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3.1 Integration as Anti-Differentiation
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What is Integration?

Definition

Integration is the reverse of differentiation.

i d—ci[F(x)] — (x), then / fx) dx = F(x) + C

where C is the constant of integration.

Geometric Meaning

b

/ f(x) dx = area under the curve y = f(x) between x = a and
a

x=b.
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3.2 Standard Integrals
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Standard Integrals Table (Part 1)

Algebraic and Exponential

X" d. X C

=X -1

[ra=Zotc wr-y [
/exdx:ex—i-C /axdxzi+c
/cdx:cx+C /

//%dx=i+c (W'22) //5x4dx:x5+C
X X

(Su'24)
X3 ,
//xzdx:?—',-C (W'24) //ade:

ax
+ C (N-W'25)
log, a

e
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Standard Integrals Table (Part

Trigonometric

/sinxdx:—cosx+C /cosxdx:sinx+C

/SeCZXdXItaI’IX+C /csczxdx: —cotx+ C
/cscxcotxdx:—cscx+C

/secxtanxdx =secx+ C

Inverse Trig & Rational

dx=tan x4+ C

1 L1
[=e=amixre [

1 1 1
/7dx: 7tan_1(f) e /7dx:sin_1(i() +C
X2 + a2 a a a2 — x2 a
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3.3 Rules of Integration
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Basic Integration Rules

ROIES

© Constant: /kf(x) dx = k/f(x) dx

@ Sum/Difference: /[f(x)ig(x)] dx = /fdxi/gdx

© No quotient rule / product rule for integration directly
= use substitution or integration by parts

12 1
Expand: <\/;(+ ﬁ) zx+2+;

1 x2
/(X+2+7) dx:5+2x+|n|x|+C
x
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3.4 Integration by Substitution
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Substitution Method — Key Idea

Replace an inner expression by t so the integral becomes standard.

Steps:
Q Identify t = g(x) so that g—; appears in the integrand.
dt
@ Substitute dx = ——.
g'(x)

© Integrate in t, then substitute back.

/ e() - () b= [ At [t= )
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Substitution Example 1 (GTU Su'24)

dt 1 .
Step 1: Let t = /x, so o m, i.e., dx = 2¢/xdt.

Step 2: Substitute: /Sl—nt <2y/xdt = 2/sin tdt
VX

Step 3: = —2cost+ C=|—-2cosv/x+ C
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Substitution Example 2 (GTU W'23)

Step 1: Let t = xe*.

dt
7e"+xe?( (I14+x)e = (1 +x)e*dx=dt

Step 2: / b /sec tdt
os“ t
Step 3: =tant+ C=|tan(xe") + C
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Substitution Example 3 (GTU W'24, Su

. dt . . . dt
Step 1: Let t = sin’x, S0 — = 2sin XCos x, i.e., sin xCos x dx = >

dx

1 dt 1 [ dt
tep2: [ — L2 [ 9
Step 1+t 2 2/ 1+¢

1 1
Step 3: :Eln\1+t\+C: 5In(1+sin2x)+C
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Substitution: Tan/Sec type (GTU Su'24)

Rationalise: multiply by (sec x — tan x):
tan x(secx —tanx) _ tanx(sec x — tanx)

sec? x — tan® x 1
= tan xsec x — tan® x
= tan xsec x — (sec? x — 1) = tan xsec x — sec? x + 1

/(secxtanx—seczx—l— 1)dx=secx—tanx+x+ C
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Substitution: Definite (GTU W'24)

1
Let t = logx = dt = —dx
X

Limits: when x=1, t=0; when x=¢, t=1

GTU Su24: [5 2sdx

Let t = x3, dt = 3x% dx. Limits: 0 > 0, 1 — 1.

