In Component 14 Out

Figure 5.66: TikZ Block Diagram 14
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5.33.5 Power Dissipation

As microprocessors pack billions of transistors onto a single silicon die, managing the heat generated by these components
becomes an overwhelming engineering challenge. The parameter governing this heat generation is power dissipation.

Power Dissipation Power dissipation is the total amount of electrical energy consumed by a logic gate and converted
into heat during its operation. It is typically expressed in milliwatts (mW) or microwatts (uW) per gate.

Power dissipation in digital logic is divided into two primary categories:

1. Static Power Dissipation: This is the power consumed by the gate when it is completely inactive (i.e.,
the inputs and outputs are not changing state). This is primarily caused by internal leakage currents flowing
through the transistors even when they are turned "off." In early TTL devices, static power was relatively high.
In traditional CMOS circuits, static power is negligible, although it has become a larger concern in modern
deeply-scaled nanoscale nodes due to subthreshold leakage.

2. Dynamic Power Dissipation: This is the power consumed during the switching process. Whenever a gate
changes state, internal and load capacitances must be charged or discharged. Furthermore, during the transition,
there is a brief moment where both pull-up and pull-down transistor networks might be partially conducting,
creating a direct short circuit between the power supply and ground (known as short-circuit power).

For CMOS technology, which is the foundation of almost all modern digital systems, dynamic power dissipation is
highly dependent on the switching frequency and is approximated by the formula:

denamic = CL : VDQD : f

Where C, is the total load capacitance, Vpp is the supply voltage, and f is the switching frequency.

Important / Warning

Thermal Runaway and Cooling High power dissipation mandates sophisticated cooling solutions, such as heat
sinks, active fans, or liquid cooling systems. If the heat generated by power dissipation is not adequately removed
from the IC, the internal temperature will rise, potentially leading to thermal runaway and physical destruction of
the semiconductor material.

AI Image Placeholder 13: A conceptual visualization.

Figure 5.67: Conceptual Visualization 13

5.33.6 Figure of Merit (Speed-Power Product)

When evaluating different logic families, engineers often encounter a fundamental physical trade-off: speed versus power.
Generally, a technology that switches incredibly fast (like ECL) requires a large amount of current to quickly charge
parasitic capacitances, resulting in massive power dissipation. Conversely, a technology designed for ultra-low power
consumption (like early CMOS) suffers from slower propagation delays.

To provide an objective metric for comparing the overall efficiency and technological advancement of different logic
families, the Figure of Merit, also known as the Speed-Power Product (SPP), is utilized.

Figure of Merit (Speed-Power Product) The Figure of Merit is defined as the product of a logic gate’s average

propagation delay and its average power dissipation. It represents the energy required to perform a single
fundamental logic operation.
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The mathematical expression is:
SPP = tpd X PD

Since propagation delay is measured in seconds (time) and power is measured in Watts (Energy / Time), the resulting
unit for the Speed-Power Product is the Joule (J), which is the standard unit of energy. In practice, SPP is often
expressed in picojoules (pJ).

Evaluating Efficiency with SPP A lower Figure of Merit indicates a more efficient logic family. If an engineer
attempts to redesign a circuit within the same logic family to make it run faster (e.g., by increasing the supply
voltage or resizing transistors), the power dissipation will almost invariably increase, keeping the SPP roughly
constant. A true technological breakthrough—such as transitioning from TTL to modern CMOS—is characterized
by a significant reduction in the fundamental Speed-Power Product.

AI Image Placeholder 12: A conceptual visualization.

Figure 5.68: Conceptual Visualization 12

5.33.7 Summary Comparison

Understanding these definitions provides the framework for selecting the appropriate logic family for a given application.
o High-Speed Systems: Focus on minimizing propagation delay. (e.g., ECL or Advanced Schottky TTL).

+ Battery-Powered/Portable Devices: Prioritize minimizing power dissipation and ensuring a low Figure
of Merit. (e.g., low-voltage CMOS).

e Industrial Environments: Require robust noise margins to prevent data corruption from machinery.

e Complex Bus Systems: Depend on logic gates with exceptionally high fan-out to drive multiple parallel
inputs without degradation.