1/1 e 7l[tan—1t]171 T_| T
3Jo 1+2 3 03 4 |12
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3.5 Integration by Parts (IBP)
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IBP — Formula and ILATE Rule

IBP Formula

[ {2 freer

ILATE — Choose u in this order

| L A T E
Inverse trig Log Algebraic Trig Exponential

Pick u = the function that appears earlier in ILATE.
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IBP Example 1: [ xlogxdx (GTU N-W'25)

ILATE: u=logx (L), v=x(A)

/xlogxdx:logx~£f/1~fdx
2 x 2

= ?(2logx7 1)+ C
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IBP Example 2: [ x*log xdx (GTU W'23)

ILATE: v=logx, v= X2

/leogde:IogX-f—/l-fdx
3 x 3

1 _x3logx X3

_ X3 log x
-3

= §(3|ogx— 1)+ C
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IBP Example 3: [ xsinxdx (GTU W'24)

ILATE: u= x (A), v=sinx (T)
/xsin xdx = x(— cos x) — / 1-(—cosx) dx

= —xcosx+ [ cosxdx = ‘ —XC0os X + sin x + C‘

U= X, V=COSX
xsinx — [sinxdx=|xsinx+ cosx+ C
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IBP Example 4: [ x°e*dx (GTU W'22)

Round 1: u= 2, v= €5

=P — /2xexdx

Round 2: For [ 2xe*dx, u=2x, v=€*
:2xexf/2eXdX:2xeXerX

Combine:
= e — (2x¢ 26 + C= | &(2 — 2x+ 2) + (|
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3.6 Integration by Partial Fractions
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Partial Fractions — Method

Integrand is a rational function

of Q.

Standard Forms

A n B
(XZ a) (X—Bb)

g where degree of P < degree

P(x
Q

for distinct linear factors

for repeated linear factor

+ 2
. o

(x—a) +x2+bx+c

for quadratic factor
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Partial Fractions Example 1 (GTU W'22)

ot X _ A I B
(x+1)(x+2) x+1 x+2
x=A(x+2)+ B(x+1)
Putx=-1: -1=A(1)=A=-1
Put x=-2: -2=B(-1)= B=2

-1 2
/<m+x+2) dx=|—In|x+1[+2In|x+2[+ C|
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Partial Fractions Example 2 (GTU W'23)

241 _ A B
(x+1)(x—3) x+1 x-3
2x+1=A(x—3)+ B(x+1)

Put x=—-1: —1 = A(—4) éA:%

Put x = 3: 7:8(4):>B:£
1/4  7/4 1 7
=2 1+ Sinlx—
/<X+1+X73)dx 4n|x+ |+4n|x 3|+ C
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3.7 Trigonometric Integrals
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Product-to-Sum Formulae

Product-to-Sum ldentities

sin Asin B = J[cos(A — B) — cos(A + B)]

cos Acos B = 3[cos(A — B) + cos(A + B)]
sin Acos B = 1[sin(A+ B) + sin(A — B)]

sin 5xsin 6x = 3[cos(5x — 6x) — cos(5x + 6x)] = %[cos(—x) — cos 11x]

i inll
sinx sin X+C

:%/(cosx—cosllx)dx: 5 5
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Split Trig Fraction (GTU W'22)

. sin x cos® x sinx  cosx
Split: — — = ———+—>— = secxtanx+cscxcot x
sin“ xcos? x  sin“ xcos?2 x  €OS*X  sin® x
Wrong sign trap! fcsc xcot xdx = —cscx

/(secxtanx+ cscxcot x) dx = secx — cscx+ C

J escxcotxdx = —cscx+ C  (note the negative sign!)
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Trig Integral: GTU Su'25

1
Expand: x+2+ —
X

1 X2
/<X+2—|—7> dx:?+2x—|—|n|x\—|—C
X

Direct standard forms:

;dx—i—/e*dx: In|x +e&+C

[y
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3.8 Definite Integrals
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Definite Integral — Definition

Fundamental Theorem of Calculus

/a ) dx— [ =

where F(x) = f(x).

F(b) — F(a)

GTU Examples

1
/’&wzqar=e—1

2
/deX_H _8-1 7
3 3
/7x—[lnx]1_ln3—0—ln3
1
|:x3 32 r 648
x| = ———+
2

/ (@ +3x—1)dx=

2

8

3(16 — 4)

2

—(4-2)

(W23,

(W23
(W24

(Su'2

S
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Definite Integral: GTU Su'25 Calculation

30 !
— 4+ — —x
3 2 :
64 48 64 64
Atx=4 — + — —4=—424—4="1472
tx 372 3" 3 T2
8 12 8 8
At x=2: -+ ——-2=— — D= = L]
t x 3+2 3+6 3+
Difference: 784—20—4:%-}—16:56;48: %4
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GTU MCQ on Definite Integrals

Q Answer Paper
1
/ (32 —2x+1)dx 4 Su'24
a2
/ sin x dx 0 (odd fn) W'24
—7/2
1
e dx e—1 W’22
0
2
X dx 7/3 w23