By carefully balancing Fan-in, Fan-out, Noise Margin, Propagation Delay, and Power Dissipation, designers can
architect reliable and efficient digital systems optimized for their precise operational requirements.

Al Image Placeholder 11: A conceptual visualization.

Figure 5.69: Conceptual Visualization 11
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5.34 Comparison of Different Logic Families

Al Image Placeholder 10: A conceptual visualization.

Figure 5.70: Conceptual Visualization 10

5.34.1 Introduction to Logic Families

In the realm of digital electronics, digital integrated circuits (ICs) are categorized into various logic families based on
the specific type of electronic components and circuit design methodology used to construct the fundamental logic
gates. Selecting the appropriate logic family is a critical decision in digital system design, as it fundamentally dictates
the performance, power consumption, cost, and reliability of the overall system.

Logic Family A logic family is a collection of different integrated circuit chips that have similar input, output, and
internal circuit characteristics, but they perform different logic functions (such as AND, OR, NOT, etc.). Chips
from the same logic family are compatible with each other and can be directly connected to perform complex logic
operations without requiring additional interfacing circuitry.

Historically, numerous logic families have been developed to address varying technological needs, progressing
from Resistor-Transistor Logic (RTL) and Diode-Transistor Logic (DTL) to more advanced technologies. Today,
the most prominent and widely utilized logic families include Transistor-Transistor Logic (TTL), Complementary
Metal-Oxide-Semiconductor (CMOS), and Emitter-Coupled Logic (ECL). Each of these families offers a distinct
trade-off between switching speed, power dissipation, noise immunity, and fan-out capability.

Understanding the fundamental principles and characteristics of these logic families allows engineers to make
informed decisions. A high-speed telecommunications system, for instance, has vastly different requirements than a
battery-operated portable digital device. In this section, we will delve into the intricacies of TTL, CMOS, and ECL,
comprehensively comparing their strengths, weaknesses, and typical application domains.

In Component 9 Out

Figure 5.71: TikZ Block Diagram 9

5.34.2 Transistor-Transistor Logic (TTL)

Transistor-Transistor Logic (TTL) is one of the most classic and historically significant logic families. Introduced in the
1960s, it rapidly became the industry standard for digital design for several decades. As the name suggests, both the
logic functions (such as AND, OR) and the amplifying functions are performed by Bipolar Junction Transistors (BJTs).

Bipolar Junction Transistors in TTL TTL circuits primarily rely on multiple-emitter BJTs at the input stage,
which allow for faster switching compared to the earlier DTL (Diode-Transistor Logic) family. The transistors in
standard TTL gates operate in their saturation and cutoff regions to represent logic 0’ and logic ’1’. Because
bringing a transistor into and out of deep saturation takes time (due to charge storage), standard TTL has inherent
limitations in maximum switching frequency compared to non-saturating logic families.

The fundamental building block of the TTL logic family is the NAND gate. A standard TTL IC operates with a
nominal supply voltage (Vo) of +5V. The acceptable input voltage range for a logic HIGH (’1’) is generally between
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2.0V and 5V, while the range for a logic LOW (’0’) is between 0V and 0.8V.

Characteristics of TTL

o Speed (Propagation Delay): Standard TTL gates offer a typical propagation delay of around 10 nanoseconds
(ns). While considered fast when first introduced, it is moderate compared to modern high-speed families. Various
sub-families (like Schottky TTL, designated as ’S’, or Low-power Schottky, 'LS’) were developed to optimize
either speed or power consumption.

e Power Dissipation: The power dissipation of standard TTL is relatively high, typically around 10 milliwatts
(mW) per gate. This continuous current draw occurs because the bipolar transistors remain biased in steady
states.

e Fan-out: Standard TTL typically has a fan-out of 10. This means one standard TTL output can drive the
inputs of up to 10 other standard TTL gates without compromising the voltage levels.

o Noise Margin: The noise margin for standard TTL is generally around 0.4V, which is relatively low. This
makes TTL circuits somewhat susceptible to electrical noise and interference.

The 7400 Series TTL The most ubiquitous implementation of TTL is the 7400 series (and the military-grade
5400 series) originally introduced by Texas Instruments. A classic example is the 7400 IC, which contains four
independent 2-input NAND gates. If you look inside older arcade machines, vintage computers, or early digital
test equipment, you will see circuit boards populated with hundreds of these 74-series TTL chips.

5.34.3 Complementary Metal-Oxide-Semiconductor (CMOS)

Complementary Metal-Oxide-Semiconductor (CMOS) is unequivocally the dominant logic family in modern digital
electronics. From microprocessors and memory chips to simple logic gates, CMOS technology forms the foundation of
contemporary computing.

Key Concept

Complementary Symmetry in CMOS CMOS circuits are constructed using a pairing of both N-channel and P-
channel Enhancement-mode MOSFETs (Metal-Oxide-Semiconductor Field-Effect Transistors). They are arranged
in a “complementary” push-pull configuration. The key principle is that for any given logic state, either the
N-channel transistor is ON and the P-channel is OFF, or vice versa. Therefore, a direct path from the supply
voltage (Vpp) to ground (Vsg) almost never exists except during the brief moment of switching.

V.

This complementary architecture leads to the most defining characteristic of CMOS: incredibly low static power
consumption.

Characteristics of CMOS

o Power Dissipation: The static power dissipation of a CMOS gate is near zero (typically in the nanowatt range)
because virtually no current flows when the gate is in a steady state. Power is primarily consumed dynamically
during switching as the parasitic capacitances of the transistors are charged and discharged. Consequently, CMOS
power consumption increases linearly with operating frequency.

o Noise Margin: CMOS logic offers excellent noise margins, typically around 45% of the supply voltage. For a 5V
system, the noise margin is greater than 1.5V, making CMOS highly robust and suitable for noisy industrial
environments.

o Fan-out: MOSFET inputs draw negligible steady-state current (they present a very high input impedance).
Therefore, the DC fan-out of CMOS is virtually unlimited (practically over 50). However, adding more inputs
increases capacitive loading, which degrades the switching speed. Thus, fan-out in CMOS is practically limited
by the maximum acceptable propagation delay rather than DC current sourcing capabilities.

o Supply Voltage Flexibility: Unlike standard TTL which is strictly tied to 5V, standard CMOS series (like the
4000 series) can operate over a wide range of supply voltages, typically from 3V to 15V. Modern low-voltage
CMOS (LVCMOS) can operate at voltages like 3.3V, 1.8V, or even lower.
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While early CMOS (such as the CD4000 series) was notoriously slow compared to TTL, modern advancements in
fabrication technology have allowed CMOS to achieve switching speeds that surpass standard TTL and rival ECL, all
while maintaining lower power consumption.

Important / Warning

Handling CMOS Devices Because the gate oxide of a MOSFET is extremely thin, it is highly susceptible to
damage from electrostatic discharge (ESD). A sudden static shock from a human hand can permanently puncture
the oxide layer, destroying the chip. Therefore, handling CMOS ICs requires stringent anti-static precautions,
such as using grounded wrist straps, anti-static mats, and keeping the ICs in conductive foam until installation.

AT Image Placeholder 8: A conceptual visualization.

Figure 5.72: Conceptual Visualization 8

5.34.4 Emitter-Coupled Logic (ECL)

Emitter-Coupled Logic (ECL) is a specialized logic family designed specifically for ultra-high-speed operations. When
minimizing propagation delay is the absolute highest priority, ECL is traditionally the family of choice.

Non-Saturating Logic ECL achieves its high speed by operating as non-saturating logic. Unlike TTL, the

bipolar transistors in an ECL gate are carefully biased so they never enter the deep saturation region. Instead,
they switch rapidly between the active (forward-active) and cutoff regions. Because the transistors do not saturate,
there is no delayed turn-off time caused by stored base charge, allowing for exceptionally fast state transitions.

The fundamental circuit topology of ECL is based on the differential amplifier (or long-tailed pair). By steering a
constant current between two paths, ECL can perform logic functions.