Odd Function Property

If x) is odd i.e. {—x) = —f(x), then ) fix)dx=10

/2
sin(—x) = —sinx = sinxdx=10
—m/2
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3.9 Properties of Definite Integrals
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Key Properties

Important Properties

P1 /ab)‘(x)dx:/a fEt)dt (dummy var)
P2 | f(x)dx:—/b %) dx

b ¢ b
P3 /af(x)dx:/a f(x)dx—i—/c %) o
P4 /abf(x)dx:/abf(a—i-b—x)dx

P5 /Of(x)dx:/o fla— x) dx
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Property P5 — GTU Star Question

/2 .
Let /:/ X g
0 sin X + cos x

Apply P5 (a = /2, replace x — 7/2 — x):

/2
COS X
I= ——dx
0 COs X + sin x

/2 o /2
Add: 2/:/ de:/ | e
o  Sinx- cosx 0 2

m

4
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Property P5 Variants (GTU W'23, Su'25)

/2 \/cot x
Let I = ————dx
o Vcotx+tanx
Apply P5 (x — m/2 — x): cotx <> tanx

/2 Vtanx
0 vtan x+ 4/cot x

w/2 o =
Add: 2/ = ldx= - |=| =
fore=ze

= dx

GTU Su'24: [/ —finx__g

X
1/cos x++/sin x

Same method: apply P5, sum = 7/2, answer =
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3.10 Area Under a Curve
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Area Formula

Area Between Curve and X-axis

b b
Area:/ |yl dx:/ |Ax)| dx
a a

(Take absolute value if curve dips below X-axis)

Area of Circle x* + y* = a® (GTU W'24)

= v a? — x* (upper half)
a 2
Area :4/ \/a2—x2dx:4~% :
0

2
(Uses standard result [;va? —x2 dx = %)

.
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Area Example 1 (GTU Su

2 3 2
Area:/ X dx = [—} =§—O: 8 sg. units
0 3], 3 3

<
Il
™
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Area Example 2 (GTU W'22)

9 ¥ 2 2x26 |52
Area:/1 2x2dX:2[3L:3(27—1): X3 =| 3| sa. units
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3.11 GTU PYQ Practice Session
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MCQ Bank: 1-Mark Questions

Integral Answer Paper
[ x2dx —-1/x+C W22
J(log a)dx xloga+ C W22
J) e<dx e—1 W22, Su'24
J sinxdx —cosx+ C W23
J %de %tan_l(x/Z) +C w23
S8 dx 7/3 w23
J5x* dx X+ C Su'24
[13R —2x+1)dx 4 Su'24
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MCQ Bank: More 1-Mark Questions

Integral Answer Paper
o2 dx B/3+C W24
f:/rz/z sinxdx 0 (odd function) W'24
f13 %(dX In3 W'24
J sec? xdx tanx+ C Su'25
J @ dx a*/Ina+ C N-W'25
J S In|x| + C N-W'25
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3-Mark PYQ: W'22 — Trig split

Write as: /secxtanxdx+/cscxcotxdx

=secx+ (—cscx) + C:’secx— csex+ C
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3-Mark PYQ: Multiple Methods

W’'23, W'24: fsin 5xsin 6x dx

= 1 [[cos(—x) — cos11x]dx = % [[cos x — cos 11x]dx

sinx sin 11x
=| — C
2 22 +

Multiply by (sec x — tanx): = [(sec xtanx — sec? x + 1) dx
= l secx —tanx 4 x + C‘

W24, Su'25; [ snxeosx gy

1+-sin? x
1 1
Let t = sin® x: =5 %: E|n(1+sin2x)+c
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4-Mark PYQ: IBP Practice Set

IBP twice: u= x?, then u= 2x
= X2 — 2xe* + 2+ C= (¥ —2x+2) + C

W'24: [ xsinxdx = —xcosx+sinx+ C

u=x, v=sinx: x(—cosx) — [(—cosx)dx = —xcosx+ sinx+ C

Su'25: [ xcosxdx = xsinx+ cosx+ C

U= X, V=CosX Xsinx—fsinxdx:xsinx—i— cosx+ C
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4-Mark PYQ: Partial Fractions Set

-1 o 2
x+1 x+2

PF:

= —In|x+1]+2In|x+2|+ C
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4-Mark PYQ: Property + Area Set