Characteristics of ECL

o Speed (Propagation Delay): ECL is the fastest traditional logic family available, boasting propagation delays
well under 1 nanosecond (sub-nanosecond range).

e Power Dissipation: The primary drawback of ECL is its extremely high power consumption. Because the
circuit utilizes a constant current source and the transistors never fully turn off, an ECL gate draws substantial
current continuously, regardless of whether it is switching or in a steady state. Power dissipation can be around
40mW to 50mW per gate.

o Noise Margin: ECL has a very small voltage swing between logic 0’ and logic ’1’ (typically less than 1V
difference). Consequently, its noise margin is exceptionally low, often around 0.2V. This makes ECL highly
vulnerable to external electrical noise.

o Negative Power Supply: Traditionally, ECL operates with a negative power supply (e.g., Vgg = —5.2V, with
Vee grounded) to minimize noise injection from the power supply lines into the sensitive logic levels.

Applications of ECL Due to its voracious power appetite and stringent cooling requirements (often needing heat
sinks or liquid cooling), ECL is not suitable for general-purpose computing or portable devices. Instead, it is
reserved for niche applications demanding the absolute maximum processing speed. Classic examples include older
supercomputers (like the early Cray supercomputers), high-frequency optical communication interfaces, aerospace
radar systems, and ultra-fast digital test equipment (like high-end oscilloscopes and frequency counters).
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Figure 5.73: TikZ Block Diagram 7

5.34.5 Comprehensive Comparison

To summarize, the selection between TTL, CMOS, and ECL involves a careful engineering compromise, predominantly
balancing speed against power dissipation. Table 1 provides a comparative overview of the typical parameters for
standard versions of these logic families.

Table 1: Comparison of Major Logic Families (Typical Standard Values)

Parameter Standard TTL Standard CMOS ECL
Basic Component Bipolar Junction | MOSFET (N-| BJT (Non-saturating
Transistor (BJT) channel and  P- | differential pair)
channel)
Propagation Delay ~10 ns (Moderate) ~10 - 50 ns (De-| < 1 ns (Extremely

pends heavily on volt- | Fast)
age and load)
Power Dissipation ~10 mW per gate Near 0 mW static; in- | ~40-50 mW per gate
creases dynamically | (Very High)

with frequency

Noise Margin ~0.4 V (Low) Excellent (~45% of | ~0.2 V (Very Low)
Vdd)
Fan-out 10 Practically ~ Unlim- | High (~25)

ited (DC), limited by
capacitive load (AC)

Packing Density Moderate Very High Low
Primary Advantage Historical standard, | Extremely low static | Ultimate high speed
easy to use power, high noise
margin
Primary Disadvantage | Moderate speed- | Speed sensitive to ca- | Very high continuous
power product pacitive load power dissipation

AT Image Placeholder 6: A conceptual visualization.

Figure 5.74: Conceptual Visualization 6

5.34.6 Conclusion

The evolution of digital electronics has been significantly shaped by the development of different logic families. TTL
served as the robust workhorse of early digital design, establishing standardized logic levels and packaging that influenced
the industry for decades. However, the relentless demand for portable, battery-powered devices and massive integrated
circuits (like modern microprocessors containing billions of transistors) propelled CMOS to absolute dominance
due to its unparalleled low power dissipation and high packing density. Meanwhile, ECL remains a specialized,
niche technology, continuously utilized in specific domains where sub-nanosecond switching speeds are absolutely
non-negotiable, despite its formidable power and cooling requirements.

In contemporary design, while discrete logic gates (like the 7400 or 4000 series chips) are used less frequently—largely
replaced by microcontrollers, FPGAs, and ASICs—the underlying physics, principles, and trade-offs of these logic
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families still fundamentally govern the design of modern integrated circuits at the silicon level. Understanding TTL,
CMOS, and ECL is therefore essential for any electronics engineer aiming to comprehend the physical realities of digital
systems.

AT Image Placeholder 5: A conceptual visualization.

Figure 5.75: Conceptual Visualization 5

5.35 E-waste Management of Digital ICs/Chips

The rapid proliferation of consumer electronics, high-performance computing systems, and Internet of Things (IoT)
devices has inevitably led to a massive increase in the production of digital integrated circuits (ICs) and microchips.
While these technological advancements have fundamentally reshaped modern society, they have also birthed a critical
environmental challenge: electronic waste (e-waste). E-waste management concerning digital ICs and chips has become
a paramount concern due to the toxic materials embedded within these components and the sheer volume of discarded
electronics generated globally each year.

Electronic Waste (E-waste) Electronic waste, or e-waste, refers to electrical or electronic devices that have reached
the end of their useful life and have been discarded. In the context of digital electronics, it primarily concerns
printed circuit boards (PCBs), microprocessors, memory chips, and other integrated circuits that form the core of

computing devices.

5.35.1 Lifecycle of Digital ICs/Chips

To understand the complexity of managing e-waste generated by digital ICs, it is essential to look at the lifecycle of a
typical microchip. The lifecycle spans several distinct phases:

Raw Material Extraction: Mining of silicon, copper, gold, rare earth elements, and other metals required for
semiconductor fabrication. This phase has a substantial ecological footprint.

Manufacturing and Fabrication: Intricate processes deposit layers of semiconductor materials, dopants, and
metallic interconnects onto a silicon wafer in highly controlled cleanrooms. These processes require significant
energy, ultra-pure water, and various harsh chemicals.

Packaging and Assembly: The fragile silicon die is enclosed in protective packaging (plastic, ceramic, or metal)
and connected to external pins.

Usage Phase: The IC functions within an electronic device. Its energy consumption during this phase contributes
to its overall environmental impact.

End-of-Life (EoL): The device fails, becomes obsolete, or is replaced. Given the rapid pace of digital innovation,
the functional lifespan of devices is continually shrinking, accelerating the transition of functional chips into
e-waste.

Planned Obsolescence and Moore’s Law The fast-paced evolution of digital electronics often renders devices
technologically obsolete long before their physical components fail. This phenomenon significantly shortens the
effective lifecycle of digital ICs, resulting in disproportionately large volumes of e-waste relative to the actual
physical degradation of the hardware.
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5.35.2 Hazardous Materials in Digital ICs

Digital ICs are complex assemblies comprising a multitude of elements from the periodic table. While silicon forms the
foundational substrate, the packaging, interconnects, and solder contain numerous other materials. The presence of
toxic substances makes the disposal of ICs highly problematic.

Common hazardous materials embedded in digital electronics include:

o Lead (Pb): Historically used extensively in solders to attach the IC package to the printed circuit board. Lead
is a potent neurotoxin that can leach into groundwater if discarded in conventional landfills.

o Cadmium (Cd): Often found in chip resistors, semiconductors, and older types of contacts. Cadmium is highly
toxic and accumulates in the human body, specifically targeting the kidneys.

o Mercury (Hg): Used in specific electronic components, sensors, and relays. Mercury bioaccumulates in the food
chain and causes severe neurological damage.

o Brominated Flame Retardants (BFRs): Extensively used in the plastic encapsulation of ICs and the epoxy
resins of PCBs to prevent fires. When subjected to low-temperature incineration, BFRs release highly toxic
dioxins and furans into the atmosphere.

5.35.3 Environmental and Health Impacts

The indiscriminate disposal of digital ICs has far-reaching environmental and human health consequences. When
e-waste is dumped into standard municipal landfills, rainwater percolates through the debris, dissolving the heavy
metals and hazardous chemicals present in the microchips. This creates a toxic leachate that can contaminate local
groundwater reserves, poisoning aquatic ecosystems and entering the human food supply.

Furthermore, the health impacts are disproportionately felt in developing nations. A significant portion of global
e-waste is illegally exported to countries lacking strict environmental and labor regulations.

Important / Warning

Informal E-waste Recycling In many informal e-waste recycling hubs, unprotected workers extract valuable metals
by burning plastic casings over open fires or using rudimentary cyanide and acid baths to recover gold from ICs.
These unregulated processes release highly toxic fumes, exposing workers—often including children—to severe
respiratory illnesses, skin diseases, neurological damage, and elevated risks of cancer. The surrounding soil and
water bodies suffer long-lasting ecological devastation.