Apply P5: add both forms — 2/=7/2 = I==x/4

Su'24: Area y = x%>, x=0to 2

f02x2 dx = 8/3 sq. units

W'22: Area y = 2%, x=1to 3

2 2% dx= 2(27 — 1) = 52/3 sq. units

W'24: Area of circle x* + y? = a°

4 [§Va® — X2 dx = 7a® sq. units

.
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Unit 3 Summary
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Unit 3 — Key Takeaways

Methods Decision Tree

Direct use standard integral table
Substitution inner function + its derivative present
IBP product of two different-type functions (ILATE)

Partial Fractions rational function, degree(num) < degree(den)
Product-to-Sum sin mx - sin Nx, cos mx - cos nx, etc.

Definite Integral Tricks

v Odd function on [—a,a] = 0
v J5 fix)dx= [ {la—x)dx (use when sin/cos swap helps)
v Add | and its P5-version: 2/ = [71dx=a

Common Errors to Avoid

[ escxcot xdx = —cscx+ C (sign!)
[ adx=2a/Ina+ C (not a¥/a)
Don’t forget +C in indefinite integrals
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Unit 3 — GTU Weightage Summary

Topic Marks Frequency
MCQ (standard integrals) 1 each 2 per paper
Substitution 3 1-2 per paper
IBP 3-4 1 per paper
Partial Fractions 4 1 per paper
Definite Integral properties 3-4 1 per paper
Area under curve 4 1 per paper

Total: ~ 14-16 marks out of 80
Exam-ready with all PYQ types covered!
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IBP: [ log xdx and [ €*(sin x4 cos x) dx

GTU W23, Su'24 — [ log xdx

Let u=logx, dv=dx = du= )%dx, V=X
flogxdx:xlogx—fx-%dx:xlogx—x—i— C

GTU W'24 — [ &*(sin x + cos x) dx

Use [ &[f(x) + f(x)] dx = &f(x) + C
Here f{x) = sinx, f(x) = cosx v
. [ €(sinx+ cos x) dx = €*sinx+ C
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Substitution: f%{dx and [ o dx

Let t = sinx, dt = cos xdx
f%dt:—%—&-C:—cscx-i—C

Let t =52, dt = 2xdx => xdx= &

i bt — ftanl(t) + C= Jtan"1(x®) + C

142
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Definite: fo xsin xdx and fo 2t

GTU W’'23 — IBP definite

foﬂ' xsin xdx. Let u= x, dv = sin xdx
= [-xcosX|] + [; cosxdx =+ [sinX]F =7

J

GTU Su'24 — Sub. in definite

1

Jo aoap dx Let t=1+ 2, dt = 2xdx
Limits: X:0—>f=]é;x=1—>t:2
12— _ 1 112 _ 1 1 1
phit?dt=5 -1 =2(-3+1) =3
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Standard Integral Identities — Must Know

Special Forms

fx2+az %tan_lg-‘rC

J sin~1 4+ C
1/‘;_,2_X2

f dx 1 In x=a| 4 ¢
x2—22 x+a

JVa? —x2dx ’E‘\/az—x %sin_l’—;—s—c
feaxsin bx dx ax(asinf:bzbcosbx) +C

EX
ax (acos bx4-bsin bx)
J e cosbxdx IR 4 C
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Reduction: [ 23 dx (PF type, GTU W'24)

X2+3x—4

Spot the numerator = derivative of denominator

dii(x2 + 3x — 4) = 2x+ 3 — numerator is exactly the derivative!
PR dx=In|@ +3x—4+C

This is the fastest integration technique for rational functions where numerator =
derivative of denominator.

GTU often tests this as a 3-mark standalone or MCQ.
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Mixed PYQ Set — 3 and 4 mark (All Years)

\

3-Mark Practice

Q /s d [W'22]
Q fx25|nxdx [Su'23]
Q [ & dx [W'23]
Q /7 sin® xcos? xdx [N-W'25]

J

o/ 7(X+)§2)?rx1_3) dx [partial fractions]
Q f02 72‘27 dx [W'24 area-type]
Q Area bounded by y = x3, x-axis, x=0 to x = 2 [Su'25]
Q Ji Py dx=n2/4 [property P5]

4-Mark Practice
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Unit 3 — End Slide

Unit 3 Complete!

Next: Unit 4 — Differential Equations
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