\. J

5.35.4 E-waste Recycling and Recovery Processes

Proper management of IC e-waste requires a structured and heavily regulated recycling pipeline. The primary goal is
to safely extract valuable materials (like precious metals) while safely containing or neutralizing hazardous substances.
The standard recycling process for digital electronics involves several sophisticated stages:

1. Collection and Sorting

The first and often most challenging step is the systematic collection of e-waste from consumers and enterprises. Once
collected, devices are manually sorted. Highly hazardous components, such as batteries and mercury-containing tubes,
are removed to prevent contamination of the recycling stream.

2. Disassembly and De-manufacturing

Devices undergo manual or semi-automated disassembly. The goal is to isolate the printed circuit boards (PCBs),
which house the high-value digital ICs, from the bulky plastic or metal external chassis.

3. Shredding and Mechanical Separation

The PCBs populated with ICs are fed into powerful industrial shredders, breaking the material down into small, uniform
fragments. Mechanical separation techniques are then employed to categorize the fragmented materials:

« Magnetic Separation: Powerful magnets remove ferrous metals such as iron and steel.

o Eddy Current Separation: Rapidly changing magnetic fields repel non-ferrous metals (like aluminum and
copper), separating them from non-metallic streams (plastics and fiberglass).
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o Air Classification: Uses precision air currents to separate lighter plastic materials from the heavier metallic
fractions.

4. Smelting and Refining (Pyrometallurgy and Hydrometallurgy)

After mechanical separation, the metal-rich fraction—often called the "copper fraction," containing the pulverized 1Cs
and precious metals—undergoes advanced chemical and thermal processing:

o Pyrometallurgy (Smelting): The metallic fractions are fed into high-temperature furnaces. The plastics and
epoxy resins act as fuel and burn off (with their emissions strictly scrubbed to capture dioxins), while the metals
melt and form distinct layers based on their density. Precious metals collect within a copper or lead bullion.

o Hydrometallurgy (Refining): The metallic bullion is subjected to an electrochemical refining process. Using
specific acidic solutions and controlled electrical currents, high-purity copper, gold, silver, and palladium are
individually separated and recovered.

Urban Mining The concentration of gold in a single ton of discarded electronic circuit boards is typically 40 to
50 times higher than the concentration of gold found in a ton of naturally mined gold ore. Extracting precious
metals from e-waste is referred to as "urban mining." This practice reduces the need for destructive environmental
mining operations while recovering highly valuable economic resources.

In Component 4 Out

Figure 5.76: TikZ Block Diagram 4

5.35.5 Regulatory Frameworks

To combat the escalating e-waste crisis, governments and international bodies have established stringent regulations
governing the manufacture, use, and disposal of digital electronics.

Key Concept

Extended Producer Responsibility (EPR) EPR is a critical environmental policy approach in which a producer’s
physical and financial responsibility for a product is extended to the post-consumer stage of its life cycle. Under
EPR frameworks, electronics manufacturers are required to finance and organize the safe recycling and disposal of
the digital devices they produce.

Key regulatory directives include:

+ RoHS (Restriction of Hazardous Substances): Originating in the European Union, the RoHS directive
strictly limits the use of specific hazardous materials in electrical and electronic products, including lead, mercury,
cadmium, hexavalent chromium, and specific flame retardants. The implementation of RoHS forced the global
semiconductor industry to transition to "lead-free" solders and environmentally friendlier IC packaging.

« WEEE (Waste Electrical and Electronic Equipment): Also an EU directive, WEEE mandates the organized
collection, recovery, and high-quality recycling of electronic goods. It heavily relies on the EPR framework.

« Basel Convention: An international treaty designed to reduce the movement of hazardous waste between
nations. It specifically aims to prevent the unethical transfer of e-waste from developed nations to developing
countries for unsafe, informal recycling.
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Al Image Placeholder 8: A conceptual visualization.

Figure 5.77: Conceptual Visualization 3

5.35.6 Sustainable Practices in IC Design and Manufacturing

Addressing the e-waste problem necessitates proactive measures during the architectural and physical design phases of
digital ICs, rather than relying solely on end-of-life recycling. "Green Electronics" and sustainable design principles are
becoming integral to modern Very Large Scale Integration (VLSI) design.

Design for Environment (DfE) methodologies incorporate environmental considerations directly into the IC design
process. Key practices include:

e Material Substitution: Engineering efforts are continuously underway to replace hazardous materials with
benign alternatives, such as the adoption of halogen-free substrates for IC packaging.

o Energy Efficiency Optimization: Designing ultra-low-power ICs using techniques like clock gating, dynamic
voltage scaling, and utilizing advanced node transistors (such as FInFET or GAAFET) significantly reduces the
overall energy consumption during the device’s operational life, thereby minimizing its indirect environmental
footprint.

o Design for Recyclability and Disassembly: Designing electronic systems such that PCBs and key components
can be easily extracted without destructive processes. Standardizing hardware interfaces and avoiding the use of
permanent, irremovable industrial adhesives facilitate highly automated, efficient disassembly at recycling plants.

5.35.7 Circular Economy and E-waste

The traditional linear economic model of "take, make, dispose" is entirely unsustainable for the digital electronics
industry. The future of effective e-waste management lies in transitioning to a Circular Economy.

In a circular economy, the lifecycle of digital ICs is deliberately designed to be a closed loop, ensuring that materials
retain their value for as long as possible. Strategies within this framework include:

o« Component Reuse and Refurbishment: Instead of instantly shredding functional ICs, entire PCBs or specific
high-value chips (like microprocessors, GPUs, and memory modules) can be salvaged, thoroughly tested, and
safely reused in secondary markets or integrated into less demanding computational applications.

e Upcycling: Repurposing older digital ICs into new, innovative products. For example, older generation
smartphone processors can be effectively upcycled to serve as the computational brains for smart home IoT
devices or edge-computing sensors.

e High-Yield Automated Recycling: Investing in advanced recycling technologies to maximize material
recovery. This includes exploring robotics-assisted automated disassembly driven by computer vision, as well as
bio-leaching—a process that utilizes specific microorganisms to safely extract precious metals from pulverized ICs
without the need for highly toxic acids or energy-intensive smelting.

Al Image Placeholder 2: A conceptual visualization.

Figure 5.78: Conceptual Visualization 2
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5.35.8 Challenges in E-waste Management

Despite significant technological and regulatory advancements, managing IC e-waste faces several substantial and
evolving challenges:

o Extreme Miniaturization: As consumer demand pushes for thinner and lighter devices, electronics have become
incredibly dense. Modern smartphones, for instance, feature highly integrated PCBs glued tightly to chassis
elements with strong adhesives, making non-destructive component recovery and battery removal exceptionally
difficult and labor-intensive.

e The IoT Explosion: As the Internet of Things expands, billions of low-cost, widely distributed sensor nodes
containing small microcontrollers will be deployed globally. Capturing and collecting these ubiquitous, diminutive
devices at their end-of-life presents a massive, unprecedented logistical hurdle.

¢ Economic Viability: Extracting trace amounts of precious metals from highly integrated, low-cost electronics
is sometimes less economically viable than mining new raw materials. Without subsidies or strictly enforced EPR
legislation, recycling certain types of e-waste operates at an economic loss.

5.35.9 Future Trends

The semiconductor industry is actively researching paradigm-shifting solutions to address the root cause of the e-waste
crisis. Future trends in sustainable digital ICs involve exploring biodegradable semiconductors and transient electronics.

Researchers are actively investigating organic substrates (such as cellulose-based materials) that can host digital
circuits. Transient electronics refer to circuits deliberately designed to operate reliably for a specific timeframe and then
physically dissolve or gracefully degrade into benign, non-toxic substances upon exposure to specific environmental
triggers (like water or specific temperatures) after their useful life concludes. While these technologies are currently in
the experimental and prototyping phases, they represent a revolutionary approach that could fundamentally eliminate
the e-waste problem at its source.

In conclusion, the e-waste management of digital ICs is a multifaceted, highly complex challenge that intrinsically
links semiconductor physics, materials science, environmental ecology, and global socioeconomic policy. Resolving this
crisis demands a holistic, unwavering commitment encompassing stringent global legislation, advanced metallurgical
and biological recycling innovations, and a fundamental reimagining of how we design, manufacture, consume, and
eventually dispose of our indispensable digital technologies.

Al Image Placeholder 1: A conceptual visualization.

Figure 5.79: Conceptual Visualization 1
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